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Abstract. We prove a regularity criterion for a nonhomogeneous incompressible Ginzburg-
Landau-Navier-Stokes system with the Coulomb gauge in R3. It is proved that if the
velocity field in the Besov space satisfies some integral property, then the solution keeps its
smoothness.
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1. INTRODUCTION

In this work, we consider the following nonhomogeneous incompressible Ginzburg-
Landau-Navier-Stokes system with the Coulomb gauge [6]:

(1.1) divu =0,
(1.2) Oo+u-Vo=0,
(1.3) 00yu + ou - Vu + V1 — Au = [¢|?Vh,
1 2
(1.4) noY + inkey) +u - Vi + (%V+A) Y+ ([0 =1 =0,
(1.5) 8tA+V¢—AA+Re{(%Vw+wA)E} —0,
(1.6) divA=0 in R? x (0, 00),
(1.7) (u, ¥, A)(,0) = (uo, %0, Ag)(-) in R?,
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where g is the density, u is the velocity, 7 is the pressure, ¢ is the complex order
parameter, A is the vector potential and ¢ is the electric potential, respectively,
n and k are the positive Ginzburg-Landau constants, 1) is the complex conjugate of 1),
Re) := (1 4 1) /2 is the real part of 1, [1)|? := 1) is the density of superconductivity
carriers and i is the imaginary unit. The function h := h(x) denotes a potential
function. We will assume that h is a smooth function.

When h is a constant, system (1.1), (1.2), and (1.3) reduces to the nonhomogeneous
incompressible Navier-Stokes equations. Choe and Kim [3] showed that if the data oo
and ug satisfy

(1.8) 0<o00€L??*NH? wyeH NH? and — Aug + Vg = /009

for some (g, g) € H' x L2, then there exists a positive time 7, and a unique strong
solution (o, u) to the problem such that

(1.9) o€ C(0,T.; L** N H?), weC(0,T.); H' 0 H*) N L*(0,T\; H?),
Owu € LQ(O,T*;Hl), and +/00iu € L>(0,T,; L?).
Kim [14] gave the following regularity criterion:
(1.10) we LP/P=3)(0,T; LP) with 3 < p < 0.

Here L? denotes the weak-LP space and L° = L*°. Then Fan and Ozawa [7] refined
it as

(1.11) we L¥079(0,T; BRo,) with 0 < o < 1.

oo

Very recently, Hou, Xu and Ye [13] improved (1.11) as

2/(1—
N (101 [ A
(1.12) / e dt < oo with 0 < o < 1.
o Togle + Tulll o)

On the other hand, when u = 0, system (1.4), (1.5), and (1.6) reduces to the
time-dependent Ginzburg-Landau, which has received many studies, e.g. [1], [2], [4],
[5], [8], [9], [10], [11], [12], [16], [17]. Paper [5] showed the existence of global weak
solutions. Paper [8], [4] proved the uniqueness of weak solutions.

The aim of this note is to prove (1.12) as a regularity criterion for (1.1)—(1.7)
under the assumption that |1p| < 1 on R3. We will prove:

Theorem 1.1. Let (1.8) hold true. Let 1y, Ag € H' and h € H? with divug =
div Ag = 0 and |[¢po| < 1 in R3. Let (o, u,m, v, A, ¢) be a local strong solution to the
problem (1.1)—(1.7). If (1.12) holds true with some 0 < T < oo, then the solution
(0,u,m, 1, A, ) can be extended beyond T > 0.
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Remark 1.1. We can prove similar results under the Lorentz gauge.

Remark 1.2. Note that the system (1.1)—(1.5) holds its form under the scal-
ing (97 u, 1/)7 » Py ) — (Q)\; UN, TN, w)\; A)\v %) h)\) = (Qa )\U, >‘27Ta AZ/% >‘A7 >‘2507 h)
(A\%t, A\z) for any A > 0 when neglecting the linear lower order term ¢ in (1.4).
Thus (1.10), (1.11), and (1.12) are optimal in this sense.

Remark 1.3. The regularity criterion includes only one unknown velocity,
which plays an important role. In fact, if v = 0, then the GL system has a unique
global strong (smooth) solution.

Applying div to (1.5) and using (1.6), we have

(1.13) —Ap = div Re{ (%w + u)A)E}.

2. PROOF OF THEOREM 1.1

This section is devoted to the proof of Theorem 1.1. Since it is easy to use
the classical Banach fixed-point theorem to show the local well-posedness of strong
solutions, we only need to establish a priori estimates.

