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Abstract. We study graphs whose vertices possess the same value of betweenness central-
ity (which is defined as the sum of relative numbers of shortest paths passing through a given
vertex). Extending previously known results of S. Gago, J. Hurajova, T. Madaras (2013),
we show that, apart of cycles, such graphs cannot contain 2-valent vertices and, moreover,
are 3-connected if their diameter is 2. In addition, we prove that the betweenness uniformity
is satisfied in a wide graph family of semi-symmetric graphs, which enables us to construct
a variety of nontrivial cubic betweenness-uniform graphs.
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1. INTRODUCTION

This paper continues the research originated in [9]. We recall here some spe-
cialized notation and definitions. For a graph G with vertex set V(G) and edge
set E(G), A(G) and 6(G) denote the maximum and the minimum degree of vertices
of G, respectively. The set of all neighbours of a vertex u is denoted by N(u). For
two vertices u, v of G, d(u,v) denotes their distance (that is, the length of a shortest
(u—v)-path); the diameter diam(G) of G is the maximum of d(u,v) taken over all
pairs u, v of vertices of G, and the average distance [(G) of G is the arithmetic mean
of d(u,v) for all pairs of distinct vertices u,v. An n-vertex cycle is denoted by C,,.
Other terminology not defined here is taken from the book [7].

In both pure and applied graph theory, a great attention is paid to the study of
local graph characteristics, particularly, of real-valued functions on the vertex set
which are isomorphism-invariant (under an additional assumption linking the higher
function values with more centrally perceived positions of vertices within a graph,
they are known as vertex centrality indices); the standard examples are the vertex
degree, the vertex eccentricity (that is, the maximum distance from the given vertex)
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or the total distance (the sum of distances of all vertices from given vertex). One
of typical areas in their study is the investigation of properties of graphs whose
vertices have the same value of the centrality function considered—in the case of
vertex degree, these graphs are precisely regular graphs, for the eccentricity, they are
known as self-centered graphs (see [1], [3], [4]) and, for the total distance, they are
known under the names self-median or farness-selfcentric graphs (see, for example,
[2] or [10]). In [9], we initiated the study of betweenness-uniform graphs whose
vertices have the same value of the betweenness centrality defined as follows (see [8]):

Given a graph G and its distinct vertices u,v,z, let o,, be the number of all
shortest (u—v)-paths in G, and oy, ,(x) the number of all shortest (u—v)-paths which
pass through x. Then the betweenness centrality of x is defined as

Bay= Y Zel®)

g
u,veEV(G) i

Among the results of [9], it was shown that each betweenness-uniform graph is
2-connected; furthermore, if it contains a universal or sub-universal vertex (that is,
one which is adjacent to all vertices or to all vertices except a single one), then it
is isomorphic to a complete graph or has diameter two, respectively. However, the
computational results of Section 2 on large collections of graphs suggest that the
following stronger conjectures might be true:

Conjecture 1.1. If G is a betweenness-uniform graph which is not a cycle, then
G is 3-connected.

Conjecture 1.2. If G is a betweenness-uniform graph and A(G) = n — k, then
diam(G) < k.

We prove the latter result for £ = 3 with even better upper bound and the former
— with the exception of two short cycles — for graphs of diameter 2, and show that
betweenness-uniform graph which is not a cycle, cannot contain a vertex of degree 2.

In addition, we study sparse cubic betweenness-uniform graphs and are interested
in non-transitive ones. Note that non-transitive cubic graphs cannot be obtained by
constructions used in [9]; nevertheless, we show that there exist infinite families of
such graphs.

2. THE RESULTS

First, in Figure 1, we present an updated overview of all betweenness-uniform
connected graphs from 4 up to 10 vertices (their list first appeared in [9]) containing
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Figure 1. Data for connected betweenness-uniform graphs with 4-10 vertices.
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additional information on their maximum degree, diameter, vertex connectivity and
betweenness value; all these values support our conjectures stated in Section 1.

Next, we turn our attention to sparse betweenness-uniform graphs. It follows
from Theorem 2.4 that such graphs — if distinct from cycles — have minimum
degree at least 3, hence, it is natural to consider cubic graphs as candidates for
exploring betweenness-uniformity. We have checked all connected cubic graphs up
to 20 vertices; despite of large numbers of considered cubic graphs, only 34 of them
are betweenness-uniform and, surprisingly, among them, only three are non-transitive
(see Figure 2). The lengthy check for 22-vertex cubic graphs revealed that only three
of them are betweenness-uniform (see Figure 3).

