Czechoslovak Mathematical Journal

Ali Abkar

Commutant of multiplication operators in weighted Bergman spaces on polydisk

Czechoslovak Mathematical Journal, Vol. 70 (2020), No. 3, 727-741

Persistent URL: http://dml.cz/dmlcz/148324

Terms of use:

© Institute of Mathematics AS CR, 2020

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/148324
http://dml.cz

Czechoslovak Mathematical Journal, 70 (145) (2020), 727-741

COMMUTANT OF MULTIPLICATION OPERATORS IN
WEIGHTED BERGMAN SPACES ON POLYDISK

ALl ABKAR, Qazvin

Received November 5, 2018. Published online January 16, 2020.

Abstract. We study a certain operator of multiplication by monomials in the weighted
Bergman space both in the unit disk of the complex plane and in the polydisk of the
n-dimensional complex plane. Characterization of the commutant of such operators is
given.
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1. INTRODUCTION

Let D denote the open unit disk in the complex plane. We mean by polydisk the
set
D"=Dx...xD

of the n-dimentional complex space. For o > —1, we define the weighted Bergman
space A2 (D) as the space of analytic functions f in D for which

/ FE)P dAa(z) < o,
D

where
dAy(z) = Ha+ 1)1 = |2])*dzdy

is the normalized area measure in the complex plane. It is well-known that A2 (D)
equipped with the inner product

(f.9) = (a+1) / F@E( - [22)2 dA(z)
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is a Hilbert space of analytic functions. It follows from the boundedness of point
evaluation functional together with the Riesz’ representation theorem that A2 (D)
is a reproducing kernel Hilbert space of analytic functions, and that every function
f € A2(D) can be written as

Fw) = (foka) = (a4 1) / F (@)1 - 222 dAz), weD,

where
1

kw(2) = A=)t

is the reproducing kernel for the Hilbert space 42 (D).
Now let Hol(D™) denote the space of holomorphic functions on the polydisk D™.
The weighted Bergman space on the polydisk D™ is defined by

A%(D") = Hol(D™) N L*(D",dV,,),

where dV,, = dA,(z1) ... dA4(z,). In other words, a function f(z1,...,2,) € Hol(D™)
belongs to A2 (D") if

0 0m = [ 1FGrre 5 dAa (1) 0o (20) <

where
a+1

dAa(zx) = (1 — 2x*)® dag dys.

It is well-known that {z" /7, }22, is an orthonormal basis for A2, where

n!T'(a + 2)

Yo = [[2"]|a = m~

Then for f(z) = ioz a,z" we have | f||2 = io: Y2|an)?. Now, let 8 = (B1,---,08n)
be a multi-index ?ggch (i is a nonnegative Tilrztoeger); in this case we write 8 > 0.
For z = (21,...,2,) € D" we define 2 = zl’B1 .zl and eg = 27 /5, ... v, . With
this notation, {eg}s>0 is an orthonormal basis for A2 (D"). The reproducing kernel
associated to the points (z1,...,2,) and w = (w1,...,wy,) of the polydisk is given
by (see [13])

n

K.w) =] W oo (w1) . Fe (w0).

Jj=1
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Given a bounded linear operator T on a Hilbert space H, we mean by the com-
mutant of 71" the set of all bounded linear operators on H which commute with 7.
If we denote the algebra of all bounded linear operators on H by B(#), then the
commutant of 7" which is denoted by (T")’ is by definition

(TY = {S € B(H): ST =TS}.

The operator of multiplication by z*, where k is a positive integer, is the operator
M : H — H defined by f — M_x(f) = 2¥f. In [12], Kehe Zhu, among other things,
proved that a bounded linear operator 7' on the Bergman space A%(D) (this is the
space A2 (D) for a = 0) commutes with M2 if and only if there exist two bounded
analytic functions F' and G such that

Tf:Ffe+Gfo/zv

where f = fo + fo is the even-odd decomposition of f; that is,

FE) + £(=2) fe) -~ f(=2)

fule) = TS gy = L2

In a later paper, the current author proved that the same result is true for the
weighted Bergman spaces A% (D) too, see [3]. The question as to what happens if
we instead consider the operator of multiplication by z* for a positive integer k& > 3
seems to be more interesting. Here we intend to consider this problem for both one-
dimensional complex plane and n-dimensional complex plane. More precisely, and
for the sake of simplicity, we shall characterize the commutant of the operator M s
on A2(D), as well as the commutant of the operator of multiplication by 2} on the
polydisk A2 (D™) (just for simplicity, we take n = 2). This latter is the operator

F(o1,22) = Mis f(21,22) = 27 f (21, 22).

