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ON WEIGHTED U-STATISTICS FOR STATIONARY
RANDOM FIELDS

JANA KLICNAROVA

The aim of this paper is to introduce a central limit theorem and an invariance principle for
weighted U-statistics based on stationary random fields. Hsing and Wu (2004) in their paper
introduced some asymptotic results for weighted U-statistics based on stationary processes. We
show that it is possible also to extend their results for weighted U-statistics based on stationary
random fields.
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1. INTRODUCTION

The aim of this paper is to present some new results on U-statistics based on weakly
dependent random fields. It is well-known that many important test statistics can be
written as U-statistics. Therefore, it is useful to study asymptotics theorems for U-
statistics.

The theory of U-statistics for i.i.d. random variables comes from Hoeffding [9] and it
is well developed (see [12], [13], references therein and many others). Also, asymptotics
for U-statistics generated from non-independent sample have been studied from the
early fifties of the last century, therefore there also are many asymptotic results for
U-statistics based on weakly dependent random processes. These results are mainly
based on a theory of mixing conditions or on conditions on associated processes, see for
example [3 [l [6].

The other way to handle weakly dependent processes, is to use the theory of stationary
processes. Recently, some important results for asymptotics of U-statistics based on
stationary processes were introduced, we can mention, for example, Leucht and Neumann
[14] or Hsing and Wu [I0].

In a case of multi-dimensional version, best to our knowledge, there are some ap-
plications for i.i.d. random fields, and recently, a result given by Denker and Gordin
was introduced, see [4]. In this paper Denker and Gordin investigated some asymptotic
results for Von Mises statistics based on stationary multi-parameter processes.
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Our aim in this paper is to show that it is possible to extend the results given by Hsing
and Wu [I0] for stationary processes to the case of stationary random fields. We show
that techniques of proofs introduced by Hsing and Wu can also be used in the case of
random fields. We can apply results given by Wang and Woodroofe [16] and Volny and
Wang [I5] on Central limit theorem and Invariance principle for stationary random fields
to obtain asymptotic results for U-statistics based on stationary random fields.

2. NOTATION
In this section, we introduce a basic notation. To point out that the parameter has a
higher dimension, we write n = (n1,ns, ...,ng) € Z%. We denote ||n|| := |n|-|na| - - - |n4]
and n — oo we write for min{ny,na,...,nq} — oo. Operators (<, >, +, —, ...) are
used in the coordinate-wise sense, it means that for example we write n; < ns if and
only if ny; < mg; foralli=1,...,d and |n| = (|n1], |nz2|,. .., |n4|)-

The operator - is used in the coordinate-wise sense, too. More precisely, we use
n-t= (nltl, ngtg, N ,ndtd).

In the paper, we use || - |2 for Euclidian norm.

Through the whole paper, we deal with the same dynamical systems as Wang and
Woodroofe in [I6] or Volny and Wang in [I5]. We consider a probability space (€, .A, 1)
equipped with a group action T, i € Z d, of automorphisms; the o-algebra A is generated
by independent and identically distributed random variables e; = eg o T}, i € Z% with
zero mean and finite second moments. By F; we denote a o-field: F; = o(ej : j <1i).

From the construction of the filtration (Fj);czq, it is easily seen, that the filtration
is commuting (for more details see [I1]]), what is a necessary condition for our results,
for more details see [T5].

By (Xi)jez4, we denote a stationary random field: X; = F(ej:j € Z%).

To introduce projection operators, let us follow the notation given by Volny and
Wang [15] and first introduce a marginal filtration (fl(q))lezz

]:l(‘I): \/ th:l’,..,d,lez
i€ez,i,<l

and write

Fo=\ F
i€z

We will write
Ei() = E(|F), j€ Z¢ and () = E(|FY), ¢=1,....d, L € Z.
Now, we can introduce the projection operators, which are defined by

PO =E2(f) -E2(f), q=1,....d, 1€ Z

and
P=14_, P, je z4.
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From Wang and Volny [I5] we know that if {F;};czq is a commuting filtration, then

{Pj}jeze and {Pl(q)}lezy g=1,...,d are commuting operators and
d .
ﬂ (La(F) & La(Ff 1) = 4, j e 2.

Now, let us write K for a symmetric measurable function from R? to R and define
the following statistic:

Un = Z wiij(Xian)v (1)

0<i,j<n—1

where wy are coordinate-wise symmetric constant weights; it means that we suppose
weights to be such that

W(ky,ka,....ka) = W(k],|kal,..., lkal) for all k € Zd.

By the equation , we define so-called weighted U-statistic. It is well-known that a
large class of statistics can be written in this form; for example, sample mean, sample
variance and other moments, Kendall’s 7 can be written as U-statistics. Applications of
weighted U-statistics based on random fields come from physics, geography, computer
science and many other fields.

Following Hsing and Wu [10] for simplicity of notation, let us put Y;; = K(Xj, Xj) —
EK (X, Xj). Hence, we can see that (Yj;); ez« is a centered stationary process Wlth
finite second moments. The stationarity of this field is here in the sense that (Yj j—x);c z«
is a stationary random field. Moreover, due to the symmetry of the function K, we have
Vij =Y forall i,j € 2%

3. RESULTS

Now, we can state the first theorem — the invariance principle in case of summable
weights. Let us recall that by D[0, 1] we denote the space of cadlag functions on the
space [0, 1]. For more details see [I].