Figure 3. All betweenness-uniform connected cubic graphs on 22 vertices.

Observe that, among these graphs, one can find several generalized Petersen graphs
GP(n, k) (see [13]). This suggests to test for which values n and k the graph GP(n, k)
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is betweenness-uniform. Note that the vertex-non-transitivity of GP(n,k) is easy
to detect: by [13], GP(n,k) is vertex-transitive if and only if k¥ = +1 (mod n)
or [n,k] = [10,2]. However, testing the betweenness-uniformity for all vertex-non-
transitive GP(n, k) with n < 500 revealed that only GP(7,2) (which is isomorphic
to GP(7,3)), GP(34,10) and GP(58,8) are betweenness-uniform. All these findings
might suggest that cubic non-transitive betweenness-uniform graphs are extremely
rare; nevertheless, we show that the betweenness uniformity holds for semi-symmetric
graphs (that is, the graphs which are edge-transitive and regular, but not vertex-
transitive):

Theorem 2.1. Every semi-symmetric graph is betweenness-uniform.

Proof. Let G be a semi-symmetric graph of order n. For the purpose of this
proof, we use the notion of the edge betweenness centrality defined, for an edge e = uwv

of G,asthesum B(e) = Y. 0g4(€)/0s,y where o, (e) is the number of shortest
z,yeV(G)
(z—y)-paths containing the edge e; accordingly, the adjusted betweenness centrality

of a vertex u (see [5]) is defined as c¢(u) = > B(uv). Then the standard and the
vEN (u)
adjusted betweenness centrality satisfy, by [5], the formula B(u) = (¢(u) —n+1)/2.

Now, since G is edge-transitive, we get B(e) = B(f) = b, for each pair e, f of
edges of G. Note that G is also k-regular for some k, so, using the above formula,
the betweenness centrality of an arbitrary vertex u € V(G) is equal to B(u) =
(kb —n+1)/2. We can see that B(u) does not depend on the choice of u, thus G is

betweenness-uniform. O

By [11], there exist infinitely many cubic semi-symmetric graphs, the smallest one
being the Gray graph.

The following auxiliary lemma establishes an upper bound for the arithmetic
mean B(G) of betweenness centralities of vertices of G:

Lemma 2.2. Let G be a betweenness-uniform graph on n vertices. Then B(G) <

B(Cy).

Proof. From [9], we obtain that G is 2-connected. Then, by a result of
Plesnik [12], the sum of all distances in G does not exceed the sum of all distances
in C,,. Hence, for the average distance in G and in C,,, we obtain I(G) < [(C,,) which
yields B(G) < B(C,,) due to the fact that B(G) = (n — 1)(I(G) — 1), see [6]. O

To better understand the structure of the betweenness-uniform graphs, we look
at some of their properties. The previous lemma together with the list of all
betweenness-uniform graphs up to 10 vertices in [9] indicate that except of the cycles

297



every betweenness-uniform graph should be 3-connected. This conjecture is sup-
ported by the following two theorems: we show that if G is a betweenness-uniform
graph and G is not a cycle then it has minimum degree at least 3 and is 3-connected
if the diameter of G is equal to 2.

Theorem 2.3. Let G be a betweenness-uniform graph of diameter 2. Then
G=Cy, k=4,5 or G is 3-connected.

Proof. By contradiction. Let G be a betweenness-uniform graph of vertex-
connectivity 2 with diam(G) = 2. Then there exist two vertices u,v € V(G) such
t
that G\ {u,v} = J G, t = 2.
i=1

(2

Let U = {w € V(G): d(w,u) < dw,v)}, V = {w € V(G): d(w,v) < d(w,u)}
and S = {w € V(G): d(w,v) = d(w,u)}. Take Gy, G2 on n; and ny vertices, and
consider three cases based on the cardinality of S.