First, it follows from (1.1) and (1.2) that

.. 3
(2.1) le@®)llze = lleollz» with 5 <p < oo.
Similarly to the method in [2], [5], it is standard to prove that

(2:2) [pl<1
Testing (1.4) by 1, taking the real parts and using (1.1), we get

13 ot lse s fotu [

which leads to

T o 2
(2.3) /|w|2dx+/ /‘%wﬂm‘ dedt < C
0
Testing (1.5) by A, using (1.6), (2.2), and (2.3), we find that
/|A|2dx+ / VA2 dz = —Re/(ivw +wA)EAdx
2dt
i
< |[zve+ea|| Iwlo=lAle < |2V +ea|| 4l

which implies
(2.4) [ AllLee 0,7522) + | All 20,7301y < C-
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It follows from (2.2), (2.3), and (2.4) that

T T
/ /|wA|2da:dt < ||¢|\Lx(O,T;LOO)/ /|A|2dxdt <cC
0 0

whence

(2.5) 19l 20,1501y < C.

Testing (1.13) by ¢, and using (2.2) and (2.3), we compute

(2.6) lell2c0,7;22) < ClIVell L2(0,1;18/%)
i
ccltesd
kvw +¢ L2(07T;L2)||¢HL (0,T;L3
and
i
(2.7) IVellLzo,rL2) < CH%VZb + wA‘ L2(07T;L2)||¢HL°°(0,T;L°°) <C

Testing (1.3) by w and using (1.1), (1.2), (2.1), and (2.2), we find that

1d

s [ el de [19uPdo= [16PVR-ude < ol VA ule

< C||Vul|gz2 € 5 / |Vul?dz + C,
which gives
(2.8) Iaul oz + IVl 2oz, < C.

Testing (1.5) by —AA, using (1.6), (2.3), and (2.2), we derive

th/|VA|2dx+/|AA|2dx—Re/(ivw+wA)E~AAdx

2 i 2
<|; ll= 84l < SIAAIR. + 0| p v +val
which yields
(2.9) [All Lo (o,7;m1) + [ All L2(0,7312) < C-

Equation (1.4) can be written as

1 2i
(210)  ndh — 5 A% = —inkev —u- Vo = ZA- Vo = APy — (9] = Dy
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Testing (2.10) by —As), taking the real parts, using (1.1), (2.6), (2.9), and (2.2),

we compute

2 . 2
2dt/|w| dz + /|A1p| dz
:Re/inkwmdm—ZRe/vujawadHRe/%A-w-Awdx
J

+Re/ | A2 Ay da +Re/(|1/)|2 — 1)pAypda

< Clloll 2| A% | 2 + Cl|Vull 12| V|| 24 + ClLA| L4 ||V o | A 22
+ Cl A2 AP L2 + Ol 12| A 2

< Cllelle2 1A% 12 + ClVull 2 - [9]| o< || A]| 2
+C||w||”2||Aw||3/2 +C||AY| 2

@llﬁwllm +Cllellie + ClVullz + C,
which implies
(2.11) 90l o0,y + 19l 220,782y < C
Here we have used the Gagliardo-Nirenberg inequality
(2.12) IVe[I7s < Cllll Al 2.

Testing (1.3) by dsu, using (1.1), (1.2), (2.1), and (2.2), we obtain

(2.13) Zdt/|Vu|2dx+/g|8tu|2d9c——/gu.Vu-é)tudx—i—/|1/)|2Vh.8tudx

d
< IValu=IVadlsallu- Vulsa+ 5 [16PVh-uds — [Vh-udilof? ao

d
< CllVedeul allull goe Nl grva + a/l?ﬂlQVh-udw
+ Cllull o VAl s (1A 2 + llellze + [AllLa V9l 2o + [|AI7s + 1)
+ Cllull 2oVl 22|V o
< Cllveduul e llull o [IVull 2| Aul|

d
+ 5 [ WETh-wds + CITulRs + ClAVIE: + Cllols + €

2/(1—
< dllv/@0uullzz + ol Aullfz + Cllull 32Vl

d
+5 / [|2Vh - udz 4+ C||Vul|2s + C||AY|32 + Cllo||3: + C

for any 0 < 0 < 1.
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Here we have used the inequality [15]:
(2.14) u-Vulrz < Cllull g=a_|lull gr+a with 0 <a <1.

On the other hand, thanks to the H?-theory of the Stokes system, it follows from
(1.3), (2.1), (2.2), and (2.14) that
[Aul 2 < OV — Aul| 2 < Cllodeu + ou - Vu — [¢[*Vh| 2
< CllVedeul[r2 + Cllu- Vul| 2 + C
< Cllvedeullrz + Cllull pzo_IVull 2% Aulg> + C,
which leads to

(2.15) [Aul[L2 < Clly/edrul| > +CIIUI|;/ i V[ Vull 2+ C.

