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Making holes in the cone, suspension

and hyperspaces of some continua

Jost G. ANAYA, ENRIQUE CASTANEDA-ALVARADO,
ALEJANDRO FUENTES-MONTES DE OCA, FERNANDO OROZCO-ZITLI

Abstract. A connected topological space Z is unicoherent provided that if Z =
AU B where A and B are closed connected subsets of Z, then AN B is connected.
Let Z be a unicoherent space, we say that z € Z makes a hole in Z if Z — {2z}
is not unicoherent. In this work the elements that make a hole to the cone and
the suspension of a metric space are characterized. We apply this to give the
classification of the elements of hyperspaces of some continua that make them
hole.

Keywords: continuum; hyperspace; hyperspace suspension; property (b); unico-
herence; cone; suspension
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1. Introduction

The unicoherence is a very important topological property. It arised when dif-
ferent authors, among which we can mention L. E. J. Brouwer (1910), F. Hausdorff
(1914), Z. Janiszewsky (1913), S. Mazurkiewicz (1922) and R.L. Moore (1924),
studied the topological properties of the plane and sphere. As we know K. Kura-
towski was the first who defined this notion (see [19] and [20]). In [6], K. Borsuk
introduced the use of continuous functions of a space to the circumference, tech-
nique that has been useful for proving that a space is unicoherent.

Intuitively we can say that a space is unicoherent if it does not have “holes”.
We may think that a connected space has a “hole”, if we can cover it with two
closed connected subsets such that their intersection is not connected. With this
idea we can see that S, S1 x I and S x S! are examples of spaces with a “hole”.
We can ask what happens to a unicoherent space if we remove one of its elements.
If the space loses the unicoherent property, then we have that the element “makes
a hole”. This is basically the idea that we will try to use throughout this paper.

Throughout this paper X will denote a continuum (a nondegenerate compact
connected metric space) with metric d. A subcontinuum is a continuum which is
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a subset of a space. Consider the following hyperspaces of X for n € N:

2X = {A C X: Ais closed and nonempty},

Cpn(X) ={A € 2¥: A has at most n components},
F.(X)={AC X: A#0, Ahas at most n points}.

All the hyperspaces are considered with the Hausdorff metric (see [17, Theo-
rem 2.2, page 11]). If n = 1, then we write C'(X) for C1(X) and it is called the hy-
perspace of subcontinua of X. The hyperspace F,(X) is called the nth-symmetric
product of X. The space C,,(X) is called the nth-fold hyperspace of X. The hy-
perspace HS(X), introduced by S.B. Nadler Jr. in [27], is defined as the quotient
space C1(X)/F1(X) and is called hyperspace suspension of X. The natural func-
tion associated with the decomposition space is denoted by ¢x: C(X) — HS(X).
Let Fx = gx(F1(X)) be the point in the hyperspace suspension where F7(X) is
identified.

To illustrate the importance of unicoherence and its usefulness to distinguishing
topological spaces, we mention the following case: A. Illanes in [14, Lemmas 2.1
and 2.2, pages 348-349] shows that C3([0,1]) — {A} is unicoherent for all A €
Co([0,1]), while Co(St) — {S*} is not unicoherent, where S* is the unit circle. As
a result, A. Illanes obtained that C3([0,1]) and C>(S') are not homeomorphic;
this is in contrast to the fact that C(]0, 1]) and C(S') are homeomorphic.

We divide this paper in five sections. In Section 2 we give the definitions and
results that we need in the development of the work. In Section 3 we prove some
results about what elements make a hole in the cone and suspension of a metric
space. In Section 4 we present some examples of continua, in these examples we
apply the results of the previous section to show which elements make a hole in
its cone and its suspension. In Section 5 we show what elements make a hole in
hyperspaces of some continua.

2. Definitions and preliminaries

We will represent the set of positive integers by N, the set of real numbers by R,
the interval [0, 1] by I, the n-cell by I"™ for n € N, the Hilbert cube I x IxIx--- by
I°° and the n-sphere by S™ for n € N. The cardinality of a set A is denoted by |A|.
Let Z be a topological space and A C Z, the closure of A in Z is denoted by clz(A),
the boundary of A by bdz(A) and the interior of A by intz(A). When there is
no confusion we omit the subscript Z. When two topological spaces Y and Z are
homeomorphic we write Y =~ Z. A manifold of dimension n, or more concisely an
n-manifold, is a Hausdorff space M in which each point has an open neighborhood
homeomorphic to R™. A compact n-manifold is called closed. Generalizing the
definition of an n-manifold, an n-manifold with boundary is a Hausdorff space M
in which each point has an open neighborhood homeomorphic either to R™ or to
the half-space R} = {(x1,...,2,) € R": ,, > 0}.
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Definition 2.1. Let Z be a topological space. An arc is any topological space
homeomorphic to I. An arc pq, with end points p and g, is called a free arc in Z if
pq —{p, q} is open. A simple closed curve is any topological space homeomorphic
to S'. A simple closed curve S is called free in Z if S # Z and there exists p € S
such that S — {p} is open.

Definition 2.2. A topological space Z is locally connected if for every z € Z
and any neighborhood U of z there exists an open connected set C' such that
zeCcCU.

Definition 2.3. Let Y be a subspace of a topological space Z. A continuous
function r: Z — Y is called a retraction of Z in Y, if r(y) =y for all y € Y. We
say that Y is a deformation retract of Z, if there exists a retraction r: Z — Y and
a continuous function H: Z x I — Z such that H(z,0) = z and H(z,1) = r(z)
for each z € Z.

Definition 2.4. A topological space Z is said to be contractible, if there exists
z € Z, such that {z} is a deformation retract of Z.

The cone over Z, denoted by Cone(Z), is the decomposition space (Z xI)/(Z x
{1}) where Z x I has the product topology. The vertex of Cone(Z) is the point
Z x {1}, v always denotes the vertex of a cone. One element in Cone(Z) — {v}
will be denoted by [z,t]. with z € Z and ¢t € [0,1). The base of Cone(Z) is the
set B(Z) = {[#,0].: z € Z}. The decomposition space Cone(Z)/B(Z) is called
the suspension over Z, and is denoted by Sus(Z). The point of identification is
denoted by Bz. Throughout this paper for every [z,t]. € Cone(Z) — {B(Z),v}
its class in Sus(Z) is denoted by [z, t]s.

Definition 2.5. Let Z be a topological space. We say that Z has property (b)
if for each continuous function f: Z — S!, there exists a continuous function
h: Z — R such that f = expoh, where exp is the function of R on S' defined by
exp(t) = (cos(2nt), sin(2nt)). The function h is called lifting of f.

Proposition 2.6 ([1, Proposition 8, page 2001]). Let Z be a topological space
such that Z = AU B, where A and B are closed connected subsets. If A and B
have property (b) and AN B is connected, then Z has property (b).

Theorem 2.7 (|2, Theorem 2.4, page 3]). Let Z be a normal connected space.
We assume that Z has property (b). Let p € Z and W be a neighborhood of p
in Z such that W — {p} has property (b). If there is a neighborhood U of p such
that bd(U) is connected and cl(U) C W, then Z — {p} has the property (b).