It is proved that 7' commutes with M.z if and only if there exist three bounded
analytic functions hy, hs, hs on the polydisk A2 (D?) satisfying a certain equality in
terms of even-odd-odd decomposition of f.

To tackle this problem, we first need to have an alternative decomposition theory
of functions into £ summands. This will be done in the next section. Second, we
need to know that ker(M3; _s) is spanned by three functions. This will be explained
in Section 3.

The importance of this sort of problems is due to the fact that a knowledge of
the commutant of a specific operator will result into a knowledge of the reducing
subspaces of the given operator (a closed subspace M is said to be reducing for
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the operator T if it is invariant both for T' and its adjoint 7). This information in
turn has applications in the decomposition theory of operators (for more information
see [8]).

For detailed information on the theory of Bergman spaces we refer the reader to
the books [9] and [10]. For a different approach of investigation, we refer the reader
to [1], [2], [4], [5], [6], [7], [11] and the references therein.

2. A GENERAL EVEN-ODD DECOMPOSITION

As indicated in the previous section, the first step to the main result of this paper
is to find a more general decomposition of functions into n summands, where the
first summand is even and the rest are odd functions (here we use the terms even
and odd in a more general sense). Recall that {v;2z"}3° is an orthonormal basis
for A2 (D), where

_ Dla+k+2)\1/2
k_(mrm+m)

Let n > 2 be fixed and define for 0 < j <n —1,

gl

M; = span{zITF"}e .
It follows that these subspaces are orthogonal to each other, moreover,
A%2(D) = Mo+ M; + ...+ M, 1,
or each f € A%2(D) can be represented as

(2.1) f=fo+fit. +far, fi€M;

In the case when n = 2, we get A2(D) = Mo+ M, where My is the subspace of even
functions and M is the subspace of odd functions.

Now let w = exp(2mi/n), then for f € M; we have f(wz) = w/f(z). Put it
another way, we let n > 1 be an integer and consider the additive cyclic group
Z/nZ = 7,. Define ¢ in the following way: ¢ sends an element k € Z, to the
operator Ry, given by Ry, f(z) = f(w*z), where w = exp(2ri/n). The operator Ry acts
on the weighted Bergman space A2 (D). Note that each Ry is unitary (a surjective
isometry). We may just look at Ry for the moment; this is just a rotation operator,
indeed, Ry f(z) = (for)(z), where r(z) = wz with |w| = 1. We observe that Rj, = R,
so if we understand R, we understand Ry as well. As such, we might be interested
in the spectrum of R; and the corresponding eigenspaces. Now, since R; has the
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property R} = id, the only eigenvalues are the nth roots of unity. To see this let A
satisfy Ry f(z) = Af(z). It follows that f(wz) = Af(z). Applying R; to both sides
of this equality we get f(w?2) = Af(wz) = A?f(2). In this way, we obtain

f(z) = f(w"2) = A" f(2)

from which it follows that \* =1, or A=w’, j =1,...,n. Now let A\ = w’ for some
1 < j < n be an eigenvalue of R;. The corresponding eigenspace

M; ={f € AA(D): Rif(z) =w’f(2)}

consists of functions in the weighted Bergman space satisfying f(wz) = w’f(z2).
These eigenspaces are necessarily orthogonal, by unitarity, and span the whole space
(a result of general spectral theory). In the case that n = 2, we get w = —1,
Ri1f(z) = f(—2) and Ry = id. Therefore, M7, My will become the space of odd and
even functions, respectively. Indeed,

_ Raof(2) + Raf(2)

fe(2) B

and

fo(z) _ RQf(Z) ; le(Z)

In brief, the Bergman space can be written as the sum of its eigenspaces. In this

way, we have proved the following theorem.

