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Abstract. We establish the boundedness for the commutators of multilinear Hausdorff
operators on the product of some weighted Morrey-Herz type spaces with variable exponent
with their symbols belonging to both Lipschitz space and central BMO space. By these,
we generalize and strengthen some previously known results.
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1. INTRODUCTION

It is well known that the Hausdorff operator is one of important operators in
harmonic analysis, and it is used to solve certain classical problems in analysis. Let ®
be a locally integrable function on R™. The n-dimensional Hausdorff operator He 4
is defined by Brown and Mdricz in [4] as

®(t)
R

(L.1) Hoaf)@) = [ TfA@oar, ern

where A(t) is an n X n invertible matrix for almost every ¢ in the support of ®. It
should be pointed out that if the function ® and the matrix A are taken appropriately,
then the Hausdorff operator Hg, 4 reduces to many classical operators in analysis such
as the Hardy operator, the Cesaro operator, the Hardy-Littlewood average operator
and the Riemann-Liouville fractional integral operator. Some of their results have
been significantly seen in [4], [8], [9], [17], [29], [32] and the references therein.
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In addition, it is natural to extend the study from the theory of linear operators
to multilinear operators, which is actually necessary (see [10] and the references
therein). Recently, the authors of this paper in [7] have investigated the multilinear
operators of Hausdorff type H, oA defined as

(12) Hyi(H@ = [ TR At e w

where ®: R™ — [0,00) and A;(t) (for i = 1,...,m) are n x n invertible matrices for
almost every ¢ in the support of @, f1, fo,..., fin: R™ — C are measurable functions,
f= (f1i, -y fm), A= (41,...,An). It is useful to remark that the weighted multi-

linear Hardy operators (see [16]) and weighted multilinear Hardy-Cesaro operators
(see [9]) are two special cases of the multilinear Hausdorff operators Hy, ;.

Let b be a measurable function. Let M, be the multiplication operétor defined
by My f(x) = b(z)f(x) for any measurable function f. If T is a linear operator on
some measurable function space, the commutator of Coifman-Rochberg-Weiss type
formed by M, and T is defined by [My, T] f(z) = (MyT =T M) f(2). In particular,
if T = H 3 then we have the commutators of Coifman-Rochberg-Weiss type of the
multlhnear Hausdorff operator given as follows.

Definition 1.1. Let &, /f, fbe as above. The Coifman-Rochberg-Weiss type
commutator of multilinear Hausdorff operator is defined by

3 1 e = [ T

where b = (b1,...,bm) and b; are locally integrable functions on R™ for all i =

(t)z) [T (bi(x) — bi(Ai(t)z)) dt, x € R™,

i=1

HES

1,...,m.

Moreover, if we now take m =n > 2, ®(t) = [t|™-w(t)xjo,1= (t) and A;(t) = t;-I;,
(I, is an identity matrix), for ¢ = (t1,t2,...,tm), where w: [0,1]™ — [0,00) is
a measurable function, then H é’) i reduces to the commutator of weighted multilinear
Hardy operator due to Fu et al. (see [16]) defined by

(14 H(f)) = /[0 1]m‘]‘[ fittiz) [T (i) — biltim)w(t) dt, = € R™.

i=1

Also, by ®(t) = [t["-9(t)x[0,1» (t) and A;(t) = si(t)-I,, where ©: [0,1]" — [0, 00),

S1y.-+,8m: [0,1]™ — R are measurable functions, it is clear to see that Hfl_’;’A reduces
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7n!
g

to the commutator of multilinear Hardy-Cesaro operator U ;” ® introduced by Hung

and Ky (see [20]) as

(15) UM l(e) = /[om.H filsit)z) [T i) — bi(si(a))p() dt, = € R™

/ i=1

In recent years, the theory of function spaces with variable exponents has at-
tracted much more interest of many mathematicians (see, e.g. [1], [3], [7], [13], [19],
[23], [31] and others). It is interesting to see that this theory has had some important
applications in the electronic fluid mechanics, elasticity, fluid dynamics, recovery of
graphics, harmonic analysis and partial differential equations (see [2], [6], [12], [14]
and the references therein).

Let b € BMO(R™) and T be a Calderén-Zygmund singular integral operator
with rough kernels. From classical result of Coifman, Rochberg, and Weiss in [11],
Karlovich and Lerner in [25] developed the boundedness of commutator [b, T'| to gen-
eralized LP spaces with variable exponent. Also, in order to generalize the result of
Chanillo in [5], Izuki in [23] established the boundedness of the higher order commu-
tator on Herz spaces with variable exponent. More recently, Wu in [30] considered
the mth-order commutator for the fractional integral as

I (f)(x) = 5 f(y)l(;)(j?)yllﬁgy))m 0

where 8 € (0,n), b € BMO(R"), m € N. Then the author established the bound-
edness for commutators of fractional integrals on Herz-Morrey spaces with variable
exponent.

Motivated by above mentioned results, the goal of this paper is to establish the
boundedness for commutators of multilinear Hausdorff operators on the product
of weighted Lebesgue, central Morrey, Herz and Morrey-Herz spaces with variable
exponent with their symbols belonging to both Lipschitz spaces and central BMO
spaces. By these, our results extend and improve some previously known results in
the papers [9] and [16].

Our paper is organized as follows. In Section 2, we give necessary preliminaries on
weighted Lebesgue spaces, central Morrey spaces, Herz spaces, Morrey-Herz spaces
with variable exponent and Lipschitz spaces, central BMO spaces. In Section 3, our
main theorems are given. Finally, the results of this paper are proved in Section 4.
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2. PRELIMINARIES

In this section, let us recall some basic facts and notations which will be used
throughout this paper. The letter C denotes a positive constant which is independent
of the main parameters, but may be different from line to line. Given a measurable
set 2, let us denote by xq its characteristic function, by || its Lebesgue measure.
For any a € R™ and r > 0 we denote by B(a,r) the ball centered at a with radius r.

Next, we write a < b to mean that there is a positive constant C, independent
of the main parameters, such that a < Cb. Besides that, we denote xr = xc,,
Cr = B\ Br_1 and By, = {z € R": |z| < 2*} forall k € Z.

Now, we present the definition of the Lebesgue space with variable exponent. For
further readings on its deep applications in harmonic analysis, the interested reader
may refer to the works [12], [13] and [14].

Definition 2.1. Let P(R™) be the set of all measurable functions p(-): R™ —
[1,00]. For p(-) € P(R™), the variable exponent Lebesgue space LP()(R™) is the set
of all complex-valued measurable functions f defined on R™ such that there exists
constant 1 > 0 satisfying

p(z)
o= [ (L) a1/l < o0

where Qo = {z € R": p(x) = co}. When [Q| = 0, it is straightforward that

= [ <'f§7—)'>() dz < co.