The following result was proved by S. Mardesi¢ in [23].

Lemma 2.8 ([23, Lemma 5, page 39]). Let Z be a topological space and let
f: Z = S' be a continuous function. Then f has a lifting if and only if f is
homotopic to a constant function.

Proposition 2.9. Let Z be a topological space and let Y be a deformation retract
of Z. Then Z has property (b) if and only if Y has property (b).
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PROOF: Since Y is a deformation retract of Z, there exist a retractionr: Z — Y
and a continuous function H: ZxI — Z such that H(z,0) = z and H(z,1) = r(2)
for each z € Z.

Let f: Y — S! be a continuous function. If Z has property (b), then there
exists a lifting h: Z — R of for. We consider hly: Y - R. For y € Y we
have expohl|y(y) = for(y) = f(y). Thus f has a lifting. Therefore Y has
property (b).

Now we consider a continuous function f: Z — S'. We affirm that f is ho-
motopic to a constant function. If Y has property (b), then by Lemma 2.8,
fly is homotopic to a constant function. Therefore, there exist so € S and
F:Y xI— S*such that F(y,0) = f|y(y) and F(y,1) = so for each y € Y. We
define Fy: Z x I — S' by

[rmGE20) e [0.4],
Fl(Z,t) = {F(T(2)72t_ 1) if te [%71]'

As f(H(z,1)) = f(r(2)) and F(r(2),0) = f(r(2)) for all z € Z we have that the
function Fj is continuous. Also, for each z € Z we have Fy(z,0) = f(H(z,0)) =
f(2) and Fi(z,1) = F(r(2),1) = so. Thus f is homotopic to a constant function,
and by Lemma 2.8 f has a lifting. Therefore Z has property (b). O

Corollary 2.10. Each contractible topological space has property (b).

PRrOOF: If Z is contractible, then there exists z € Z such that {z} is a deformation
retract of Z. As {z} has property (b), by Proposition 2.9, Z has property (b). O

Theorem 2.11 ([31, Theorem 7.5, page 228]). If each of two continua Z and Y
has property (b), so also has their cartesian product Z x Y.

Definition 2.12. A connected topological space Z is unicoherent provided that
if Z =AU B, where A and B are closed connected subsets of Z, then AN B is
connected.

Theorem 2.13 ([10, Théoréeme 2 and 3, pages 69 and 70] or [31, Theorem 7.3,
page 227]). Let Z be a normal topological space. If Z has property (b), then Z
is unicoherent.

The converse of Theorem 2.13 is not true.

Example 2.14. Let (SP); = S' U {[1 + 1/t]exp(it): ¢ > 1}. This continuum
is the compactification of the ray R = [0,00) with remainder S'. Observe that
there are only four types of subcontinua in (SP);: points, arcs, S and topological
copies of (SP);. It is easy to see that (SP); is unicoherent. But the function
f: (SP); — S! such that f|s1 =ig: (identity function) has not a lifting.

There is an equivalence for these two properties.

Theorem 2.15 ([10, Theorem 3, page 70]). Let Z be a normal Ty locally con-
nected topological space. Then Z is unicoherent if and only if Z has property (b).



Making holes in the cone, suspension and hyperspaces of some continua 347

Definition 2.16. Let Y and Z be topological spaces. A function f: Y — Z is
said to be monotone provided that f is continuous and f~*(z) is connected for
every z € Z.

Proposition 2.17. Let Y be a connected space. If X x Y is unicoherent, then
X is unicoherent.

PROOF: Suppose that X x Y is unicoherent space. Consider the projection
mx: X XY — X given by 7wx(z,y) = x for every (z,y) € X x Y. We have
that mx is monotone. By Theorem [13, Theorem 3.6, page 40] we have that
7x (X xY) = X is unicoherent. O

It is not known if the converse of the previous theorem is true, in fact this
question belongs to a more general open problem which is known in some cases.
K. Kuratowski (1930) proposed the problem whether the product of two unico-
herent Peano continua is also a unicoherent Peano continuum. K. Bursuk in [6]
answered this question affirmatively. S. Eilenberg in [10] proved a better result
that the product of two metric, locally connected unicoherent spaces is unico-
herent. T. Ganea in [12, Theorem 1.3, page 35] proved a generalization of this,
namely, that the product of an arbitrary family of locally connected unicoherent
spaces is unicoherent. On the other hand, the continuum of Example 2.14 satis-
fies that its product with itself is not unicoherent (see [13, Example 5.5, pages 48
and 49]). A particular case of this problem that is of our interest is:

Question 2.18. If X is a unicoherent space, then is X X I a unicoherent space?

3. Making holes in cones and suspensions
We begin with the definition of our interest.

Definition 3.1. Let Z be a unicoherent space and z € Z, we say that z makes
a hole in Z it Z — {z} is not unicoherent.

With this definition we will prove some results that indicate us what elements
of the cone of a metric space (the suspension of a metric space) make a hole.

Proposition 3.2. Let Z be a metric space. The following are normal spaces:
a) Zx1I,
b) Cone(Z),
c) Sus(Z),
d) Cone(Z) — {[z,t].} for z € Z and t € [0,1), and
e) Sus(Z) —{[z,t]s} for z € Z and t € (0,1).

ProoF: For a), since Z is a metric space, so is Z X I. Thus Z x I is a normal
space. For b), let f: Z x I — Cone(Z) be the quotient map and let A and B be
disjoint closed subsets of Cone(Z). Without loss of generality, suppose that v € A.
Then f~1(A) = (Zx{1H)U{f(a): a € A—{v}} and f~!(B) are disjoint closed
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subsets of Z x I. By a) and since f|zxo,1) is @ homeomorphism it is possible to
find U and V disjoint open subsets in Z x I such that A C f(U), B C f(V) and
f(U), f(V) are disjoint open subset of Cone(Z). Therefore Cone(Z) is a normal
space. For ¢), d) and e) the proof is similar, only for d) and e) we use that Z x I
is a completely normal space. [l

Remark 3.3. Let Z be a metric space. By Proposition 3.2 we have that Cone(Z)
is a normal space. If v is the vertex of the Cone(Z), then {v} is a deformation
retract of Cone(Z), thus Cone(Z7) is contractible. By Corollary 2.10 we have that
Cone(Z) has property (b), and by Theorem 2.13 is unicoherent.

In Proposition 3.2 the hypothesis that Z is a metric space is necessary, since
there is an example such that Z is a normal space and Z x [ is not a normal space
(see [29]).

Proposition 3.4. Let Z be a metric space. Then for each z € Z, [z,0]. does not
make a hole in Cone(Z).

PrROOF: We have that {v} is a deformation retract of Cone(Z) — {[z,0].}. Thus
Cone(Z) — {[z,0].} is contractible and by Corollary 2.10 has property (b). By
Proposition 3.2 Cone(Z) — {[#,0].} is a normal space and by Theorem 2.13 is
unicoherent. Thus [z, 0], does not make a hole in Cone(Z). O

Remark 3.5. If Z is homeomorphic to I?, then by Proposition 3.4 and Theo-
rem 2.15 we have that Z — {z} has property (b) for all z € 9(Z), where 9(Z) is
the boundary of Z as manifold.