Theorem 2.1. Let f be a function in the weighted Bergman space A2 (D). Then
there are n functions fi, ..., f, in A%(D) such that

f=h+fot+...+ fn,

where f; satisfies f(wz) = w’ f(z) and w is an nth root of unity.

3. MULTIPLICATION OPERATORS BY MONOMIALS

In this section we shall provide a characterization for the commutant of the oper-
ator of multiplication by z*. We shall see that 7" commutes with M« if and only if
there exist k bounded analytic functions ¢;, 1 < j < k, such that 7" can be written as

Tf=o1fi+eafo/z+...+oufu/2"!, feAZ(D),
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where f = f; + ...+ fi is the even-odd decomposition of f given by Theorem 2.1.
We begin with the following proposition. For the sake of simplicity, we often assume
that k = 3.

Proposition 3.1. Let @1, @2 and 3 be bounded analytic functions in the unit
disk and let f = f1+ f2+ f3 be the decomposition of f € A2 (D) into three functions
as indicated above. Then T: A2 (D) — A2/(D) defined by

Tf=o1fi+e2fo/z+sfs/2% fe€ALD)

is a bounded linear operator.

Proof. Since p;’s are bounded functions and || fi|| < |||, it suffices to verify
that there is a positive constant C' such that

ma (|21 [ 2]} < a1

Assume that f € A2(D). Now we have

£l = > et D)y
AT TP+ at2) "
and similarly,
[ee]
) (n+DIT(@+2), .,
z = An |~ .
DR D~ s

Since «+2 > 1, we have 1 + n/(a+2) <n+lora+2+n < (a+2)(n+1), from
which it follows that

IMNa+n+3)
S A 2 1).
Tatnto S@F20+D)
This is equivalent to
1 < n+1

(a+2)T(a+n+2)  T(a+n+3)
Multiplying both sides by n!T'(a + 2)|a,|?> we obtain

n!T(a+2)
(a+2)T(a+n+2)

(n+ DT (a+2)
INa+n+3)

|an|2 < |an|27
from which it follows that

112 ) < (@ +2) 12132 ).
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Assume now that f(0) = 0 and put g(z) = f(z)/z. It follows from the above argument
that

g1l a2 0y < Va +2[[2g]| a2 (D),

and in particular (since f2(0) = 0),

|2

< Va+ 2| f2llaz(p)
Again, if f(0) = f/(0) = 0, we consider g(z) = f(z)/z? to obtain

) < Va +2[|zg) az ) < (@ + 2)]|2°g]| a2 (n)-

AZ (D)

This latter inequality implies that
|15

21l a2 (D)

<(a+2)|fs3

a(D)-

Now, it is clear that

max ([ 2], 5]} < @+ 2151,
from which the boundedness of T' follows. O

Lemma 3.1. Let f be a function in A% (D) and let wy, . .., w, be a finite sequence
of points in the open unit disk. Then the following are equivalent:
(a) f vanishes at the points wy, ..., w,, counting multiplicities,
(b) f = qg, where g is in A%(D) and q is the polynomial of degree n whose zeros
are wi,...,wy, and the highest order coefficient is 1.

Proof. Since (b) implies (a) trivially, it remains to obtain (b) from (a). It is
enough to do this for polynomials of degree one, by iteration and the well-known
factorization of polynomials. So, if f is in the Bergman space and f(wg) = 0 for
some wy in the open unit disk, we claim that g(z) = f(2)/(z —wp) is in the Bergman
space. Clearly, g is holomorphic around wy, and moreover, |z — wp| > %(1 — |wol)
for z in the annulus 3(1+|wo|) < |z| < 1. Then g is in A2 (D) since it is holomorphic
in the unit disk and has the integrability property in the annulus (inside the disk
D(0, 3(1 + |wol)) the function is also integrable trivially). O

An important observation in the proof of the main result is to see that for A # 0,
the subspace ker M35 _ 5 of the weighted Bergman space is spanned by three Bergman
kernel functions associated to the roots of z3 — A3 = 0. For k = 2, this was observed
by Kehe Zhu (see [12]) who used a direct method to find them; see also [3].