The variable exponent Lebesgue space Lp(')([R") then becomes a norm space
equipped with a norm

[N mf{n >0: Fp(g) < 1}.

Let us denote by P,(R™) the class of exponents ¢(-) € P(R™) such that
1<gq <q()<gp <0 VzeR",

where q_ = ess Bi@nfq(x) and ¢+ = esssupg(x). For p € P,(R™), it is useful to remark
z€R™ zER™
that we have the following inequalities which are usually used in the sequel.

max{CY - CV%+} v fe PO,
min{CV/%- cV/a} v fe PO,

(2.1) (i) IEF(f)
(i)  If £ (f)

C, then || f][1»c)
C, then || f||z»c)

A\VARV/AN
A\VARV/AN
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The space P (R™) is defined by the set of all measurable functions ¢(-) € P(R™)
and there exists a constant ¢~, such that

oo = lim gq(z).
|z|— 00
For p(-) € P(R™), the weighted variable exponent Lebesgue space Lf,(')([R”) is
the set of all complex-valued measurable functions f such that fw belongs to the
LPC)(R™) space and f has norm

171200 = Il oo

Let Cg’g(R”) denote the set of all log-Hélder continuous functions «(-) satisfying at
the origin
Co

B4 R™.
ogle+ o] 1) S

la(z) — a(0)] <

Denote by C28(R™) the set of all log-Holder continuous functions a(-) satisfying

at infinity
C% n
a(x) — | < ———=—— Ve R".
o) = ol < ot + o)

Next, we give the definition of variable exponent weighted Herz spaces K (( ))f nd
variable exponent weighted Morrey-Herz spaces M Kgg()))‘ ., (see [26], [31] for more
details).

Definition 2.2. Let 0 < p < 00, ¢(-) € Pp(R™) and «(-): R” — R with a(-) €

L>°(R™). The variable exponent weighted Herz space K;y(())f is defined by

Kol = AF € L ®™A{0D): 1]l oo < 00},

where
. 1/p
e = (30 1Ol )
e k=—o0
Definition 2.3. Assume that 0 < A < 00, 0 < p < o0, ¢(-) € Pp(R™) and
a(): R™ — R with a(-) € L>*(R™). The variable exponent weighted Morrey-Herz
space M Kgg()))‘ ., is defined by
MEG S, = {f € LR VA0 1y ica00 < 00},

where

ko 1/p
i = sw 27 (3 20 paly, )

2()e kocz k=—oc0
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It is easy to see that MKSEZ())O([R") = an(_'))’p([R"). Consequently, the Herz space

with variable exponent is a special case of Morrey-Herz space with variable exponent.
Let us next state the following corollary which is used in the sequel. The proof is
trivial and may be found in [31].

Lemma 2.4. Let a-) € L>®(R"™), ¢(-) € Pp(R"™), p € (0,00) and A € [0,00).
If a(-) is log-Holder continuous both at the origin and at infinity, then
HfXjHLgJ(A) <C- 2j(A_a<0))HfHMKu(‘()_v)* VieZ,

p,q(-),w

We recall the definition of two-weight A-central Morrey spaces with variable ex-
ponent (see [7]).

Definition 2.5. For A € R and p € P»(R™) we denote by Bf)(l)wé the class of
locally integrable functions f on R™ satisfying

1
Wz, =5 G e M e o

))<oo,

where ||f||ng>(B(O’R)) = |‘fXB(0,R)||ng> and w1, we are non-negative and local inte-
grable functions. Moreover, as p(+) is constant and w; = w and ws = w'/?_ we define
Bp,/\(w) — Bp(');)\

w,wl/pP*

Next, the following theorem is stated as an embedding result for the Lebesgue
spaces with variable exponent (see, for example, [3], Theorem 2, [12], Theorem 2.45,
[13], Lemma 3.3.1).

Theorem 2.6. Let p(-),q(-) € P(R™) and ¢(x) < p(z) for almost every z € R",

and ) ) )

Then there exists a constant K such that

Lr() < 00.

[l Lacr < KN rr (L[] poco-

Let us recall the definition of the Lipschitz space and BMO space of John-
Nirenberg (see, for example, [24], [28] for more details).
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Definition 2.7. Let 0 < 5 < 1. The Lipschitz space Lipﬂ([R") is defined as the
set of all functions f: R" — C satisfying || f||ripsgn) < 00, where

|f(x) = f(y)l
sy == sup L= I
Lip? (R™) z,yER™ z#y |£L’ - y|ﬁ

Definition 2.8. The space BMO(R™) cousists of all locally integrable functions
f: R™ — C satisfying

1 llatoan) = sgprjﬂ /Q (@) — fol dz < oo,

where the supremum is taken over all cubes Q C R™ with sides parallel to the coor-
dinate axes, and fq stands for the mean of f on @, namely, fo = |Q|™! fQ f(z)dz.

Definition 2.9. Let 1 < ¢ < co and w be a weight function. The central bounded
mean oscillation space CMOq(w) is defined as the set of all functions f € L{ (R™)
such that

1 1/(1
[ llextorw) = ;g(m /B(OJ%) |f(x) = fu,B0,R)"w(2) dx) :
where
1
w(B(0,R)) z/B(OR)w(a:) dr and f, B(,r) = m/ﬂ()ﬁ)f(x)w(x) dz.

Remark that Fefferman in [15] discovered the famous result that the space
BMO(R") is the dual space of Hardy space H!(R"). When w = 1, we write
simply CMO?(R™) := CMO?(w). The space CMO(R™) can be seen as a local version
of BMO(R™) at the origin. Moreover, BMO(R") & CMOY(R"), where 1 < ¢ < oo,
and the John-Nirenberg inequality is not true in CMOY(R™).

Next, we recall the A, weights due to Benjamin Muckenhoupt. One may find more
details in the work [27].

Definition 2.10. Let 1 < < co. We say that a weight w € A; if there exists
a constant C' such that for all balls B,

(o) i f e

We say that a weight w € A; if there is a constant C' such that for all balls B,
1
Bl /B w(z)dr < Ceiseiélfw(x).

We denote Ao = |J A

1<l<o

We give the following standard result related to the Muckenhoupt weights.
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Proposition 2.11.
(i) AAC Ay for1 <l<q< o0
(ii) Ifw € A; for 1 <1 < oo, then there is ane > 0 such thatl—e > 1 andw € A;_..

A closing relation to A is the reverse Holder condition. If there exist » > 1 and
a fixed constant C' such that

(ﬁ/}sw(x)rdx)l/r < %/Bw(:c)dw

for all balls B C R™, we then say that w satisfies the reverse Hélder condition of
order r and write w € RH,. According to [22], Theorem 19 and Corollary 21,
w € Ay if and only if there exists some r > 1 such that w € RH,. Moreover, if
w € RH,, r > 1, then w € RH, ;. for some ¢ > 0. We thus write r,, = sup{r > 1:
w € RH,} to denote the critical index of w for the reverse Holder condition. For the
reverse Holder property on spaces of homogeneous type, see [21].