Proposition 3.6. Let Z be a metric space and suppose that pq is a free arc in
Z such that p,q ¢ int(pq). If r € pq, then for all ty € (0,1) we have that [r,to].
makes a hole in Cone(Z).

PrOOF: Let 19 € pq such that rq # r. We consider rry an arc from r to
ro contained in pg. Let Ci = {[s,t]lc: s € rro, t € [0,t0]} — {[r,t0]c} and
Co = cl(Cone(Z) — C1) — {[r,to]c}. Then C; UCy = Cone(Z) — {[r,to].} and
C1NCy ={[r,t]c: t € [0,t0)} U{[ro,t|c: t € [0,t0]} U{[s,t0]c: s € 10, 8 # 1} is
not connected. Thus [r, tp]. makes a hole in Cone(Z). O

Proposition 3.7. Let Z be a metric space and suppose that pq is a free arc in Z.
If p € int(pq), then for all ty € (0,1) we have that [p,to]. does not make a hole
in Cone(Z).

PRrOOF: By Remark 3.3 Cone(Z) has property (b). We have that Cone(pq) is
a connected neighborhood of [p, to]. in Cone(Z) and bd(Cone(pq)) is connected.
By Remark 3.5 Cone(pq) — {[p, to]c} has property (b). Therefore, by Theorem 2.7
Cone(Z) — {[p, to]c} has property (b) and by Theorem 2.13 is unicoherent. [

Proposition 3.8. Let Z be a metric space and let zg € Z such that Z — {z}
is connected. If Z has property (b), then for all tg € (0,1) we have that [zo, to].
does not make a hole in Cone(Z).
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PROOF: Let zy be the element of the hypothesis and let tg € (0,1). Let C; =
{[Z,t]ci z € Z, t e [O,to]} - {[Zo,to]c} and C2 = CI{COHG(Z) - Cl} - {[Zo,to]c},
which they are closed connected subsets of Cone(Z) — {[z0,to]c}. Furthermore,
C1UCy = Cone(Z) — {[z0,t0]c} and C1 NCe = Z x {to} — {[#0,t0]c}. Since Z
has property (b), by Proposition 2.9 the space C; has property (b) and by Corol-
lary 2.10 the space C has property (b). As C1NCs is connected, by Proposition 2.6
the space Cone(Z) — {[z0,%0].} has property (b). By Proposition 3.2 the space
Cone(Z) —{[z0, to].} is a normal space and by Theorem 2.13 it is unicoherent. [

The following proposition is a direct consequence of Proposition 2.17.

Proposition 3.9. Let Z be a topological space. If Z is not unicoherent, then v
makes a hole in Cone(Z).

Proposition 3.10. For every connected metric space Z, Bz does not make a hole
in Sus(Z).

PRrROOF: Notice that {v} is a deformation retract of Cone(Z) — B(Z). Thus
Cone(Z) — B(Z) is contractible and, by Corollary 2.10, has property (b). By
Proposition 3.2 the space Cone(Z) — B(Z) is a normal space, and by Theo-
rem 2.13, is unicoherent. The proposition follows easily because Cone(Z) —
B(Z) = Sus(Z) — Bz. O

Proposition 3.11. For every connected metric space Z, v does not make a hole
in Sus(Z).

PROOF: Since {Bz} is a deformation retract of Sus(Z) — {v}. The proposition
follows easily because Cone(Z) — B(Z) ~ Sus(Z) — {v}. O

Theorem 3.12. Let Z be a connected metric space and let z € Z. Then Z—{z} is
connected if and only if [z,to]s does not make a hole in Sus(Z) for each ty € (0, 1).

PROOF: Since {v} is a deformation retract of C; = (Z x [to, 1]/Z x {1}) —{[z, to]s }
and {Bz} is a deformation retract of Co = (Z x [0,t0]/B(Z)) — {[#,t0]s}. By
Corollary 2.10 both C; and Cy have property (b). As (Z x {to}) — {[z,t0]s} =~
Z — {z}, then C; N Cy is connected. By Proposition 2.6 the space C; U Cs has
property (b). By Proposition 3.2 the space Sus(Z) — {[z, to]s} is a normal space
and by Theorem 2.13 it is unicoherent. On the other hand, let z € Z and ¢y € (0, 1)
such that [z, t]s does not make a hole in Sus(Z). Let C; = (Z x [to, 1]/Z x {1}) —
{[z,t0]s} and Co = (Z x [0,t0]/B(Z)) — {[#,t0]s}. Both are closed, connected
subsets of Sus(Z) — {[z,%0]s} and C; UCy = Sus(Z) — {[z,t0]s}. Thus, by the
unicoherence of Sus(Z)—{[z, to]s} we have that C;NCy ~ Z—{z} is connected. O

Let Z be a connected space and let z € Z. If Z — {z} is not connected, then z
is a cut point of Z.

Corollary 3.13. Let Z be a connected metric space. Then Z does not have cut
points if and only if no element of Sus(Z) makes a hole.

The following result is a direct consequence of [13, Theorem 3.6, page 40].
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Proposition 3.14. Let Z be a connected metric space. Let A =v or A = [p,t].
withp € Z and t € (0,1). If Cone(Z) — {A} is unicoherent, then Sus(Z) — {As}
is unicoherent, where A, is the class of A in Sus(Z).

4. Examples

4.1 Graphs. A graphis a continuum which can be written as the union of finitely
many arcs any two of which are either disjoint, or intersect only in one or both of
their end points. By a segment of a graph G we shall always mean one of those
arcs. The end points of the segments of G are called vertices of G. Let p € G,
we say that p is of order n in G, written ord(p, G) = n, provided that for every
open set U such that p € U, there exists open set V such that p € V C U and
[bd(V)| = n, see [28, Theorem 9.12, page 146]. If ord(p, G) = 1, then p is called
an end point of G. If ord(p,G) > 3, then p is called a ramification point of G.
By a simple n-od, n > 3, we mean a graph G with only one ramification point,
exactly n end points and without circles (simple closed curves). The complete
graph K,, is the graph with exactly m vertices such that any two vertices are
joined by a segment of the graph.

Remark 4.1. A graph G is not unicoherent if and only if G contains circles.
We have the classification of the elements of Cone(G) that make a hole.

Theorem 4.2. Let G be a graph and let p € G.

a) The graph G has circles if and only if v makes a hole in Cone(G).

b) If ord(p,G) = 1 and t € (0,1), then [p,t]. does not make a hole in
Cone(G).

c) If ord(p,G) > 1 and t € (0,1), then [p,t]. makes a hole in Cone(G), and

d) the element [p,0]. does not make a hole in Cone(G).