Case 1: There are two vertices u1,v1 where uy € UNV(G1) and v1 € VNV (Gy).
As diam(G) = 2, both u and v are adjacent to every vertex in Gs. Let 2 € V(G2).
Then

B(z) = Z 0y.-() _ Z 0y.2(x) n Tu,v(7) < Z 0y,2(2) ey

g a. g g
yzevV(@) ¥F y,2€V(Gy)  ¥F aY y,2€V(Ga) U7

Now, for every vertex y € V(Gz), each (u; —y)-shortest path passes through u, hence

_ oy -(u) oy -(u) Tuy y(u)
b= Y 2ty 3 ol oy ol
y,zeV(G) YF y,2€V(Gy)  F yEV(Gy) W1V

> Z Uy,z(u)JrnQ.

a.
y,2€V(Gy) U7

The graph G is betweenness-uniform, so B(xz) = B(u), which yields

s oy ) s sl

a. a. a.
y,2€V(Ga) U y,2€V(Ga) U7 y,2€V(Ga)  UF

Therefore ng = 1, deg(z) = 2 and B(z) = 0y v(x)/0u,» < 1. One can see that ny = 2,
or else B(u) + B(v) = ny +ng > 3 > 2B(x) and G is not betweenness-uniform. For
n1 = 2, there is exactly one betweenness-uniform graph, namely Cj.

Case 2: Assume that, for every vertex y in V(G1), d(u, y) < d(v, y) and there exists
a vertex u; € UNV(G1). Again, u is adjacent to every other vertex of V(G) \ {v}
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and

B(uy) = Z L(ul): Z Uyz(ul),

ag g
y,2€V(G) vz y,2€V(G1) Y.z
ag u U U
y,zEV(G) Y,z y,zEV(G1) y,z yev ulvy
oy, (1) o ,z(ul)
= g 907 +ng 2 g 907 + ng
yzeV(Gy) P yzeV(Gy) V7

Therefore ny = 0, a contradiction. The situation where, for each vertex y € V(G1),
d(v,y) < d(u,y) holds, leads to the same conclusion.

Case 3: Finally, assume that, for every vertex x in V(G1)UV (G2), z € S. Without
loss of generality, let © € V(G7). Then

B(J,‘) _ Z Uy,z(m) _ Z Uy,z(x) + Uu,v(m) < Z Uy,z(x) 11

a. a.
y,zeV(G) V7 Y,2€V(G1) y,zeV(G1) U

0y, (1) oy.2(u)  ning oy.2(T)  ming

B(u) = E —HEV > § —wEV 2 § bt EASVANTSE LY
(u) Oy,z Oy,z 2 Oy,z 2

y,2€V(G) ’ y,2€V(G1) ’ y,2€V(G1) ’

From the above two inequalities it follows that 1 > ning/2, therefore ny = no = 1
and G is a cycle on 4 vertices. O

Theorem 2.4. Let G be a betweenness-uniform graph on n > 4 vertices. Then

G=C,ordQ) >

Proof. By contradiction. The statement clearly holds for graphs up to 10 ver-
tices, see Figure 1. Let G be a betweenness-uniform graph of order n having a vertex x
such that deg(z) = 2 and N(z) = {u,v} (let us recall that G is 2-connected). It is
easy to see that uwv ¢ E(G), otherwise B(z) = 0 and G = K.

Let U = LpJUi, V= LpJVi and S = OSi where p = diam(G) and
i=1 i=1 i=1
Ui:{WEV(G) = d(w,u) <d(w,v)}, i=12,...,p,
Vi={weV(G): i=d(w,v) <dw,u)}, i=12,...,p,
Si:{weV(G), w#x: dw,u) =dw,v) =i}, i=1,2,...,p.
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In the following we use the following three relations:

g ag.
B(z) + B(y) = B(u) + Bv) > > 2.2 (1) + > 72.2(v)
2EV(Q) zeV(Q)
z#@,u,v 2T, u,v
=y Tl ) g ges ),
eV (Q) Oz,z 2eV(G) Oz,z
z2#T, U0 z#T, U0

Further,
B( _ U%Z(x) - Uy%(uaxav) Uy,v(uax)
pe 3 ol adind, 5 ol
yzev(a) U ¥,2€V(G) Y,z YEV (G) Ysv
v,z #u,v y#v
n Z auy x,v) auw(x)
u,y Ou,v
yeV(G) ’
yFu
—A+B+C+0“&) <A+B+C+1,
Ou,v
B(u) = Uyyz(u) _ O—y,z(uaxav) + Jy,v(uax)
DD DD Dl b D Dl
y,2eV(G@) P* ¥,2EV(G) ¥2 yeV(G) yv
v,z Au,v yEu
o Oy (U
T B D DI B PR
vev@ OV yzeWG)\z Tuz
B )_ U%Z(U) _ U%Z(’U,,J),U) U%y(xvv)
we 3wl 3 s, 5 o
yzev(e) ¥ ¥,2€V(G) Y,z YEV (G) WY
Y, 2Au,v YA
o 0y.2(V
T S -V FRCHy
vevie T8 yzeV(G)\a: Ty
where o, (w1, ws,...,w;) denotes the number of shortest (y—z)-paths that pass
through all of the vertices wi,ws,...,w; and the shortest paths included in the