Let us give the following standard characterization of A; weights (see [18], [28] for
more details).

Proposition 2.12. Let w € AN RH,, I > 1 and »r > 1. Then there exist
constants C7, Co > 0 such that

B ) w(E) LANE

(12 <D ¢, (18
|B| w(B) |B|

for any measurable subset E of the ball B.

Proposition 2.13. Ifw € A;, 1 <1 < oo, then for any f € L. (R™) and any ball
B C R™,

5 Ll <o oo [ If(x)llw(x)dfv>1/l-

3. STATEMENT OF THE RESULTS

Before stating our main results, let us introduce some notations which will be used
throughout this section. Let y1,...,%m € R, Ar,..., A 20, p1,...,Pm, p € (0,00),
0< b1y, Bm <1, g € Po(R"), 1, € Po(R™) fori=1,...,m and a1,...,q, €
L (R™) N C&(R™) N C2%(R™). The functions a*(-), ¢(-), 7(-) and numbers 3, \ are
defined as follows:

B=P51+...4 Bm,
A=A+ Ao+ ...+ Ay,
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) =mn+. oyttt

T R

OB OB O RO RO

0 ()= ar() et am() = i P LI Dm AR
) ()

For a matrix A = (a;j)nxn we define the norm of A as
n ) 1/2
(3.) 1= (X lol*)
i,j=1

As above, we conclude that |Ax| < ||A]||z| for any vector € R™. In particular,
if A is invertible, then we have

(3.2) LA~
(33)  |o|*min{] A%, AT 7}

< Jdet(A7D < AT,
< JAz|® < o] max{]| A||%, A7~}

for any o € R, x € R™\ {0}.
Now, we are ready to state the main results of this paper.

Theorem 3.1. Let ¢ > 0, wi(z) = |z[",...,wn(2) = |2|", w(z) = |27,
q(-) € Po(R™), o € L=(R™) N CLE(R™) N Co8(R™), b; € Lip™, A1, ..., Am > 0 and
the following conditions be true:

(3.4) (A7 (1)) < Cqi(r) and |[1]|psie) <00, ae t€supp(®) Vi=1,...,m,
(35) Oéi(O) — Qo 2 0 Vi= 1, e,y

(3.6) either y1,...,9m > =1, 11(0) = 114, 7100 = 71—+ -+, Tm(0) = Tt s Trco = T,
OF Yiyevy Ym < —MN, TI(O) =T1—5 Tloo = T14, -+ Tm(O) = Ty Tmoo = Tmdt,
01")’1:...:7m:_n.

Then if

2() 1 Bi
(37) Cl B R t|n HCAi’qi”Yi (t)”In - Al(t) 1||L19i(‘:-)¢Ai,)\i (t) dt < o0,
n Pl
where
(3.8) da; N (t) = maX{”Ai(t)”M—aq:(o)’ ||Ai(t)||k1"_a"'°°}
0 0
X maX{ Z 27.(&_0”’(0)), Z 27"()\7:—041:ac)}
r=0;-1 r=0%-1
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with O = O} (t) being the greatest integer number satisfying
_max (A NAT @O} < 27 for ace. t € R,
i=1,....m

Cvqu (1) = max{ [ A7, A7 (1) max{|det A7 (1)) (det A7 (1)1,

1 1 1
= Vi=1,...,m,

05t ) @A Nt))  Cail)

b o (-),A 0t (+), Am
we have that ch,ﬁ is a bounded operator from MKpl’qu(.)M1 X.o.o.x M o Cam () m
to MK ()X

P,q(-),w’

Theorem 3.2. Suppose that we have the given supposition of Theorem 3.1. Let
1<p,p1yeeeypm <00, \; =0 and @;(0) = ayoo for all i = 1,...,m. At the same

time, let
1 1 1
(3.9) —=— 4 ...+ —,
D b1 Pm
P(t
310) = [ ey

m
[T eavaim O In = A7 U] o000 @a,,0(t) At < oc.
i=1
b a1 (-),p1 am(),Pm ot (+),p
Then H<I>,AT is a bounded operator from KCq1(~)7w1 X .. X K(qm(~),wm to Kq(')?“J .
In particular, let us consider the case when q1,...,Gm, T1,...,Tm, Q1,...,Qy, are

constant. Thus, because of the relation between the commutators of multilinear
Hausdorff operator and the commutators of multilinear Hardy-Cesaro operator as
mentioned in Section 1, we immediately show that the two theorems above may
extend and strengthen some results of Theorem 4.1 in [9] with power weights.

By using the ideas in the proof of Theorem 3.1, we also give an analogous result
for the Lebesgue spaces with variable exponent as follows.

Theorem 3.3. Let ¢ > 0, 71,...,7m < 0, wi(x) = |z|",...;wn(z) = |2
w(z) = |27, q(-) € Py(R™), by,... by, € Lip”, and let the hypothesis (3.4) in
Theorem 3.1 hold. Thus, if the conditions

TYm
’

(3.11) [+ m O Ly <00 Vi=1,...,m,
D(t) 1o ,
(3.12) Cs = / t(|n) HcAan%n’Ya: () [[n — As(1)] o | gy dt < oo,
" i=1
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are true, then we have

m
1Hg 5Dl a0 < Cs - Buip - [T Iill pcarco-

i=1

Next, we consider the special case when all of r1(+),...,7,(-) are constant and the
following condition holds:

’71+n_ _7m+n_
o P

(Hy) Q1 () + -+ () - o ().

Then we obtain some interesting results as well:

Theorem 3.4. Let { > 0, A1,..., A >0, v1,...,7m > —n, wi(x) = |z, ...,
Wi () = |@m, w(z) = [2[7®), g(-) €Py(R™), by eCMO ™ (w1), . . ., b €CMO" ™ (wyn),
the hypotheses (3.4) and (3.5) in Theorem 3.1 hold. Then if

o(t) Hm
(3'13) Ca= / n CAmQa‘,,’Ya‘,(t)"'1||L’9i(tv')¢z4i7)\i(t)
" i=1

t]

X (1 + wAm’Yi,?"a‘, (t) + 277147:,’71‘, (t) +pa, (t)) dt < 00,

where
P, e () = (|det A7 (1) max{LA;(8) |77, || A ()|~ )M 7| Aa ()| it/
Ait Yit+n
B (6) = — JAO™2 7
min{ || A;(¢)[[7, [|A; ()]~ }Hdet A;(2)]

oa,(t) = max{log(QHAi(t)H)a log m}’

l; . o (f),\1 0 (+), Am
we have that ch,ﬁ is a bounded operator from MKpl’qu(.)M1 XX MKpWqu,n(),wm

ot ()
to MKp7q(~)7w ’

Theorem 3.5. Let 1 < p, p1,...,pm < 00, Aj = 0, ;(0) = oo for all i =
1,...,m. Also, both the assumptions of Theorem 3.4 and the hypothesis (3.9) in
Theorem 3.2 are true. In addition, the following condition holds:

d(t) 15
g AR A Laria 3 | (O PRI
" =1

[t -
X (1 + wAm’Yiﬂ“i (t) + 277147:7’)’7: (t) +pa, (t)) dt < oo.