PRrOOF: a) If G contains circles, then by Remark 4.1 the space G is not uni-
coherent. By Proposition 2.17 the space G x [0,1) is not unicoherent. As
G x [0,1) &= Cone(G) — {v} the necessity follows. If G does not contain cir-
cles, then by Remark 4.1 is the graph G unicoherent. As G is locally connected,
then by Theorem 2.15 G has property (b). By Theorem 2.11 the space G x [0,1)
has property (b) and by Theorem 2.13 it is unicoherent. The sufficiency follows.

b) Let p € G such that ord(p, G) = 1. Let r be the vertex of a segment that
contains the end point p. We have that p € int(pr), then by Proposition 3.7 the
element [p,t]. does not make hole in Cone(G).

c¢) Let p € G such that ord(p,G) > 1. It is easy to see that there exists r € G
such that pr is a free arc in G and p,r ¢ int(pr). By Proposition 3.6 the element
[p, t]c makes a hole in Cone(G).

d) If p € G, then by Proposition 3.4 the element [p, 0]. does not make a hole
in Cone(G). O
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Corollary 4.3. The set A € Cone(G) makes a hole if and only if A= v and G
have circles, or A = [p,t]. with ord(p,G) > 1 and t € (0,1).

For the suspension of a graph we have the following result.

Theorem 4.4. The set A € Sus(G) makes a hole if and only if A = [p,t]s such
that G — {p} is not connected and t € (0,1).

PRrOOF: If A € Sus(G) makes a hole, then by Proposition 3.10 the spaceA # By
and by Proposition 3.11 the space A # v. Thus A = [p,t]s with ¢t € (0,1) and by
Theorem 3.12 the space G — {p} is not connected. The sufficiency follows from
Theorem 3.12. (|

4.2 n-cells and the Hilbert cube. In [14, Lemma 2.1, page 348] it is shown
that I* — {2} is unicoherent for each 2z € I*. We will give another proof of this
statement using what was developed in this paper. The following result is easy
to see.

Proposition 4.5. The cell I" ~ Cone(I" ') ~ Sus(I"~ 1) for each n > 1.
Lemma 4.6. The space I" — { A} is unicoherent for allm > 3 and for all A € I™.

PRrROOF: By Proposition 4.5 we can work with Cone(I"~!). By Theorems 2.11
and 2.13 the space I" =1 x [0, 1) is unicoherent. So, if A = v, then Cone(I"~1)—{A}
is unicoherent. If A = [p,0]., then by Proposition 3.4 the space A does not make
hole in Cone(I"~1). If A = [p,t]. with p € I"~! and ¢t € (0,1), since n > 3 then
by Proposition 3.8 the space A does not make hole in Cone(I™~1). O

Corollary 4.7. The space Cone(I™) — {A} is unicoherent for all A € Cone(I™)
and n > 2.

Corollary 4.8. The space Sus(I™) — {A} is unicoherent for all A € Sus(I™) and
n > 2.

A topological space Y is said to be homogeneous provided that for any p,q € Y,
there is a homeomorphism h of Y onto Y such that h(p) = gq.

Lemma 4.9. The space I>® — { A} is unicoherent for all A € I*°.

Proor: Notice that 1°°—{(0,0,0,...)} is unicoherent. Since I*° is homogeneous,
see [18], then I°° — { A} is unicoherent for all A € I°°. O

4.3 Manifolds.

Theorem 4.10. Let M be a connected closed n-manifold with n > 1.
a) If M is unicoherent, then Cone(M) — {A} is unicoherent for all A €
Cone(M).
b) If M is not unicoherent, then the only element that makes a hole in
Cone(M) is v.

351
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PrROOF: a) We have that M is locally connected, and by [12, Theorem 1.3,
page 35] M x [0,1) is unicoherent. Thus Cone(M) — {v} is unicoherent. Let
A = [z,t]. with x € M and ¢ € [0,1). If ¢ = 0, then by Proposition 3.4 the set
A does not make a hole in Cone(M). Now for ¢t # 0, let Iy = [a,b] such that
0 <a<t<b< 1l LetV be an open neighborhood of z homeomorphic to R™.
Then W = cl(V') x Ij is homeomorphic to a closed neighborhood of A in Cone(M)
and W =~ I"*1. Since n > 1, by Lemma 4.6 the space W — {A} is unicoherent
and by Theorem 2.15 has property (b). As bd(W) is connected, by Theorem 2.7
the space Cone(M) — {A} has property (b). Therefore A does not make a hole

in Cone(M).
b) By Proposition 3.9 the element v makes a hole in Cone(M). For A = [, 1],
with z € M and t € [0,1) the proof is the same as in a). O

Remark 4.11. The last theorem is true, if we suppose that M is an n-manifold
with boundary. In the proof we consider V' to be an open neighborhood of A
homeomorphic to R™ or R%. Thus W ~ "1

Corollary 4.12. Let n > 1. If M is a connected closed n-manifold with or
without boundary, then Sus(M) — {A} is unicoherent for all A € Sus(M).

4.4 Elsa continua. A compactification of R = [0,00) with an arc J as the
remainder is called an Flsa continuum, this family of continua was defined by
S.B. Nadler Jr. in [25]. There are uncountably many topologically different Elsa
continua (see [24, page 184]), a particular example of an Elsa continuum is the
familiar sin(1/z)-continuum which is J U R = cl{(z,sin(1/x)) € R?: z € (0,1]},
where J is the rectilinear arc joining the points (0, —1) and (0, 1) in R?, which we
denote by Sj.

Remark 4.13. If X is an Elsa continuum, then X has property (b) (see [28,
12.66, page 269]).

Now we enunciate a result (see [25, Lemma 3.1, page 330]), that will serve to
distinguish the continua that we work with.

Lemma 4.14. If X is an Elsa continuum, then X can be embedded in the plane
in such a way that the remainder is J = {(0,y) € R?: y € [-1,1]} and the rest of
the continuum is the graph of a continuous function fx: (0,1] — [—1, 1], denoted
by Gfx .

Remark 4.15. Notice that every Elsa continuum X can also be embedded in the
plane in such a way that the remainder is J = {(0,y) € R?: y € [-1,1]} and the
rest of the continuum is the graph G4, of a continuous function gx: [-1,0) —
[—1,1]. So, we can write an Elsa continuum X in two different ways X = JUG/,
or X =JUG,.

Theorem 4.16. Let X = J U Gy, be an Elsa continuum, where J and fx are
as in Lemma 4.14. Let p € X.
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a) The element v does not make a hole in Cone(X).
b) If p = fx(1), then [p,t]. does not make a hole in Cone(X) for every

te(0,1).

c) If pe Gy and p # fx (1), then [p,t]. makes a hole in Cone(X) for every
te(0,1).

d) If p € J, then [p,t]. does not make a hole in Cone(X) for every t € (0,1),
and

e) the element [p,0]. does not make a hole in Cone(X).