sums F and J of B(u) and B(v) do not pass through z. Moreover, each geodesic

(y—v)-path that goes through u,z is also a geodesic (y—x)-path and each geodesic
(y—u)-path that passes through v, z is also a geodesic (y—x)-path. Therefore D > B
and H > C, and it is easy to see that if D+ H > B + C + 2 then B(u) + B(v) =

2A4+B+C+D+H+F+J >2A+2B4+2C+F+J+2 >2(A+B+C+1) >

Similarly, if ¥ > 0or J >0and D+ H > B+ C + 2 then B(u) + B(v) > 2B(z). In

both these cases, G is not betweenness-uniform.
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First we show that |S| < 3. The pairs of vertices where at least one vertex is
from S do not contribute to B(x) but if one vertex is from S and the other is x, then
such a pair adds 1 to B(u) + B(v). So, for |S| > 3, we have D+ H > B+ C + 3,
a contradiction.

In the following, we take |S| < 2 and consider two cases based on the eccentric-
ity e(x).

Case 1: Let e(x) = 2.

(a) There exists a vertex w € S;. We calculate the betweenness centrality of B(w)
and compare B(z) + B(w) and B(u) + B(v):

Buy— Y fel)_ g ouslhun) e o)

o
y,2€V(G) vz y,2€V(GQ) Y.z yeV(G) Y,v
Y 2Fu,v yFu
Tuy(w,v) oy (W) | ouw(w)
+ E —— E +
o o o
vev@ Y y2€V(G\fup} V7 wo
yrv

:A+B+C+L’”(w>.

Oy,v

Both the vertices x,w have the same value of betweenness centrality, hence

S ) ow) _ o)
Ou,v Ou,v

N =

Oy.,z
y,2€V(G)\{u,v} ’

and 1
B(w):B(x)<A+B+C+§.

Now D+H>n—-32>1and

B(u)+ B(v) 22A+2B+D+2A+2C+H >4A+2B+2C+n-3
>2A+2B+2C+12> B(x)+ B(w) 2n—3.

The equality B(x) + B(w) = B(u) + B(v) is achieved if and only if A=B=C=0
and n < 4, a contradiction.

(b) The set S is empty. In this case we get N(u) U N(v) U {u,v} = V(G) and
N(u) N N(v) = {x}. Since e(z) = 2 and G is 2-connected on greater than or equal
to 11 vertices, there exist, without loss of generality, vertices wi, ws,ws such that
w1 € N(u), we, w3 € N(v) and wyws, wows are the edges in G (if ws € N(u) then,
instead of wews, we consider the edge wyws). Such vertex ws surely exists, otherwise
Owsws(V)/Twy ws >0, 1€, J>0and D+ H > B+C+2. Now d(w1,z) = d(ws,z) =
d(wr,u) + 1 = d(we,v) + 1. If d(ws,u) = 2, then one can see that the pairs (ws, u),
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(w3, v) do not contribute to B(x) but the pair (ws, z) gives 1 to D+ H which results in
D+ H > B+ C+ 3. For d(ws,u) = 3, there are at least two shortest (ws—u)-paths,
namely wsvzu and wzwew u; thus the contribution of (ws, u) to C is less than 1 while
(ws, x) contributes 1 to D+ H. Taking into account that (wy, x), (w2, z) contribute 2
to D+ H, we obtain D + H > B+ C + 2, a contradiction (which yields G = C5).

Case 2: Let e(x) > 3.

(a) There are exactly two vertices wi,ws € S where pairs (w1, z), (wa,x) con-
tribute to D 4+ H together by 2 and D + H > B + C' 4 2. Now it is enough to show
that another pair of vertices (y, z) contributes to B(u) + B(v) more than to 2B(z).
Note that neither of these two vertices w1, ws is in S; otherwise it is a similar situa-
tion as in Case 1 (a).