Then we have

m
”H(; A‘(f)”]’(a**('%P S Cs H ||f7;HK“‘1',(‘)1p‘i, .
’ q(+),w iy Cai(),w;
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Let us now assume that ¢(-) and ¢;(+) € Po(R™), A, 0, 7, 8, i, \i, i, i, B are real
numbers such that A € (—=1/¢,0), 7 € (1,00), \; € (—1/¢ix0,0), a;,7vi € (—n,00),
Bi € (0,1],7=1,2,...,m and denote

B=051+...4 Bm,
a1 Qo
a=oa1 4. g+ L2
T1 T'm
NS S S S 1
q)  al) Cgm() M Tm

We are also interested in the commutators of multilinear Hausdorff operators on the
product of weighted A-central Morrey spaces with variable exponent. More precisely,
we have the following interesting result.

Theorem 3.6. Let w;(x) = ||, vi(z) = , by € Lip” forall i =1,.
w(z) = |z|7, v(x) = |z|* and the following cond1t10ns be true:

(3.15)  qi(A;7 (1)) < qi(-) and ||1]| ope. < o0, ae t€supp(®) Vi=1,...,m,

(316) Bra——+> (3t —a;+ q7" = (Y +n)A,

oo 7’=1 100

(I)(t) - i+n)(1/qico+Ni
(817)  Cs= / g LLIA@ = g0, )

" i=1
X ”]-HL”M(L-) ||In - Ai(t) Ae dt < 00,
where ) ) .
= — — Vi=1,...,m.

(t,)  qi(A7N()) @)
Then we have that Hg gisa bounded operator from ngf;};*l X BZ;',:(,JW)‘”‘
0 BQ(')v)‘ ,

w -

Theorem 3.7. Given w;(x) = |z|%, vi(z) = |z|*, by € CMO"" (v;) for all i =
1,...,m,w(x) = |z|7, v(z) = |z|*, the hypothesis (3.15) in Theorem 3.6. In addition,
the following statements are true:

(318) (y+nA=a— L1+ (3 +n)h —ai + -,
0 i=1 Gico
m
(3.19) Cz _/[R i H ‘(v,+n)(1/qm+k )CA,z,qg,,ou,(t>'||1||L191i(tv')

(1 + ,ll)Aiv'Yi:""i (t) + 277Ai,“/i (t) +pa,; (t)) dt < oo.
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. 5q1(+),A Sqm () Am
- is a bounded operator from Bg}l(v)l PxLx Bf,(v)

Then we conclude that Hfl’: i

to BE,‘;}“.

When all of ¢1(-),...,¢m(:) are constant and the weighted function belongs to the
class of Muckenhoupt weights, we also get the following result.

Theorem 3.8. Let 1 < q, qi,---,qm, T1,---,"m, D < 00, w € A, with the finite
critical index r,, for the reverse Hélder condition, § € (1,r,), A\ € (—1/¢;,0) and
b; € CMO"" (w) for alli =1,...,m. Assume that the following conditions hold:

1 1 1 1 1 »
(3.20) —>(—+...+—+—+...+—)p o |

q 1 Tm (1 qm/" T —1
(3.21) A=A+ .o+ A,

)

(3.22) cgz/ #HuAhpw(t)-|detAi1(t)|p/‘1"' A (t)||e/ e
i=1

(LA ™ x g1 as ey 1<13 ()
+ [ A ()M a1y (1)) dE < oo,

where
[Ai@)["" - r np/rs
e pr (t) =1+ QM + [det A7 O AT+ a, (1)
1
Then Hfl’: i Is a bounded operator from B () x ... x BimAm(w) to B1 (w).

4. PROOFS OF THE THEOREMS

Firstly, for simplicity of notation, we denote

i

m m m
Brip = [[Ibilleips:,  Bemos = [[ Ibilleyiors w,y and F=]] IIfz-HMKm(-),x(i)
=1 Pir6dithe

i=1 i=1

4.1. Proof of Theorem 3.1 and Theorem 3.2. By using the versions of the
Minkowski inequality for variable Lebesgue spaces from Corollary 2.38 in [12], we
have

m

LT £ (A i) = bilAs(t)-)) xa

i=1

®(t)
D

dt.

@n g el S [
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On the other hand, since b; € Lipﬁ i we get

BigBik

I, — Ai(t)

|f(Ai())(bi (x) = bi(As(t)))xn ()] < |f(Ai(0)2)]- 10| ipss Xk()-

Thus, by applying the Holder inequality for variable Lebesgue spaces (see also [12],
Corollary 2.30) we find

(4.2)  ||[TT/(Aa(0)) (i) = balAi () ) o
=1 w
< 2% Bup [ [ 100 = AP [T A ) xk ] o 17Okl o -
i=1 i=1 )

We observe that

Ck

Case 1: k < 0. Denote

Fri(

k—1

2k
Vidy = / / it do(2)) drr < 2Kt
2 gn-1

1
if (vi +n) >0,
Tt
g; = 1 .
otherwise.
ri—
Case 2: k > 0. Denote
1 .
— if (y;+n) >0,
Ti—
g; = 1 '
—— otherwise.
T+
From this, by (2.1) we have
(43) POl s 2504,

Therefore from (4.1)—(4.3) we see that

(44) HD ((Foell a0

k(B+ 32 (vi+n)os) () 1=
R i=1

o [1£i(Ai(t) )Xkl o) dE.
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Let us now fix i € {1,2,...,m}. Since ||A;(t)|| # 0, there exists an integer number
l; = 1;(t) such that 2L~ < || A;(t)|| < 2'. We write 0%;(t) by

05(t) = max {40 147 @)

Hence, by letting y = A;(t) - z with z € Cf, we arrive at

1 1 lith—2 ktl;—2+0"
lyl > A7 ()] 72| > —— > 27O

i
lyl < [[Ai(0)] 2] < 28FF.