PRrOOF: a) By Remark 4.13 the space X has property (b), thus by Theorem 2.11
the space X x [0,1) has property (b). Therefore v does not make a hole in
Cone(X).

b) Let p = fx(1). It is easy to see that p is an end point of an arc contained
in Gy . By Proposition 3.7 the space [p, t]. does not make a hole in Cone(X) for
every t € (0,1),

c) Let p € Gy, such that p # fx(1). It is easy to see that p is contained in
a free arc rory such that ro, 1 ¢ int(ror1). By Proposition 3.6 we have that [p, t].
makes a hole in Cone(X) for every ¢ € (0, 1).

d) Let [p,to]c € Cone(X), where p € J and ty € (0,1). We consider C; =
{[l‘,t]ci re X, te [Oﬂto]} - {[p;tO]C} and Cy = CI{COHG(X) - Cl} - {[pv tO]C};
which are clearly closed connected subsets of Cone(X) — {[p, to].}. Furthermore,
C1 UCy = Cone(X) — {[p, to]c} and C;1 NC2 = (X x {to} — {[p,to]c}). We note
that C; NCq is a connected subset. By Remark 4.13 the space X has property (b),
thus by Proposition 2.9 the space C; has property (b). By Corollary 2.10 the
space Cy has property (b). By Proposition 2.6 we can conclude that C; U Cs has
property (b), and by Theorem 2.13 is unicoherent. Therefore [p, t]. does not make
a hole in Cone(X) with ¢ € (0,1).

e) If p € X, then by Proposition 3.4 the element [p, 0], does not make a hole
in Cone(X). O
Corollary 4.17. The set A € Cone(X) makes a hole if and only if A = [p,t].
such that p € Gy, and p # fx(1) with t € (0,1).

For the suspension of an Elsa continuum we have the following result.
Theorem 4.18. The set A € Sus(X) makes a hole if and only if A = [p,t]s such
that p € Gy, and p # fx(1) with t € (0,1).

PRrOOF: For the necessity, if A € Sus(X) makes a hole, then by Proposition 3.10
the space A # Bz and by Proposition 3.11 the space A # v. Thus A = [p, t]s,
with p € X and ¢ € (0,1). By Proposition 3.14 we have that [p, t]. makes a hole
in Cone(X). Finally by Corollary 4.17 we have that p € Gy, and p # fx(1). The
sufficiency follows by Theorem 4.16. O

4.5 Elsa circle and double Elsa circle.

Definition 4.19. Let X = JUG/, be an Elsa continuum, where J and fx are as
in the Lemma 4.14. Let A be an arc which joins the points (0,—1) and (1, fx (1)),
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such that XN A = {(0,—1),(1, fx(1))}. We call the continuum EC = X UA Elsa
circle.

For the rest of this paper, EC will always denote an Elsa circle with X and
A as in the previous definition. These continua are described in the proof of [25,
Theorem 3.11, page 334], however not called by a special name. It is the paper
[3] where the authors give them the name.

Definition 4.20. Let X; = JUGy, and X3 = JUG,, be Elsa continua, where
J, fx, and gx, are as in Remark 4.15. Let A be an arc which joins the points
(—1,9x,(—1)) and (1, fx, (1)), such that

(Xl U XQ) NA= {(71agX2(71))7 (L fX1(1))}
We call the continuum DEC = X; U X5 U A the double Elsa circle.

For the rest of this paper, DEC will always denote a double Elsa circle with X,
X5 and A as in the previous definition. This family of continua are described in
the proof of [25, Theorem 3.11, page 334]. Since there are uncountably many topo-
logically different Elsa continua, we conclude that there are uncountably many
topologically different Elsa circles and double Elsa circles.

The following remark is easy to see.

Remark 4.21. Any EC (DEC) is not unicoherent, and therefore does not have
the property (b).

The next result shows the classification of the elements of Cone(EC) that makes
a hole.

Theorem 4.22. For every EC we have the following:

a) v makes a hole in Cone(EC),

b) if p e J—{(0,-1)}, then [p,to]. does not make a hole in Cone(EC) for
all to € (0,1),

c) if pe EC —{J —{(0,-1)}}, then [p,to]. makes a hole in Cone(EC) for
all ty € (0,1), and

d) if p € EC, then [p, 0], does not make a hole in Cone(EC).

PROOF: a) By Remark 4.21 the space EC is not unicoherent, by Proposition 2.17
the space Cone(EC) — {v} is not unicoherent. Thus v makes a hole in Cone(EC).

b) Let [p, to]. € Cone(EC), where p € J—{(0,—1)} and ¢y € (0,1). We consider
Ci1 =A{[z,t]c: z € X, t € [0,t0]}—{[p, to]c} and C3 = cl{Cone(EC)—C1 }—{[p, to]c},
which are clearly closed connected subsets of Cone(EC) — {[p, to].}. Furthermore,
C1UCy = CODG(EC) - {[p, to]c} and C1NCy = (X X {to} - {[p, to]c}) @] ({(O, —1)} X
[0, to])U({(1, fx (1))} x[0,to]). We note that C;NCs is a connected subset. We have
that C; has property (b) (see Example 4.13) and by Corollary 2.10 the set Co has
property (b). By Proposition 2.6 we can conclude that C; U Cs has property (b),
and by Theorem 2.13 is unicoherent.

c) Let [p, to]c € Cone(EC), where p € EC—{J—{(0,—-1)}} and ¢, € (0,1). We
have that p € G¢, U A. Let pg € Gy, U A such that py # p. We have that pgp is
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a free arc in EC, thus by Proposition 3.6 the space Cone(EC) — {[p, to].} is not
unicoherent.

d) If p € EC, then by Proposition 3.4 the element [p, 0], does not make a hole
in Cone(EC). O

Corollary 4.23. The space A € Cone(EC) makes a hole if and only if A= v or
A = [p,to]. withp € EC—{J —{(0,—1)}} and ¢y € (0,1).

By Corollary 3.13 the following result is not difficult to see.
Theorem 4.24. If A € Sus(EC), then Sus(EC) — {A} is unicoherent.
The following result shows the elements of Cone(DEC) that makes a hole.

Theorem 4.25. For every DEC we have the following:

a) v makes a hole in Cone(DEC),

b) if p € J, then [p, to]. does not make a hole in Cone(DEC) for all ty € (0, 1),

c) if p € DEC—J, then [p, to]. makes a hole in Cone(DEC) for all ty € (0,1),
and

d) if p € DEC, then [p, 0], does not make a hole in Cone(DEC).

PROOF: The proof of a), ¢) and d) is similar to the proof of Theorem 4.22. We
only prove b). Let C; = {X2 x [0,t0]} — {[p, to]c} and C2 = cl{Cone(DEC) —C;} —
{[p, to0]c}, notice that C; U C3 = Cone(DEC) — {[p,to]c} and C; N C2 = {(J x
[0,t0]) U (X2 x {t0}) U ({(—1, gx,(=1))} x [0, 20])} — {[p, to]e}- O

Corollary 4.26. The set A € Cone(DEC) makes a hole if and only if A =wv or
A = [p,to]. with p € DEC — J and tg € (0,1).

Similarly to Theorem 4.24, we have the following result.
Theorem 4.27. If A € Sus(DEC), then Sus(DEC) — { A} is unicoherent.