Proposition 3.2. Let wy,...,w, besimple zeros of a polynomial g and M, be the
operator of multiplication by q on A2 (D). Then ker M is spanned by the Bergman
kernel functions {kuy,, ..., kw, }
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Proof. Assume f € ker M. Then for any h € A2 (D) we have (Mg f,h) =0,
which is equivalent to saying that (f, gh) = 0. This means that

fekerM; < f¢€ (qA%)*.
According to part (b) of Lemma 3.1,
N:=qA% ={g€ A%: glwr) = ... = g(w,) = 0}.
This means that each function in N annihilates &y, , ..., kqy,, , OF
N+ =span{ky,, ..., ko, }.
O

Theorem 3.1. Let T be a bounded operator on A2%(D). Then T commutes
with M. if and only if there exist k bounded analytic functions ¢;, 1 < j < k,
such that T' can be written as

Tf=o1fi+eafo/z+...+oufe/z"", feA2(D),

where f = f1 + ...+ fi is the even-odd decomposition of f given by Theorem 2.1.

Proof. First assume that T is given by the above equality. According to
Proposition 3.1, T is bounded. On the other hand,

TMef =T(M)(fr+...+fx) = zkgalfl —l—zkgogfg/z—l—. . .—l—zkgokfk/zk_l = M, Tf,

that is, T" commutes with M,x. For the converse, assume that TM,x = M_xT, so
that TMyx_.x = Myx_.«T. This implies that 7™ commutes with M7, ., from
which it follows that ker M7, _ ;. is invariant under 7.

From now on, for simplicity, let k¥ = 3 and let A be a nonzero complex number.
Assume that wy, k = 0,1, 2, are three roots of the equation 23 = 1. It follows from
Proposition 3.2 that

ker M35 _ s = span{kx(2), kaw, (2), Eaws (2)}-

This means that for each f € ker M}; _; there are functions a()), b(\) and c(X)
such that

f(2) = a(MEx(2) + b(N)krw, (2) + c(A)krw, (2)-
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Now, let A # 0. We may write

T*kx = a(N)kx + b(N)krw, + c(N\)krw,
from which it follows that for each f € A2 (D) we have
Tf(z) =(Tf k) = (f, T"kz) = a(2)f(2) + b(2) f (w12) + ¢(2) f (w22).
Note that if f € M, then
flwiz) = flwaz) = f(2).

It is easy to check that if f € Ms, then
= i .
flwiz) = Z(ezm/a)anﬂz?mﬂ — /3 ()
n=0

and
[o ]

f(WQZ) — Z(e4mi/3)3n+lz3n+1 — e4“i/3f(z).

n=0

Moreover, for f € M3 we have

)
f(wlz) — Z(e%i/3)3n+223n+2 — e4ni/3f(z)
n=0
and -
f(WQZ) — Z(e4ni/3)3n+2z3n+2 — 62n1/3f(2:).
n=0

Now, we assume that f = fi + fo + f3, where f; € M;, and write

Tf=T(f1)+T(f2) +T(f3) = [a(z) + b(2) + c(2)] f1(2)
+ [a(2) + wib(2) + wac(2)] f2(2) + [a(2) + w2b(2) + wic(2)] f3(2).

We now define for z # 0,

s
—~
N
~—
Il

a(z) +b(2) + ¢(2),
zla(z) + w1b(z) + wac(2)]

Q
—
N
~—
Il

and finally
H(z) = 2%[a(z) 4+ wab(2) + wic(2)).
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This implies that

Tf=F(2)f1(2) + G(2)f2(2) /2 + H(2) f3(2)/2*.

Note that F' = T'(1), G = T(z) and H = T(z?), so that these functions are analytic
in D\ {0}. If we set F(0) = T(1)(0), G(0) = T(2)(0) and H(0) = T(22)(0), they
become analytic on the whole unit disk. The last thing to be proved is the fact
that F', G, H are bounded. This will be proved in the following way. Consider the
following closed subspaces in the weighted Bergman space:

E={fcAA(D): fwiz)= f(2)},
O1={f € A2(D): f(wiz)=wif(2)},
Oy = {f € A2(D): f(wi2) =waf(2)}.