These estimations can be used to imply that
(4.5) Ai(t) - C C {z € R™: 2FFHL=2400 |5 L ot}

Now, we will prove the following inequality:
0
(46)  IF(Ai®) )Xkl o0 S Cangins @) I poiers Y fixnstirrll eucr-

r=0r -1

Indeed, for n > 0 by (4.5), we get

(A;(t)x z)w;(z a:(x)
JRCCIENEET

|fi(2)| max{|| A7 (¢)
S /14,¢(t)Ck ( n

_ / (CAmqazm OIporare fz'(Z)Xk+l,z+r(Z)|wz‘(Z))‘“(Ail(t)'z)
= Jan n

Vi
)

A7 Yewos (2) | AT 92)
‘ (t)H }w (Z)) |detA;1(t)|dz

dz.

From this, by the definition of Lebesgue space with variable exponent, we find

0
£ (AL ) )Xk o) < Cavgins (8- Y ||fz'Xk+z,;+r||Lq,.(A;1m.)-
‘ r=0: -1 @i

In view of (3.4) and Theorem 2.6, we deduce
71 srmtiors S Mlgorcr - 1Al g
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This completes the proof of inequality (4.6). Now, combining (4.4) and (4.6), it is
easy to see that

b 2 m i+n)o; (I)(t) "
7)1 sl o £ 205 0emg ([ X on @l
" i=1

m 0
11 > 1 fiXkrti4rll oo dt)-

i=1r=0%—1

X || I, — A;(t)

Thus, by applying Lemma 2.4 in Section 2, we have
(4.8)  1Hg z(F)xll o0

D(t "
< Brip - f(/R ( )U(t) T caiam O Loien | Tn — Ai(t)
" i=1

Bi dt) .

t|"
Here
m 0
Ut) = ok(B+321L, (vitm)os) H (2(k+li)()\iai(0)) Z gr(Ai—ai(0))
i=1 r=0x—1
0
4 ok Hl)(Ni—arico) Z 27“(/\11—&7:oo)>.
r=05 -1

Since 261 < || Ai(t)|| < 2% for all i = 1,...,m, it implies that

2O =u () 9lilh=ai) < maef]| A, (D] M), | A, (D]

From this, we can estimate U as

m
(t) < 2R T ma [ A (0)M O, A0
=1
0 0
r=0r-1 r=0r -1
m
< QR(B+EIL (vitn)ed) Hmax{HAi(t) Aimei(0) | Ay (8) | N i}
i=1
0 0
X max{ Z 27“(/\11—041‘,(0)), Z QT(Ai—aix)}{Qk(z\i—ou(O)) _‘_Qk(z\,ﬂ,—a,:x)}.
r=05 -1 r=05-1

848



This implies that

Ut) < k(B+327% (vitn)oi) H{Qk(&:—m(O)) + Qk(Ai—am)MA‘ NO?

i=1

Thus, by (4.8) it is not difficult to show that

(4.9) ||H§>7g(f)Xk||L3)<»>
S Cy - BLip . F. ok(B+271L, (vitm)os) H(Qk()\i*ai(o)) + 2]“(/\1'*011'00)).
i=1

Next, using Proposition 2.5 in [26], we have

4.10 HY () a* (A smax{ sup Fi, sup (Fy+ E3 },
(4.10) ” ‘D’A( )||MKp,q(->,w ko<0,ko€7 k0>0,koez( )

where

LZ(-)

ko § . . 1/p
B =2 (30 O (ally, )

k=—o0

—1 L 1/p
Fy = 2_’“0’\< Z 2ke (0)p|H§>7g(f)Xk||iZ<-)) ’
k=—o0

ko = . 1/p
E3 = Z_kOA (Z zkaoop|H§>’A‘(f)XkHig(-)) :
k=0

Now, we need to estimate the upper bounds for E1, E; and E3. Note that, using (4.9),
F is dominated by

ko
(4.11) By <€ By F- 2( Y oo Os S e
k=—o0
m 1/p
% H(Qk(k,‘,—aq‘,(o))p + Qk(x,:—a,:x)p)) :=C1 - Brip - F - To.
i=1

In view of a, we have

ko
To= 2 ( Z k(3L i(0)+321%, (vitn)(oi—1/7:(0)))p

k=—o0
m

1/p
< T zkw—am)p)) .

=1
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Note that, by defining o; and (3.6), it is clear to see that

1

(4.12) (vi +n) (Ui - m

):o Vi=1,...,m

So, we get

k:o m 1/p
To = 9—koX_ ( Z ok 227, i (0)p H (Zk(ki—oc,',(()))p + Qk(z\a‘,—am)p))

k=—oc0 i=1
k}o m 1/p
2k0)\< Z H(zk)\ip+2k()\iOtiooJrOzi(O))p))
k=—oc0i=1
1/p
<H2 ko)\Lp{ Z 2k)\Lp+ Z 2k()\ —aicota; (0))p }) )
k=—o0 k=—o0

From A\; >0 foralli=1,...,m and (3.5) we obtain

m i v ) 1
9koXip 9ko(Ai —atios+ (0))p /p
< koXip
To ~ (H2 ’ { 1 —2-Xip + 1 — 2= (Ni—iootai(0))p })
9ko(—atico +i(0))

m m

< ko(i(0)—aioo)

(N U 91 (e
=

i=1

Consequently, from (4.11) we conclude
(4.13) E1 <C1 - Buip - F- H(l + Qko(ai(O)*aioo)).
i=1

Using a similar argument as F, we also get

(4.14) By <Cy - Bryp - F-27F0A,
Next, we see that

(4.15) Es SCr - Brip - F - Too,

where

ko
T = 9koA ( 39S e S (i i i)

k=0
m

1/p
< T2 4 zkw—am)p)) ,

i=1
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Remark that by defining o; and (3.6) we deduce

L ):0 Vi=1,...,m.

Tico

(4.16) (vi +n) (Ui -

Thus, by estimating in the same way as Ty, we also have

m ko ko 1/p m
TOO < H 2—k0k1‘, (Z 2k)u:;0 + Z 2k(x\,1+o¢,1x—o¢,1 (O))p) — H 7; -
i=1 k=0 k=0 i=1

In the case when \; + oo — @;(0) = 0, we have

okoXip _ 1

1/p
Tt D) 2N (£ )Y

T < 2750

Otherwise, we get

okoXip _ 1 9ko(Nitaico—ai(0))p _ 1\1/p
ez (221 )
too = 2xip — 1 2(Nitaico—as(0))p — 1

< 9ko(dico—i(0)) + |2>\ip _ 1|—1/p 4 2 koXi
m
This implies Too S [ £, where
i=1
’ { 2ko(@ico—ai(0)) 4 |2XiP 1|—1/p +27F0A i A 4 Qoo — a4(0) # 0,
P =

27 ko (ko + 1)1/P 4 |20 — 1|71/ otherwise.