5. Making holes in hyperspaces

In [26] S.B. Nadler Jr. proved that the hyperspaces 2X and C(X) are uni-
coherent for any X, later in [27] he proved that the hyperspace suspension has
property (b), and by Theorem 2.13 we have that HS(X) is also unicoherent. In
[22] S. Macias proved that the hyperspace C,(X) has property (b) and is uni-
coherent for all n > 1. In [21] S. Macias proved that the hyperspace F, (X) is
unicoherent for all n > 3.

So it becomes interesting to determine the elements that make a hole in these
hyperspaces. In this direction, see [1], [2] and [4], for what is known about this
problem. This section is dedicated to giving an application in hyperspaces of what
we have developed.

We know that if X is a locally connected, then 2% is homeomorphic to the
Hilbert cube (see [17, Theorem 11.3, page 89]). And if X is locally connected
without free arcs, also C,(X) is homeomorphic to the Hilbert cube (see [22,
Theorem 7.1, page 250]). So, by Lemma 4.9 we have the following two theorems.
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Theorem 5.1. If X is locally connected, then A does not make a hole in 2% for
all A € 2%,

Theorem 5.2. If X is locally connected without free arcs, then A does not make
a hole in Cy,(X) for all A € C,(X) and for each n € N.

5.1 Hyperspaces of a graph. We know that a graph is locally connected space
and by Theorem 5.1 none element of 2% makes a hole.
For C,,(X) we have the following partial result.

Theorem 5.3. Let G be a graph, R(G) the set of ramification points of G and
n>2 If A€ Cp(G)—Ch_1(G) and AN R(G) =0, then A does not make a hole
in Cy(G).

PROOF: As G is locally connected, we have C,(G) is locally connected (see [22,
Theorem 3.2, page 240]). By [15, Lemma 3.2, page 182] A has a neighborhood
U such that U ~ I*" in C,(G). By Lemma 4.6 U — {A} is unicoherent and
by Theorem 2.15 it has property (b). As bd(l{) is connected, by Theorem 2.7
Cr(G) — {A} has property (b). Therefore A does not make a hole in C,(G). O

With a similar argument, but using [9, Lemma 4.2, page 1441] (which is also
true for n = 3) we can prove the following.

Theorem 5.4. Let G be a graph, R(G) the set of ramification points of G and
n>3.If Ae F,(G) — F,,_1(G) and AN R(G) =, then A does not make a hole
in F,,(G).

5.2 Hyperspaces of cones. Let A C X and 6 > 0. We consider the set
N(§,A) = {z € X: there exists a € A such that d(a,z) < §}. Let A, B € 2%.
An order arc from A to B is a continuous function a: [0,1] — 2% such that
a(0) = A, a(l) = B,and if 0 <t < s < 1, then a(t) C a(s) and a(t) # a(s).

Theorem 5.5. Let Y be a compact metric space. We consider X = Cone(Y") and
the hyperspace H(X) € {2%,C,(X), F,,(X)} forn € N. Then H(X) ~ Cone(Z),
where Z is a continuum.

PROOF: The proof in the case H(X) = F,(X) was made by R. M. Schori in [30,
Cororally of Theorem 5, page 82]. We suppose that H(X) € {2%,C,(X)}. Let
Z={AeH(X): ANB(Y) # 0}. We prove that Z is a continuum.

Let {A,} be a sequence in Z such that A,, — A. Suppose that ANB(Y) = (), let
§ = (1/2) min{s € [0,1]: [y, s]. € A}. Notice that § > 0 and N (5, A)N B(Y) = 0.
As A, — A there exists N € N such that A, C N(§, A) for every n > N. Thus,
A, NB(Y) =0 for every n > N, this is a contradiction. So Z is closed.

As for the connectedness of Z, if A € 2%, then by [26, Theorem 1.8, page 59]
there exists an order arc from A to X. It is easy to see that if « is an order arc
in 2% and a(0) € C,(X), then a(t) € C,(X) for all t € [0,1]. Therefore Z is
connected.

Let F': Z x I — H(X), defined by F(A,t) = A" where

A ={[y,(1 —t)s + t].: [y, s]. € A}.
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Notice that F(A,0) = A and F(A,1) =wv for all A € Z, v is the vertex of X.
Claim 1. F|zxo,1) is one-to-one.
Let A1,As € Z and t1,t2 € [0,1). Suppose that F(A;,t1) = F(Aa,t2), then
A = AR, Let sp = min{s € [0,1): [y, (1 — t1)s + t1]. € AV} = min{s € [0, 1):
[y, (1 — t2)s + ta]. € A?}. As Ay, Ay € Z, then sg = t; and sg = t3. There-
fore t; = to. For A" with ¢t € [0,1), we define the set (A")~* by {[y,(s — t)/
(1 —1)]e: [y, 8]c € A}. Then (A)~% = A; and (A)~% = Ay. Thus A; = As.
Claim 2. F is onto.
Let B € H(X) and sp = min{s € I: [y,s]. € B}. If B = v, then s = 1. In
this case, we take y € Y, then F({y},1) = v. If B # v, then sy < 1, thus for all
[y, s0]c € B we have that [y,0]. € B~ N B(Y) and F(B~*°,s9) = B. So F is
onto.

Observe that F(A,t) = v if and only if ¢ = 1. By Transgression lemma (see [28,
Exercise 3.22, page 45]) F' induces a homeomorphism F: Cone(Z) — H(X). O

Corollary 5.6. Let Y be a compact metric space. We consider X = Cone(Y')
and the hyperspace H(X) € {2X  C(X),F,(X)} forn € N. If A€ Z ={A¢€
H(X): ANB(Y) # 0}, then A does not make a hole in H(X). In particular X
does not make a hole in H(X).

PROOF: We have that [A,0]. € B(Z) and the result follows from Proposition 3.4.
O

5.2.1 The 2nd-symmetric product of a simple n — od. Let X be a simple
n — od with n > 2. Here we consider X ~ I when n = 2. Suppose that X =
U ,0e; where E(X) = {e1,...,e,} C R™ is the standard basis of R", o is the ori-
gin of R™ and oe; denotes the convex segment in R™ that joins o and e;. Note that
X = Cone({e1,...,en}). Let Z={A € F5(X): e; € Aforsomeie {1,...,n}}.
In [8, Lemma 1, page 68], the author proved there exists F': Cone(Z) — Fy(X)
a homeomorphism such that F(v) = {o}. This homeomorphism is induced by
F: Z x I — F»(X) defined as F(A,t) = (1 —t)A, where (1 —t)A = {(1 — t)a:
a € A}. In [8, Lemma 2, page 70], the author proved that Z is the union of K,
and n pairwise disjoint arcs each of them intersecting K, in exactly one of its
vertices.

In this context, as Z is homeomorphic to a finite graph and F»(X) ~ Cone(Z),
a direct application of Corollary 4.3 gives the following theorem, cf. Theorem 2.7
and Theorem 3.10 in [5, pages 86 and 91].

Theorem 5.7. Let X be a simple n — od. Then A € F5(X) makes a hole if and
only if either AN E(X) =0 and A has two points or A = {o0}.