Indeed, F', G and H are multipliers from subspaces F1, O; and Os, respectively, into
the weighted Bergman space A%. For z € D and h € E we have

|F(2)p=(h)| = [F(2)h(2)] = [p=(Fh)| < [lo= ]| MF[[A]],

where ¢, and Mp are point evaluation functional and multiplication operator by F',
respectively. Note that these are bounded operators. This implies that

[E()lle=1l < [l M|,

from which it follows that

sup |[F(z)| < [[Mp].
zeD

Similarly, one proves that G and H belong to H> (D). O

4. MULTIPLICATION OPERATOR ON POLYDISK

For the sake of simplicity, we shall assume that n = 2, that is, we study the
polydisk A2 (D?). More precisely, we want to address the commutant of the operator

M,s: A%L(D?) — A%(D?)

defined by

f(z1,22) ¥ 23 f (21, 22).
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Keeping 25 fixed and invoking the arguments of the previous section for the one
variable function g(z1) = f(z1, 22), we will write

(4.1) f(z1,22) = fo(z1,22) + fi(21, 22) + fa(21, 22),

where fy is even (with respect to z1) and fi, f2 are odd functions (with respect
to z1). Using the terminology of the previous section (with a little change in no-
tation), fo € E, f1 € O and fa € Os. It is shown that a bounded operator T
on A2 (D?) commutes with M5 if and only if there are three bounded analytic func-
tions ¢q, ¢1, @2 such that

Tf(21,22) = @o(z1, 22) fo(z1, 22) + @1(21, 22) f1(21, 22) /21 + @a(21, 22) fa(21, 22) /23
We begin with the following proposition.

Proposition 4.1. Let ¢q, @1 and @2 be bounded analytic functions in the poly-
disk D?. Then the linear operator T': A2(D?) — A2/(D?) defined by

Tf=gofo+erfi/z1+pafa/2d (f=fo+ i+ f2)

is bounded.

Proof. Since ;’s are bounded functions and || fo|| < |||, it suffices to verify
that there is a positive constant C' such that

ﬁ“hH

— = < .
max{HZI ‘ 122 } <l
Assume that f € A2(D?). For

f(zlv 22) = Z an,mzilzgna

(n,m)eN* xN*

where N* is the set of nonnegative integers, we have

oo

17112 B Z T (a+2) m!IT(a+2)
AD2) Fn+a+2)T(m+a+2)

|@m,n |2~
m,n=0

Similarly, we compute

[e )

n!T(a+2) (m+DIT(a+2)
JT(n+ta+2) T(m+a+3)

121/ 1%z (02) = |-

m,n=
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Since « +2 > 1, we have 1 + m/(a+2) < m+lora+2+m < (a+2)(m + 1),
from which it follows that

I(a+m+3)
S A 2 1).
Tatmya S@F2m+1)
This is equivalent to
1 < m+1

(a+2)T(a+m+2)  T(a+m+3)
Multiplying both sides by m!T'(a + 2)|am, »|> we obtain

m! (o + 2)
(a+2)T(a+m+2)

(m+1)!T(a+2)
Ia+m+3)

|am,n|2 < |am,n|2~

This implies that

||f||,243([@2) < (a+ 2)Hzlf||,24§(u3)2)-

Assume now that f(0,22) = 0 and put

g(z1,22) = LZZ 22) .

It follows from the above argument that
90l a2 (p2) < Va+ 2[|z19] a2 (p2),
and in particular,

=

Z1

< Va+ 2| fillaz @2)-

AZ(D?)
In the same way, by considering g(z1,22) = f(21,22)/2? we obtain
g9l az @) < Va+2|z1g]laz @) < (a+ Z)Hz%gHAi(D).

This implies that

fo ‘
J2 < 2 ,
| 20 < @+ DI Lelazo
and finally
21503
JEN L2« 2 ,
max || 2 2l < ax2i]
from which the boundedness of T follows. O

Now, we state the mail result of this section.

738



Theorem 4.1. Let T be a bounded operator on A2(D?). Then T commutes
with M3 if and only if there exist three bounded analytic functions ¢;, 0 < j < 2,
such that

Tf = vofo+ei1fi/z1+ p2fa/2,
where f = fo + f1 + f2 is the even-odd decomposition of f.