Without loss of generality, choose w; € S; such that the index ¢ is the smallest
possible. Then there are vertices u; € U;_1, v1 € V;_1 such that w; is adjacent to
both of them. Consider two vertices u; € Uj, v, € Vj. If there is an edge ujvy, j =k
in G then D+ H > B+ (C'+2 because neither (u;, y) nor (v;,y), y € UUV contribute
to B(z) but, for y = z, both pairs contribute 1 to D + H. If ujv, € E(G), k=j—1
or j =k —1then u; € SNU; and v, € SN Vj, respectively, but this cannot occur.
Also, there is no edge u;vy € E(G), k < j—2 or j < k — 2 because of the definition
of Uj, Vi. Thus, we obtain that w; is adjacent to u;, v1 and there exist at least two
shortest (u;—v)-paths where at least one of them does not pass through x; hence

O,z (1) 1 Oy () _ Oy ()

Ouy,x Ouyv Ouy,v

which implies that D+ H > B+ C + 2.

(b) There is exactly one vertex w € S; and w3 € U;—1, v1 € V;_1 such that
(u1,w), (v1,w) € E(G). It is easy to see that i > 2 otherwise we obtain Case 1 (a).

Moreover, there is no edge e = (uj,vy), where u; € U; and vy € V;. The reason
is the same as in the former Case 2 (a), because the endvertices of such an edge
contribute 2 to B(u) + B(v) but B(z) gets 0 from this pair.

Now, there are k + | geodesic (u;—v)-paths, k of them pass through x and the
remaining ! paths go through w. Let a be a real number (not necessarily positive).
We have

Tur(®) _ 1 o and Ty 0(W) l 1 .

k
Ouy k+1 2 Ouy T k41 2

For (vi,u), we have t 4+ s shortest (v;—u)-paths, ¢ of them go through w and the
other s paths pass through . If Pzv is the shortest (u;—v)-path going through a then
viwP is also a geodesic (v1—u)-path passing through w, and so t > k; conversely,
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if uw@ is the shortest (u1—v)-path going through v; then Qzu is also geodesic
(v1—u)-path passing through x which gives s <! and
Uv1,u(x) S Uv1,u(w) i

—— and = .
Oy ,u s+t Ovy,u t+ s

Now, we discuss the following possibilities:

> F < 1
or —— < ——,
k+1 s+t
1 k k t s t 1
—4a= < < and =1- <54
2 k+1 "~ s+t " s+t s+t s+t 2
1
> f > ,
R R

1 l l s

- —a= = = .

2 kE+17 s+t~ s+t

As we can see the contribution of the pairs (uy,v), (vi,u) to B+ C is k/(k+1) +
s/(s+t) <1/24+a+1/2—a = 1 but each of the pairs (u1,z), (vi,z) and (w,z)
contribute 1 to D + H. Consequently, D + H > B + C + 2. This implies that,
for F+ J > 0, G is not betweenness uniform, hence the induced subgraphs G[Ui]
and G[V4] are complete graphs. Further, there is no other vertex y, y € U \ {u1}
or y € V\ {v1} such that the pair (y,v) or (u,y) contributes to B(x) or to B(w),
respectively, at the same time (any pair with y contributes h < 1 to B+ C but 1 to
D + H; it means 2B(z) increases by 2h but B(u) + B(v) by 1 + h). Hence {z,w} is
a cutset. If we consider that |U| = |V| to satisfy B(u) = B(v), we get

n—2n—-2 n?-—4dn+4

B(z)+ B(w) = 5 5 = I

2B(Cy).

This shows that if there is a unique vertex at the same distance from u and v then G
is isomorphic to a cycle on n vertices.

(c) S is empty. G is 2-connected, therefore there exists an edge uiv; € E(G),
where u; € U; and v, € V}. It is easy to check that i = j. The pairs (u1, ), (v1,)
contribute 2 to B(u) + B(v) and zero to B(x). Further, one can see that there is no
other edge uivs, up € Uy, vs € Vi, (uy,vs) # (u1,v1), otherwise D+ H > B+ C + 3.
If there is a vertex y € U UV such that d(u,y) = d(v,y) + 1 or d(v,y) = d(u,y) + 1,
then the contribution of any pair containing y to B(x) is zero and again D + H
gets 1 yielding D 4+ H > B + C + 3. Therefore the sets Uj, V; are empty for all j > i.
Further, all neighbours of w; are in U;_; and all neighbours of v; are in V;_;. (If
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not, then there exists a vertex y € U; \ {u1} such that (y,v) contributes 1 to D but
less than 1 to B due to the fact that there are at least two shortest (y—v)-paths and
at least one of them passes through w and not through z. The same holds if there
is another vertex y € V; \ {v1}. Hence the inequality D + H > B + C + 2 is not
preserved.) Moreover, F' = J = 0, so G[U;] and G[V4] are again complete graphs.