5.2.2 Hyperspaces of the interval. If Y = {y}, then I ~ Cone(Y). By
Theorem 5.5 the hyperspaces 2%, C,,(X) and F,,(X) for all n € N, are cones over
a continuum. First consider the hyperspace 2!, then by Theorem 5.1 no element
of 27 makes hole it. For the case of C(I) we have that A € C(I) makes a hole
if and only if A is a free arc pq such that p,q ¢ int(A) (see [2, Theorem 7.1,
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page 13]), cf. Proposition 5.15 in this paper. In [14, Lemma 2.2, page 349] the
author proved that Cy(I) ~ I'*. Thus, by [14, Lemma 2.1, page 348] or Lemma 4.6
the set A does not make a hole in Cy(I) for all A € Cy(I). Additionally, for n > 3,
by Theorem 5.3, if A € C,,(I) — Cr—1(I), then A does not make a hole in C,,(I).
Let H(I) € {2, F,(I),C, (1)} for n € N and let A € H(I). By Corollary 5.6 if
0€Aorle A, then A does not make a hole in H(I). So, we have the following.

Conjecture 5.8. A does not make a hole in Cy,(I) for all A € C,(I) and n > 2.

On the other hand, for F>(I) by Theorem 5.7 we have that A € F»(I) makes
a hole in Fy(I) if and only if |A|] = 2 and AN {0,1} = (. In [7, Theorem 6,
page 880] the authors prove that F3(I) ~ I3, by Lemma 4.6 the space A does not
make a hole in F5(I) for all A € F5(I). Moreover, for n > 4, by Theorem 5.4, if
A€ F,(I) — F,—1(I), then A does not make a hole in F,(I). So, we have the
following.

Conjecture 5.9. The space A does not make a hole in F,,(I) for all A € F,,(I)
and n > 4.

5.2.3 The 2nd-fold hyperspace of S!. Let T be a solid torus. Since T is
a 3-manifold with boundary and is not unicoherent, and by Remark 4.11 the
unique element of Cone(T") such that makes a hole is v. In [16] the author proved
that Co(S!) ~ Cone(T) and in [14] the author proved that C3(S*) — {S'} is not
unicoherent (in the following theorem we give an alternative proof of this), thus
the unique element of C3(S') such that makes a hole is S*.

Theorem 5.10. The space C3(S') — {S*} is not unicoherent.

PROOF: Define S = {el’: t € R}. We shall prove that C2(S) — {S} is not unico-
herent. Let
H={A1UA; € C5(S) — {S}: Im(2122) >0
where z; is the midpoint of A; for i = 1,2},
and
K={A1UAy € C5(S) —{S}: Im(z122) <0
where z; is the midpoint of A; for i = 1,2}

where Im(z;22) is the imaginary part of the complex number z;z9. It is easy to
check that H and K are closed in C3(S) — {S}. It is clear that H # () # K and
HUK =Cy(S) — {S}.

We will prove that H is connected. Let P = A; U Ay € H and suppose
that for j = 1,2 the extreme points of A; are elty and elts , respectively. In this
situation the midpoint of A; is z; = ' where t; = (t9 +1})/2. Since P €
then Im(e'("*7#2)) > 0. For u € [0,1] and j = 1,2 we define a(u) = (1 —u)t) + ut;,
b(u) = (1 —u)t; +ut; and the arc A in S has extreme points e () and el*(), In
order to see that H is connected it is enough to show that there exists a connected
subset £ of H such that P and {1} are elements of £. Suppose for example that
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0 <t <ty <2m then 0 < t; +ty < 4m. Since Im(e!(®1+*2)) > 0 we have that
0<ti 4+t <mor 2n <t + 1ty < 3n. We consider the following two cases:
Case I. If 0 <ty + ty <7, then define the set

L= {AYUAY € Co(S) — {S}: ue0,1]}

U {{ei(tlw)’ei(trr)}: - [07 t1 ;tz} } U {{ei’”}: e [07 t JQrtQ] }

Notice that £ is an arc joining P and {1}, then L is arcwise connected. To see
that £ C H take a point @Q € L, and then we have three possibilities.
a) If Q = {el(1+7) ei(t2=7)1 "then we have Tm(el(t1+7)ei(t2=7)) =
Im(e!(t1+12)) > 0,
b) If Q@ = {e'"} with 7 € [0, (u+7)/2], then 0 < r < /2. Thus Im(e'"e!") =
Im(e?") > 0.
¢) Suppose that @ = A} U AY, in this case notice that the midpoints of A}
and AY are z; and za, respectively. Then Im(z122) > 0.
Case II. If 2 < t; 4+ t2 < 3m, then we consider | = ((¢t1 +t2)/2 — ®). Thus
0 <1< m/2. Notice that 0 < 21—t < (t; — t2)/2 + ©. Define the set

L= {AYUAY € Cy(S) — {S}:ue0,1]}
U {{ei<t1+r>,ei<tr’“>}; re o, (b —t2)/2+ n” U{{e}: r e [0,1]}.

Notice that £ is an arc joining P and {1}, then £ is arcwise connected. The proof
of L C H is similar to the one in Case I. Therefore, in both cases £ is arcwise
connected, it lies in ‘H. Thus H is connected.

Now, define h: S — S by h(z) = e!t™/2 if z = ¢ € S. Tt is easy to show that h
is continuous. Define H: C2(S) — Ca(S) by H(A) = h(A), then H is continuous
and H(#H) = K. Thus K is connected.

Finally, let

A= {Al UAsy € CQ(S) — {S} 2122 € Rand 2122 >0
where z; is the midpoint of A4; for i = 1, 2},
and
B={A1UAs € C3(S) — {S}: 2120 € R and 2122 <0

where z; is the midpoint of A; for i = 1,2}.

It is easy to see that H N X = AU B is not connected. Therefore, this completes
the proof, showing that C3(S) — {S} is not unicoherent. O

5.3 C-H continua. The following definition was introduced by S. B. Nadler Jr.
in [25].

Definition 5.11. If X is such that Cone(X) ~ C(X), then we will say that X
is a C-H continuum.
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The set X is decomposable provided that X can be written as the union of
two proper subcontinua. The set X is said to be hereditarily decomposable pro-
vided that each nondegenerate subcontinuum of X is decomposable. In [25]
S.B. Nadler Jr. shows that there are exactly eight C-H continua hereditarily
decomposable. These continua are:

1) the interval I;
) the unit circle S*;
3) the sin(1/x)-continuum Sp;
) the Warsaw circle S3 = Sp U A, where A is an arc from (0,—1) to
(1,sin(1)), such that So N A = {(0,—1), (1,sin(1))};
5) the double Warsaw circle Si = SoU{(z,sin(1/z)): = € [-1,0)}UA, where
A is an arc from (—1,sin(—1)) to (1,sin(1)), such that

(SO U {(z sm( )) = [71,0)}) N A= {(~1,sin(~1)), (1,sin(1))};

)1, see Example 2.14;

)2 = (SP)1 U{(1 — 1/t)exp(it): t > 1} with the points 2 exp(i) and
) identified;

)3 = (SP)1U{(1+1/t)exp(it): t < —1} with the points 2exp(i) and
,0) identified.