From this, by (4.15) we obtain
m
(4.17) B3 SCu - Bup - F- [ £
i=1

By (4.10), (4.13), (4.14) and (4.17), the proof of Theorem 3.1 is finished.
Next, let us give the proof for Theorem 3.2. From Proposition 3.8 in [1] it is easy
to see that

. . —1 . . 1/p
@18) I e < (27O (Pl )

k=—o0
oo . . 1/p

+ (22 a“p|H¢,E(f)Xk|ig(->> = Ho + Ha.
k=0
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Next, we need to estimate the upper bound of Hy and H1. In view of (4.7) and (4.12),
by using the Minkowski inequality, we find

D(t) 15 ,
(@19 Ho % Buy | PO TT g O s [ — As()]
o J7 L1
-1 m 0 pN1/p
X{ Z 2]@27’,:1 ai(o)pH( Z ||fiXk+li+7"|LE)’f’i(')) } dt
k=—o0 i=1 “r=05-1 ’

Using (3.9) and the Holder inequality, it follows that

-1 m 0 py1/p
(4.20) { Z 2’“Zi1a"'(0)pH( Z ||fiXk+li+r|LEJ’{i(-)>}

k=—o0 i=1 “r=07;-1
1/pi

m —1 0 Pi
I 20 (X Il ) )

i=1 “k=—o00 r=0r—-1
Byp; >1foralli=1,...,m we have
0 i 0
(X Welgo) <@-00" 3 Ml
r=0x-—1 vi r=0r -1 i
Thus, combining (4.19) and (4.20), we deduce
(4.21) Ho < Buip

P

* — t s i
<[ e-enr /# T e O owceo [1n = i) Ho,i .
" i=1

Here

0 -1 1/pi
MHoi= > (Z ki (O)p: fiXk+l,;+r||’Zg%(A)> Vi=1,2,...,m.

r=0r—-1

k=—o00
Hence, we estimate

1/Pi
Ho,i =

—1+14+r
< Z o(t—li—r)ai(0)p; fiXt”Z;C%(,)>

t=—o00

A

0
r=0% -1
0

1/pi
fiXt||ii<qi(.)> .

2—(l11+r)0411(0)( T g

t=—00

r=0r—1
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By @;(0) = oo and [1], Proposition 3.8 we get

0
4.22 Hoi < 9~ (litm)ai(0) i (),
( ) 0,7 5 Z ||f || (171(()) uij
r=0x-1
-9~ lia; (0) | ( Z 92— raL(0>||fl| a1()p1 )

r=0r-1

—la

Since 241 < ||A;(t)]| < 2, we deduce that 27" < || 4;(¢)]7*(©). Hence,

by (4.22) we have
Ho,i S ¢Ai;0(t) ’ |‘fiHK?i(('>)vPi .
93 )wq

As above, by (4.21) we make
Ho S Co- Buip - ] ||fi||K?i((‘))vPi :
i=1 93 ),wq
By estimating as Hg, we also get
Hl < CQ BLlp H ”fz” g ()P1 .
e 4 (),
There, by (4.18) we finish the desired conclusion.

4.2. Proof of Theorem 3.4 and Theorem 3.5. Applying the Minkowski in-
equality and the Holder inequality for variable Lebesgue spaces, we get

m

15 ol S [ G TTIOO =B D s LA Il

By (4.6) we deduce

(4.23)  [lHg £(f Pk oo N/ i L H CAsqiy (ON0i(+) = bi(As () ) i (s, B1)
X [l oice H Z I fixprtierll cascr di.
i=1r=0y-1 ‘
On the other hand, we need to prove that
(4.24) 165 () = bi(Ai(O) M 27w, By
S 2k(’y,¢+n)/m(1 + wAi,%,Ti (t) + 277Ai,“/i (t) + pa; (t))Hb’LHCMO"(w,)
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In fact, we put alﬁi(-) = bl() —wai’Bk, agﬁi(') = bl(Al(t)) _bi7wq‘,,Ai(t)Bk and a37i(-) =
bi,wi,Bk - bi,whAi(t)Bk' Here

1
bi c: /bifcwzxdx
w0 = gy, e
Then we have
(4.25) l16:(-) — bi(As(t))l L i (wi,By)
g ||a1 zl L7i wL,Bk + HaQ 7/| L7 (WuBk) + ||a3 1| Lri w“Bk)

From the definition of the space CMO"" (w;) we immediately have

(4.26) |[la1,|

LBy < @ B billeniors wy S 2507 billentor gu -

To estimate ||az | 17 (w,,B,), We decompose

1/7'7;
420 ooy = ([ 02 = b o sl o)
By

ws (Bk)l/”

biw A (0B — B, | 4:(0) 1B |
1/7'7;
i (/ 16 (Ai (1)) = bi o, 4,18, " wi () dx) '
By
From the Holder inequality we have

(4.28)  |bjco, A1) B — DivonslAs ()1 B |
o)
<— bi(2) = b w, || A:(1)|| By |wi () d
wi(A;(t)By) Ai(t)Bkl H Al

1/r;
S wi(A;(t)By) [bi(x) bi i |1A: ()| B Tiw, () d:c)
7,( 1(t) k) < HA”L(t)”Bk ?,Wi H (t)” k
X wz(”ArL(t)”Bk)l/T:

<wi(”Ai(t)”Bk)||b-|| o
S wi(Ai(t)By) OO )

Note that by (3.3) we get

Vi

(429) Wi(Ai(t)Bk)_/Av(t)B |£L‘ detAz(t)|dz

7"'dx:/ |A;(t)z

By,

AT @) Y det A1) / 2" da
By

QAT @I

Vi

> min{ || A;(¢)

~ min{|| 4;(t)|| det A;(t)|-2F0iFm),
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This gives

wi(l|Ai(®)[| Bx) (1A @) - 25) _ )
wi(Ai(DBr) ™ min{ | A )], [ A; (£)][ -7 et Ay(6)] - 2kGirm — T

Vi

Thus, by (4.28) we get

(4'30) |b7;7Wi7Ai(t)Bk - bivwivl‘Ai(t)”Bk| 5 NA; v (t) : HbiHCMO” (wi)

On the other hand, by making the formula for change of variables and (3.3), we
obtain

1/7;
</B [0:(Ai (1)) = bi s 1 4s (1)1 B, |7 wi () dx)
k

= (/ 10i(2) = i w, || A: (1) Bi
AL(t)Bk
< (max{|| A7 (@)1, | As ()] 7 Hdet A7 () |ws (|| As () || Bi))

Ti i

A7)z

7

1/7’1'
det A; ' (t)] dz>

G (A, Br) i\ % iwi | A ()| Be | T wilz) dz i
m(” 1(t)||Bk) lA: ()| Bx i,wi,||Ai ()] B

This deduces that

1/7'7;
</B 16 (Ai (1)) = bi . 4,018, " wi() dx)
k

5 "pAm’)’i,?"f, (t) ’ 2k('n+n)/m b; gMO(wi)'

From this, by (4.27) and (4.30) one has

(4.31) llaz,q

L7"i(w;,Bz) S 2k(yitn)/ri (77141:7’)'7: (t) + A, i (t)) : HbiHCMO” (ws)"

Next, we observe that

(4.32) l|as,il

L7 (wi,Br) S (wi(By))Y/™

bi7w1‘,7Bk - bi;qui(t)Bk |

By ||Ai(t)]| # O there exists an integer number §; = 0;(t) satisfying 29! <
| A; ()| < 2%. Thus, we define

S(0) = {1ez: 1<j<0:} if0; > 1,
{J€Z: 0; +1<j <0} otherwise.