Inserting (2.15) into (2.13), taking ¢ small enough and summing with (2.15), we

—/|Vu|2dx+/g|8tu|2dx+/|Au|2dx

2/(1
< Cllul ];;iuwa)HVUHLz +C|[Vullz: + Ol Y7

have

+ Ol +C+ 2 /|¢| Vhude

Ol

—a
Boo,oo

~ Tog(e + J[ull g

IVull72 log(e + lull p=o)

d
+ C||Vu|)2: + C||AY||%: + Clp||2: + C + = / |2V h - uda

2 1
Clul 24
1og<e+||u||3- )

IVull7- log(e + y)

d
+C|[Vuliz + ClAY[G: + Cllellf: + C+ 5 / [¥I*Vh - udz,

which implies

t
(2.16) ||Vu||%oo(t0’t;Lz) —|—/ /(Q|8tu|2 + |Aul?) dzds < Cle + y)©0°
to

with
y(t) := sup ||D3/2_au(s)||Lz
[to,t]
for any 0 < tg < t < T where Cj is an absolute constant, provided that
2/(1 @)

(2.17) /T Il dt < 1
. Le<< L.
t» Toge T ull o)
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Applying 0, to (1.3), testing by dyu, and using (1.1) and (1.2), we get

1d
(2.18) 5&/g|8tu|2dx+/|vatu|2dm

—/&QI&UIde—/&gu.Vu-atudx

—/gatu.vu-atudx—/atwﬁw.atudx

—/gu'V|5‘tu|2dx—/gu'V(u~Vu~8tu)dx

4
—/gatu-w.atudx—/atWVh-atudx =y I

j=1
We use the Holder inequality, (2.1), and (2.2) to bound I; (j =1,...,4) as follows.

1| < Cllull ol y/odeul 1o ]| VOeul| 2
< C||Vull 2| vedull )2 |1 /edeull o |V eul| .2
< OV 2 || odeul| 2|V Oyl |75
<

3|Vopullzz + ClIVull 72 || /00rul| 2
for any 0 < 6 < 1;

12| < Clull o[Vl ol |Vl 2 l|Oull 2o + Cllul 2o || Aul 22 || Ol o
+ CllullZel Vul Lo VOpull 2
ClIVullfz ]| Aull 2 [V Opu]| 2

<
< 68||Vowul32 + C||Vul 12| Aull7-

for any 0 < 6 < 1;

1/2 3/2
1] < |Vl 2|l adul|2s < ||Vl 2]l odeul || odeul 3

<
< OVl 2| v/odeul )2 |V oyl 32
< 8|Vosul3z + C|Vul b2l y/2dhul 3

for any 0 < 0 < 1;
14| < CllOcpll L2 VR Lol Opull o < CllOwZ2 + 01|V Dyull7

for any 0 < 0 < 1.
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Inserting the above estimates into (2.18) and taking § small enough, we have

1d 9 9
(2.19) ia/g|8tu| dz + - /|V8tu| dz
< C||Vulz:Vedeuliz + ClIVull 2| AullZs + Cllow) | 2

Testing (2.10) by 9;¢, taking the real parts, using (2.2), (2.9), and (2.16), we have
G [1veP s+ [niopas

< O(lelzz + llull oIVl e + | Al ol Vel o + (A7 + l2ll2) |0l 2
1
< gnllowlze + Clieliz + ClIIVullZ:[VEIlLs + ClIVYIL: + C,

k2 dt

which gives

t
(2.20) / /|8t1/)|2dxds < Cle+y)%ee.
to

Integrating (2.19) over (to,t) and using (2.20), we arrive at

¢
(2.21) /Q|8tu|2dm+/ /|V8tu|2 dzds < Cle 4 y)©°°.
to

Similarly to (2.15), we find that

[Aul|g2 < C||\/_8tu||L2 + Cllu-Vul|2 +C < C||\/_8tu||L2 + C|lu||ps||Vulls + C
< C|lVodsul 12 + C||Vull 2 - |Vl 15| Aull 12 +

which yields

(2.22) |Aullzs < Cllyadhullzs + ClIVuliis + C.

Here we have used the Gagliardo-Nirenberg inequality

(2.23) IVullis < ClIVul e[| Aul 2.
Similarly to (2.15) again, we have

ClVm = Aull s/ erer < Cllodeu + ou- Vu = [PPVh| /e e
C(vell Loratea || v/00rul| 2

+ llell zasallull Lol Vull Lz + 19|32/ 6120
< C(ledeul| 2 + [|Vull7> + 1).

(2.24) [|Aull s/t <
<

Vh||Ls)
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Noting the imbedding inequality

(2.25) | D32 %) 12 < C||Aul|ps/ctar,
we have
(2.26) y < Cle+y)o,

which gives

(2.27) ||AU,||L2 + ||Au||L3/(2+a) < C.
Thus
(228) ||8tu||L2(O,T;H1) < C

Equation (1.3) can be rewritten as
(2.29) —Au+Vr = f:= |[¢|*Vh — 00;u — ou - Vu € L*(0,T; L* N L°).

We have
IVullwiea < C||flle + C||Vullrz with 3 < ¢ <6

and therefore,
(2.30) IVull L2, mwr0y < C.

Now it is standard to deduce that

(2.31) lelleqo,r);5/20m2) < C.

This completes the proof. ([
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