Proof. If f can be written in the form represented above, then T belongs to the
commutant of M 233 this follows from Proposition 3.1. To prove the other direction,
assume that f(z1,22) is given. Keeping 2o fixed, we use the arguments made in
Section 2 to write

f(z1,22) = fo(z1,22) + f1(21, 22) + fa(21, 22),

where f1(21,22)/21 and fa(21, 22)/2? are analytic functions in D?. Let A be a nonzero
complex number. Assume that wy for k = 0,1,2, are roots of 2> = 1. As in one
variable case, it follows from Proposition 3.2 that

ker My, s = span{kx(21), kxw, (21); kxw, (21)}-
It follows that every function f(z1,22) in ker M ;\"LZ% can be written as
f(z1,22) = a(A, 22)ka(21) + b(A, 22)kaw, (21) + (X, 22)kaw, (21)-
Now, let A # 0. We may write
T ka() = a(X z2)ka () + DA, 22k () + (X, z2) ks (),
from which it follows that for fixed 25 and z; # 0 and f(21, 22) € A%(D?) we have

(Tf(,22), k) = (f(s 22), T"kz,y)
<f( ) 22 ) (Zla ZQ)kzl + b(zla 22)kw121 + C(Zla ZQ)kw221>
= a(z1,22) f(21, 22) + b(21, 22) f (w121, 22) + c(21, 22) f (w221, 22).

Tf(z1,22) =

This implies that

[a(z1, z2) + b(z1, 22) + (21, 22)] f (21, 22) if fek,
Tf(z1,22) = < [a(z1, 22) + wib(z1, 22) + wac(z1, 22)] f(21,22) if f € Oy,
[a(z1, z2) + wab(z1, 22) + wic(z1, 22)] f(21,22) if f € Oa.

Therefore, by setting (for z; # 0)
wo(z1,22) = a(z1, 22) + b(21, 22) + (21, 22)
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and

p1(21, 22) = z1]a(z1, 22) + w1b(21, 22) + wac(21, 22)]

and finally,

©a(21, 20) = 23[a(z1, 22) + wab(21, 22) + wic(z1, 22)],
we have

T f(z1,22) = T(fo(z1, 22) + f1(21, 22) + fa(21, 22))
= wo(21,22) fol21, 22) + @1(21, 22) f1(21, 22) /21 + pa2(21, 22) fa(21, 22) /27

Note that ¢o (21, 2z2) = T'(1) and ¢1(21, 22) = T'(g), where g(z1, z2) = 21, @2(z1, 22) =
T(h), where h(z1,22) = z}. Therefore g, p1 and ¢, are analytic in D? \
{(0,22): z2 € D}. Now, we define ¢q(0, z2) = T(1)(0, 22) and ¢1(0, z2) = T(g)(0, 22)
and finally 2(0, z2) = T'(h)(0, 2z2). Then g, v1 and @2 will be analytic on the whole
domain D?.

The last step is to prove that ¢g, @1 and @- are bounded. To see this, we consider
the closed subspaces

E={fe€A2(D?): f(wiz1,22) = f(21,22)},
O1={f € A2(D?): flwiz1,22) = w1 f(z1,22)},
Oy ={f € A2(D?): f(wiz1,22) = waf(21,22)}.

Note that g, @1 and @y are multipliers from F, O; and Os into the Bergman
space A2 (D?), respectively. Let (21,22) € D? and f € E, then we have

lp0(21, 22)€(z1,20) (F)] = lpo (21, 22) f (21, 22) | = |€(z1,2) (Lo S| S Hl€zy ) [[[[ Mo [ £1]5

where ¢, .,) is the evaluation functional at (z1,22) and M, is the multiplication
operator by g. Since both evaluation functional and multiplication operator are
bounded, by taking supremum over all functions f with || f]] < 1 we conclude that

|00 (215 22)llle(zr,2) | < Nz, z) 1 Mo

from which it follows that

sup  po(21, 22)| < [[My,]|-
(21,22)€D?

Similarly, one proves that ¢;, 3 are bounded functions on D?. O
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