855



At this point, we give the estimation

(4'33) |bi,wi,3k - bi;wi;Ai(t)Bk|

< E |bi,wa‘,72j’13k - bi7wi72jBk| + |bi,wi,29i By,
JES(6;)

When S(6;) is an empty set, we should understand that

Y w218, — biw,2m,] = 0.
JES(0:)

It is not difficult to show that
|biawi123713k - biawi12JBk| < ||bi||CMO”(w,¢)'

By the Holder inequality and (3.3), it follows that

(434) |bi,wi,291in - bi,UJi,Ai(t)Bk|
1

- bivwiyAi(t)Bk |

S (A OBy bix_biw».i ,wil‘dx
w;(A;(t)By) /A,:(t)Bk| (z) w; 20 By |wi(T)

1/r;
1
S oA OB bi(z _biw- i T, (x) dx
w;(A4;(t)By) (/29in| (z) w20 Bk| (7) )

X wi(QGin)l/ri
wi(291‘,Bk) Hb” . v
= wl(Az(t)Bk) HICMO™ (wi)”

Noting that 2% ~ || A;(¢)|| and using (4.29), we compute

wi(2By) _ (2% 2y

w;i (A (£)Br) ~ min{ || A; ()], || A7 1(#)]| =7 }|det A (£)] - 2+Cvi+n)

Vi
Y

Consequently, we have

B 20 50— b s(oya] S Mtvins (0 lbill st o

On the other hand, by 2% 1 < ||4;(¢)| < 2% we have

log(2||A;(®)|)) if6; >0,
(4.35) 10:] < S ea(t).
log||A;(t)||"* otherwise
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Therefore, by (4.33) it follows that

1biwi, B = bisws, A:)Bi | S (03] + 04, 7 () 10ill cvior (wi)
S (@A (t) + 14,7 (8)) - 103l cnro™ (o) -

As above, by (4.32) we get
las.ill v s,y S 25 (@, () + 0, (D) - [billenior -

From this, by (4.26), (4.31), we finish the proof of inequality (4.24). Using (4.23)
and (4.24), we have

(4.36) ”H;A‘(f)XkHLZ(J

™ (vt /e D(t) 1
5 BCMO,(Z;‘ .ok 2oty (vitn) /7y (/ (|n) HCAi,(]i,'Yi, (t)HlHL'ﬁf,(‘v‘)
" i=1

t

m 0
X (1 + wAiv'Yi:""i + 277141'7%' + SDAi) H Z ||fiXk+li+7"||Liq_i(') dt>

i=1r=0%—1

At this point, using Lemma 2.4 in Section 2 again, we have results a similar to (4.9) as

m
||H§,7g(f)xk”L3)(‘) < Cu-Bomo - F - 28 iz (itn)/ms H(gk(kf—ai(O)) 4 2F(hi—aice))

i=1

By using [26], Proposition 2.5 again, we get

4.37 HE L(f) a%* (), Smax{ sup E sup E. —|—E3}
( ) || <I>,A( )HMKp,q(‘)vw)\ ko<0,ko€Z 17k0>0,k0€l( ? ) ’

where

~ ko B . 1/p
Bi— 2 (Y 2O, s ally)

k=—oc0

N -1 ~ 1/p
E2_2_W< S gk <°>p||H¢,A~(f>xk||’;g<.>) ,

k=—o0
~ k() * ok 2 1/p
E3 = 2_k0A (Z Qkawp||H¢,ﬁ(f)Xk||ig(-)) :
k=0
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In view of (4.37), by defining o** and estimating as (4.13), (4.14), (4.17), we also
have

El 5 Cy- BCMO,&;‘ . F. H(l 4 2ko(a1:(0)—moo)),
i=1

Ey < Cy-Bomog - F - 27002,

B3 <Cy - Bemo,w ']:'Hl:i-
=1

Therefore the proof of Theorem 3.4 is completed.

Now, let us give the proof for Theorem 3.5. By using [1], Proposition 3.8 again
we obtain

T —1 » L 1/p
@38) 1S ileor < (X 27O ()

k=—o00

o0
+ <Z ghasp
k=0

- 1/p
HE )xknig,)) =Go+ .

Using the Minkowski inequality, by employing (4.36), we find

P(t) 1
60 % Bewos | T TTeunn Ol loewer (04 Bacnn + 2010, + o)
) i=1
1 ’ m 0 P 1/p
X{ Z 2k2i=1a¢(0)pH< Z |fiX’€+li+7’”LE}qﬁ(’)> } dt,
k=—o0 i=1 “r=0%-1 ‘
() 1
Gi1 3 BCMO@/H tn HCAi7qi7’Yi(t)'H]'HL’(()i(t")(1 + YA, i 2047 + 04,)
i=1
00 m 0 py1/p
% {sz i=1 a;(0)p ( Z ||fiXk+li+7"|LfJ‘{i(‘)) } dt.
k=0 i=1 “r=©x_1 '

We observe that the other estimations can be done by similar arguments as for
m

Theorem 3.2. Thus, Gy and G; are dominated by C - Cs-Bomo,s [ fill jrei) »e - This
i=1 €a; (),

proves the assertion.