Now all pairs (s, ), (s,v) with s € U \ {u1} contribute 2 to B + D, and all pairs
(t,x), (t,v) t € V'\ {v1} contribute 2 to C + H. If |[U| # |V| then B+ D # C + H,
hence B(u) # B(v) and G is not betweenness-uniform.

If we consider the above findings, we see that {x,u;} as well as {x, v1 } are cutsets
and B(z) + B(y) > (n—3)(n—1)/4 = 2B(C,,) for y € {u,v} and n odd. So
B(x) = B(Cy,) for each vertex x; this gives, according to Lemma 2.2, that G is an
n-vertex cycle. O

In [9] it is shown that every n-vertex betweenness-uniform graph G with A(G) =
n — 2 has diam(G) = 2. We prove a similar theorem for A(G) =n — 3.

Theorem 2.5. Let G be a betweenness-uniform graph of ordern > 4. If A(G) =
n — 3 then diam(G) = 2.

Proof. Let G be an n-vertex betweenness-uniform graph with three vertices
u,z,y € V(G) such that deg(u) =n —3, N(u) = {vi,vs,...,vp—3} and z,y ¢ N(u).
For the distances of vertices in GG, we have
> d(u,z) =2, d(u,y) = 2, else §(G) =
> d(z,v;) < 3,d(y,v;) < 3,d(z,y) < 4and d(vs,v;) < 2,foreachi,j =1,2,...,n-3.

We discuss several cases:

Case 1: Let diam(G) = 4. It means that d(z,y) = 4 and at least one shortest
(z—y)-path contains u. We show that, in this case, B(u) > B(z):

B(U): Z Jz,w(u): Z Uzw + Z sz + Z Uyz

Ozw Ozw

z,weV(Q) ’ z,wEN (u) z€N(u) Tz,2 z€N(u) Ty,z
+ Oay(u) > Z 0zw(T) + Oay(u) > Z 0zw(2) = B(x).
Oz,y Oz,w Oz,y Ozw
z,wEN (u) z,weV(Q)

Case 2: Let d(z,y) = 3. In this case x,y do not have a common neighbour, so
N(z)N N(y) = 0 and N(z) U N(y) € N(u). If B(u) = 0 then G is a complete
graph, which contradicts the assumption A(G) = n — 3. So B(u) > 0 and neither
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the pair (y,u) contributes to B(x) nor does (x,u) contribute to B(y); therefore

Blu) = Z azﬂ,,(u)2 Z 0w ()

z,weV(G) Tz z,WwEN (u) Tzw
Ozwl\T Ozwl\lY
>y el o5 Zwl) gy gy,
Oz,w Ozw
z,weN (x) z,wEN (y)
SO
B(u) > B(z).

Case 3: There exists a vertex v € N(u) such that d(z,v) = 3, d(z,y) = 2,
d(z,z) < 3 and d(y,z) < 3 where z € N(u) \ {v}. Since N(z) C N(u) we get
Owz(U) = oy (x) for all z,w € N(x). Further, when summing the contributions of
pairs of vertices to B(z), we can omit the pair (u, v) because its contribution to B(x)
is 0. Hence

Bay= Y Tl (@) g oay(0)

g ag ag
zwevV(a) Y zweN(z) Y zEN(z) Y

< Tew(u) | > Tey) | Tmalu) B(u),

o g g
z,w 2N (u) 2,y z,v

z,wEN (u)

which yields B(z) < B(u).

Case 4: Similarly, let diam(G) = d(z,v) = 3 and d(z,y) = 1 for some v € N(u).
Then d(y,v) > 2 and at least one shortest (v—z)-path passes through u. According
to this, we obtain

B(’U): Z Uz,w(v): Z Uz,w(v)+ Z Uz,y(v) < Z Uz,w(u)

Ozw Oz,w Ozy Ozw
z,weV(Q) ’ z,wEN (v) ’ z€N(v) ’ z,wEN (u) ’
02y(u) | Ozw(u) 0z w(u)
< Zewl® _ g
+ Z Ozy + Ox.v Z Ozw (U)
zEN (u) z,weV(Q)
and
B(v) < B(u).
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