Theorem 5.12 ([11, Theorem 6.5, page 117]). If X is a C-H continuum dimen-
sionally finite, then there exists h: C(X) — Cone(X) a homeomorphism such
that h(F1 (X)) = B(X).

A couple of results that follow directly from Theorem 5.12 are:

Corollary 5.13 ([11, Theorem 6.6, page 118]). If X is a C-H continuum dimen-
sionally finite, then HS(X) ~ Sus(X).
Corollary 5.14. Let X be a C-H continuum dimensionally finite. If h: HS(X)—

Sus(X) is the homeomorphism ensuring by the previous corollary, then
h(Fx) = Bx.

The set X is said to have the cone = hyperspace property if there is a home-
omorphism h: Cone(X) — C(X) such that h(B(X)) = Fi(X) and h(v) = X.
Even more, we can have that if [p, 0], € Cone(X), then h([p,0].) = {p}.

By [17, Exercise 40.3, page 262] the only graphs such that have the cone =
hyperspace property are I and S*.

The following proposition is a consequence of [2, Theorem 7.1, page 13], and
we give an alternative proof.

Proposition 5.15. The space A € C(I) makes a hole if and only if A = pq a free
arc such that p,q ¢ int(A).

PROOF: Let h: Cone(I) — C(I) be a homeomorphism such that h(B(I)) =

Fi(I), h(v) = I and h([p,0].) = {p} for p € I. As for the necessity, let A € C(I)
such that A makes a hole in C(X). Then h™!(A) makes a hole in Cone(I). By
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Corollary 4.3 we have that h=(A) = [p, t]. with ord(p, I) > 1 and t € (0,1). Thus
BL(A) ¢ B(I), h=1(A) # v and h=1(4) & {[0,t].: ¢ € (0, 1)}U{[L,fo: t € (0,1)}.
By [17, Example 5.1, page 33] we have that A is a free arc. The sufficiency follows
by [1, Theorem 1, page 2001]. O

Proposition 5.16. The set A € C(S') makes a hole if and only if A = S or
A = pq is a free arc.

PROOF: Let h: Cone(S') — C(S') be a homeomorphism such that we have
h(B(SY)) = Fi(SY), h(v) = St and h([p,0].) = {p} for p € S'. As for the
necessity, let A € C(S1) such that A makes a hole in C'(S'). Then h~!(A) makes
a hole in Cone(S'). By Corollary 4.3 we have that h™1(A) = v or h™1(A) = [p, t].
with ord(p,I) > 1 and ¢t € (0,1). Thus A = S* and h=*(A4) ¢ B(S'). As for the
sufficiency, if A is a free arc, then by [1, Theorem 1, page 2001] A makes a hole
in C(S1). If A =S, then since C(S') is homeomorphic to the unit disk and A
belongs to the manifold interior of C'(S1), it is easy to see that S' makes a hole
in C(S). O

For Sy we have the following result (see [4, Theorem 4.4, page 138]).

Proposition 5.17. The space A € C(Sp) makes a hole if and only if A = pq
a free arc such that p,q ¢ int(A).

By Theorem 5.12 and Corollary 5.13 we have the following lemma.
Lemma 5.18. Fori = 2,3, the space Cone(S}) ~ C(S}) and Sus(S}) ~ HS(S}).

But it is not all we know, for i = 2,3 there exists h;: Cone(S}) — C(S})
a homeomorphism such that h;(B(S})) = Fi(S}) (see Theorem 5.12), h;(v) = J
and h;(B(J)) = Fi(J) (see the proof of [25, Theorem 3.11, page 334]). Thus,
(p,t) € Cone(J) — {v} if and only if h;(p,t) € C(J) — {J}. Therefore, we can
determine for i = 2,3, the elements that make a hole in C(S}) and HS(S}).

Theorem 5.19. Let i € {2,3}. A subcontinuum Y of S} makes a hole in C(S})
ifandonly if Y =J or Y € J.

PROOF: Suppose that Y makes a hole in C(S}). Let h;: Cone(S}) — C(S}) be
the homeomorphism described in the previous paragraph. We have that h;l(Y)
makes a hole in Cone(S}). For i = 2, by Corollary 4.23 we have that h; *(Y) = v
or hy '(Y) = [p, tole, with p € S} — {J — {(0,—1)}} and ¢, € (0,1). For i = 3, by
Corollary 4.26 we have that h; ' (Y) = v or h; ' (Y) = [p, o], with p € S3 — J and
to € (0,1). This implies that Y = J or Y € J. The converse implication follows
directly by Theorems 4.22 and 4.25. O

The corresponding theorem for HS(S}), where i = 2,3, follows from Theo-
rems 4.24 and 4.27.

Theorem 5.20. For i = 2,3, no element of HS(S}) makes a hole.

Remark 5.21. We make a comparison of the circle S!, the Warsaw circle Si and
the double Warsaw circle S3.
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o These three continua are not unicoherent.

o The three continua are hereditarily decomposable dimensionally finite
C-H continua. Thus Cone(S') ~ C(S), Sus(S?) ~ HS(S'), Cone(S}) ~
C(S}) and Sus(S}) ~ HS(S}) for i =2,3.

o We have that any A € HS(S") does not make a hole in HS(S'), and any
A € HS(S}) does not make a hole in HS(S}) for i =2, 3.

From the last statement of the previous remark, the following question arises:

Question 5.22. For which families of continua does not any element of hyper-
space suspension make a hole?

Unfortunately for (SP)1, (SP)2 and (SP)s we do not have an answer to this
question. Basically the problem lies in the fact that these continua do not have
property (b). That is why Question 2.18 is of particular importance to us. What
we know is:

Proposition 5.23. The following are true:

a) v makes a hole in Cone((SP);) for i = 2,3;

b) if p € (SP); — S with i = 2,3, then [p,t]. makes a hole in Cone((SP);)
for all to € (0,1);

c) if p € (SP); — S and p # 2exp(i), then [p,to]. makes a hole in
Cone((SP);) for all ty € (0,1);

d) if p € (SP); — S* and p = 2exp(i), then [p,to]. does not make a hole in
Cone((SP)y) for all ty € (0,1); and

e) if p € (SP); with i = 1,2,3, then [p,0]. does not make a hole in
Cone(EC).

Proposition 5.24. The following are true:

a) v does not make a hole in Sus((SP);) fori=1,2,3;

b) if p € (SP); withi = 2,3, then [p, to]s does not make a hole in Sus((SP);)
for all ty € (0,1);

c) if p € (SP); — S* and p # 2exp(i), then [p,to]s makes a hole in
Sus((SP);) for all ty € (0,1);

d) if p € St or p=2exp(i), then [p,to]s does not make a hole in Sus((SP);)
for all ty € (0,1); and

e) B(sp), does not make a hole in Sus((SP);) fori =1,2,3.

Corollary 5.25. If A € Sus(SP); fori = 2,3, then Sus(SP); — {A} is unicoher-
ent.
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