4.3. Proof of Theorem 3.6 and Theorem 3.7. For R > 0 we write B :=
B(0,R) and Apg as

1 e -

__ v g
B = w(B)1/ 1ot ||H¢,A(f)|\Lg(->(B).
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By applying the Minkowski inequality for the variable Lebesgue space, we have

1 (1) |1 o
139) Ars [ - F(As0)) (i) — bilAi(1)) d.
(4.3 s e LLAA@e0 -]
By estimating as (4.2) above we get
(4.40) i(1) = bi(Ai(t)-))
L‘IM(B)
<RP. BLIPHHI — Ay( HHfz i( ”L‘“”B)'H /7| Ly gy
i=1
< RATEL (itn)/ri BLIPHHI — Ai( HHfz i ”L%”(B)

i=1

By (3.15) and Theorem 2.6 we find
(441)  f(AON pn0 gy S Canana () - I powce - 1ill Lo (5o, it ase )

By condition (3.16) we estimate

R/3+z:’;1<m+n>/n<ﬁ 1| A ()| O+ (1 dios +30) |
(BT wi(B(O, Rl A1)

(4.42)

Thus, from (4.39)—(4.42) and the definition of central Morrey spaces with variable
exponent, it follows that

m
Ar < CoBup- ] [ fill gas .7
i=1 o
Therefore we conclude that
. m
1Hg (Dl g S Co - Buip - [T I1ill gasyon-
Pl 5o

Next, we will prove Theorem 3.7. Indeed, by using the Minkowski inequality and
the Holder inequality for variable Lebesgue spaces again, it is obvious that

1 D(t) 1o
ARS/ oB) T Hl\bi(-)—bi(Ai(t)-)l\mm,B)IIfi(Ai(t)-)HLgm(B) dt.
. P :
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By (4.24) above we deduce

Ag < RXizi (aitn)/mi

1 D(t) 15
X BCMO.”/ (L + YA, 70,ms + 20457 T 04,)
,U . w(B)l/qoo+)\ |t|” Zl;[l Y Vi

XH”fz z HLq‘()(B)dt'

For this, by (4.41) we get
(4.43) Ap S REE (iAm/TiB o6 5
1 D(t) 1o
: g O porece
(/ w(B) Vo=t Jt ECA"’C‘““’( Nz

x (1 +Va; i T 20454, + ©a;) - HfiHLZj(')(B(O,R\\A,;(t)||)) dt)

On the other hand, by (3.18) it follows that

R (aitn)/r; H [| Ay (t)]| it (1/gioo+21)
Vgmtr ™~ VgiootAi "
w(B) Y w(BO, RIA) T

Consequently, by (4.43) we immediately obtain that

m
HH;;(f)Hngg,x < Cr-Bewmo,s - [ 15l gazc).ne

i=1

which completes the proof.

4.4. Proof of Theorem 3.8. For convenience, we denote

Beyiow H [|bi ||cMo

and recall B := B(0, R).

In view of inequality (3.20) there exist r],..., 75, ¢1,...,q}, such that
1 P T 1 P T i 1
o, =1 g T g, —1 _ﬁ q; d

i=
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Thus, by using the Minkowski inequality and the Holder inequality, we get
(4.44) ||H; (Dllzaw,s)

< TR =A@y TTLAAO iy

Now, we also compose

(4.45) 1165(+) = i (Ai(8) )] (w,B)
<IBiC) = biaw Bl ot oy + 10:(AK0)) = bio, s8] Lt o

i = biwaiBll s, gy = 01, + a2, + a5

Next, it is clear to see that

(4.46) ai; <w(B)M bl <w(B)"

CMO™ (w)

By estimating as (4.27) and (4.28) we infer

w(|[Ai(t)]|B)
w(A;(t)B)

</ i (Ai(t)x) — bj | a:0) |1 B

From Proposition 2.12 and (4.29) one has

(4.47) a3 ; < w(B)YTi

1/r}f
" w( )dx) .

LAWMIB) _ (AMIBIY _ ( IAOIR Y JA@]™
448 L @OB) 5( A5 ) = <|detAi<t)|Rn) = et A, (B
By
rii“>£rril

there exists ;0 € (1,r,) such that r; = r} pﬂao. Thus, by the Holder inequality and
the reverse Holder inequality, we get

1/r}
(/B |bi(Ai(t)x) = bs o 4,y w(T) dﬂ?)

p/rs 1/(B0r)
< (f A ~tonasias) ([ wiayo ar)

p/Ti
SIBITPMw(B)VT (/B 1bi (A (£)) = bi o a8 dﬂ?) :
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By using the formula for change of variable and Proposition 2.13 we have

P/Ti
ri/p dx)

< |det A7 (t) [P/ (/ 103(2) = bi e, 4, (0)1 B
A1 B

(/B |bi(Ai(t)) — bi | a: (1) B

p/Ti
ri/p dz)

| Ai(t)|| BJP/ </
AT 4(2) — b1
W(HAi(t)HB)l/T” 14 ()| B i,w, || As (D)l

< [det A7 (B[P

I/Ti
"iw(z) dz) .

This deduces that

1/r;
@9) ([ IAs0)0) g oal Tt o)

S w(B) det A7 (B

1/ri
1 / '
* (A B bi(2) = biw,ja; ["w(z) dz)
w([[Ai(®)[| B)V/r ( ||Ai(t)”B| ( l4:(®1B

S w(B)Y det AT O AN - 101l cxtor -

A

From this, by (4.47) and (4.48) we have

[Ai(®)]""

4. o< (B | A
( 50) G‘Z,zmw( ) <|detA1(t)|p

+ |det A7t (2) [P/

Ai<t>|"p/”> Willosiors -

Combining the inequality 2%~ < ||4;(t)|| < 2% and Proposition 2.12, we infer

el RN P ) LB
w(Ai(t)B) ~ \|A;(t)B|/ ~ |det A;(t)|[PR™ ~ |det A;(t)|P"

Thus, by the same reasons as for (4.32), (4.33), (4.34) and (4.35) above, we estimate

w(29"Bk)

* 1/r; ) .
@i < (B) stampg) Wlosor e

bioB — biwasn] S w(B)™ <|9i| +
: Ai(t)|"”
< w(B)Y/Ti ' Hzi N[/
Sl (. 0)+ s ) Ilosion o
Hence, by (4.45), (4.46) and (4.50), we have

1/r
15:0) = B0t sy S @B it (0Dl s o

Next, from
i > b Tw

Q; arw_]-
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and estimating as (4.49) above, we get

([ 15w

. 1/q;
% w(x) dx)

Sw(B)

det A7 (£) /| A (0) "%

1
(I As(8)[|B)/ 2
1/qi
X </|Ai(t)||3 |fi(2)]%w(z) dz)

< w(B)Y % |det A7 ()P

A E A BNl gor s -
As a consequence, (3.21), (4.44) and (4.51) imply

1 o
w(B)/atX 1Hg #(N)llze(w.B)

D(t) 13 _ . /s
S Bovio e ( /R VT t(|n) T e (B)]det A7 (2)[P/9 | As (2|2
=1
w(lAMIB)\Y ) T
X (W dt H 1fill s ri ) -
=1
Fori=1,...,m, by \; <0, w € A, and Proposition 2.12, we deduce
||| A ()| B\
N <7) < At i L4 (0)] < 1,
<w<|Ai<t>|B>) - B
B ~ , (6—1)x; /6
B (7”'&'%)'”3') <A (1)[|M6=DA0 otherwise.

Hence, by the definition of the Morrey space, we have
. m
VS 4 g0y S Cs - Bestorwr LIl gorss o
i=1
which is the desired result.
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