Theorem 3.1. Let (Yi;); jez¢ and (wjj); jeze be as defined above and assume that

Y D lundlPo(Yioi)ll2 < oo (2)

kczdiczd

Then

= >, wij¥i L (0B(t))yeon) (3)

v || 0<1J< [(n—1)t]

in D0, 1], where (B(t))¢c[0,1) is a standard Brownian sheet and o? < oo.

te[0,1]



U-statistics for random fields 223

Proof. The proof follows the idea of the proof given by Hsing and Wu, see [10, Proof
of Th1]. Let £>0,s € Z¢, put

¢ = Z Wi Ys s—k-

—0<k<t

Then for every ¢ € Z4, (££)s forms a stationary random field.
The condition implies for every ¢ € Z%:

STPE < Y. > JwnlllPo(Ye sl < oo

s€Zd sczd —¢<k</t

Therefore, we can see that the stationary random field (£f)s generated by i.i.d. ran-
dom variables satisfies Hannan’s condition. Hence, we can apply [I5, Theorem 5.1] and
obtain for all £ € Z‘i

1 D
Z f}{ - (UZB(t))te[o,l] )
Vil oo a1y

t€[0,1]

in D[0,1], where (B(t))¢cjo,1] is a standard Brownian sheet and o7 < oo. The sequence
of (02) is Cauchy due to the condition .
Hence, we need to verify that

lim sup lim sup P sup Z wi—jYij — Z Z wi—jYij| >¢€] =0
f—oo0  n—oo V|l 0<k<n-1 0<ij<k 0<i<k i—f<j<i+l
(4)

for all € > 0. It is easily seen that the condition is equivalent to the following
condition:

1
limsuplimsupP | — max Z Z wi—jYij| >e] =0. (5)
{—o00 n—oo A/ ||n| nggnflogigk JE[0.K):[i—j| £

Let us prove this relation . First, we can observe:

1
Vlodits 2 | 2wty >

0<i<k | je[0.k]:[i—j|£¢

<P %Iln > > lwi—3Yij] > €

0<i<n-—1 je[0,n—1]:]i—j|Ll
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Then, we can write:

> > ikl

—n+1<k<n-1, |k|££0<i<n-1 9

:Z P, Z Z lwiYiji—j—x

jezd —n+1<k<n-1, |k|££0<i<n-1

2

2

2

< > > ol Y Po(Yigiosw)ll
jeze \—n+1<k<n-1, |k|£¢ 0<i<n-1
<Cy > el > 1Po Vicgisji)ll,
jezd —n+1<k<n-1, |k|L¢ 0<i<n-—-1
< Clnl| > > lwil [[Po (Yj5-x)ll -

j€eZz? —n+1<k<n-1, |k|Z¢

We could use the estimation by the constant C' due to the condition . Hence, we
derived that the left-hand side of is less than or equal to

. . Cln|l Zjezd Zkezd, k| e lwi| |Po(Yj,-1) I,
lim sup lim sup 5 .
lf| 0o m—oo [Ille

From we derive that this limit is equal to 0 for all € > 0 and the proof is finished.
O

Now, let us consider a more general case — the case of non-summable weights. To
prove a result in this case, we will follow the idea given by Hsing and Wu [I0]again. This
idea of the proof is close to the idea which is used by Wang and Woodroofe, see [16], to
prove their invariance principle — to use the approximation by m-dependent processes.

We show that we can approximate the sum of wiYj j—k by the sum of wk}}i7i_k, where
Yid is some type of projection of Yj ;.

Let us denote .

Xi =EXilo(ej:i—m+1<j<i+m)),

where m = (m, m,...,m). Then, by YITJ" we denote K()A(lm,f(_]m) - EK()A(lm,)A(Jm)
For simplicity of notation, let us denote:

1/2

Wa)= D wiyy and Wa=| Y Wa@)/|n]

0<j<n-1 0<i<n-1

Now, we can formulate a theorem, which is a multi-dimensional version of Hsing—Wu’s
theorem [I0, Theorem 2].
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Theorem 3.2. Assume that lim,, . supje z¢ [|Yo; — Ygjill2 = 0,

W,
liminf ——— 2 >0
n—oo ZO<1<n 1|w1|
and
lim sup Z min (sup | PoY;% Viskll2, > =0.
e—>0k€ iz
Then

2

1
lim limsup ———— (wi;Yi — wj Ym) =0.
meso el W2 2 373 T Wi

0<ij<n-1 )

Proof. We follow again the proof given by Hsing and Wu, see [10, Proof of Theorem 2].
By Cauchy inequality and the triangle inequality we have:

| Po(wicYi ik — wiYiT )l < |wil sup [[Yo; — Yg3llo,

JEZ
|Po(wicYi i1 — wiYiT g2 < Clwk|su>p1||P0Y/i,T?—kH2-
m2z

Thus, there exists a C' > 0 such that for all i,j, m

1o (wi—3 i — wi—3¥i§)ll2 < Cluwi- Jlmm(SHp Yo; — Yo"}\lz,sup 1PoY; ‘Iz)
jez?

For short notation, we put

by = sup |PoY{}|lo,
m>1

Oom = Sup ||Y0J 073”2'
JEZ

In the following, the constant C' depends on d and it can vary from line to line. Thus,
we can write
2

1 A
n}g?(l)o lim sup W (wifj}/i,j - wi*ijiyj ) (6)
nee nl0<ij<n-1 9
2
. . > m
= 77}1_1}1(1)() lim sup HW2 E E B (wiiji,j - wiiji,j )
n—ee s€Z4||0<i,j<n—1 2

2

< lim limsup HW2 Z Z Z |wic| min(f;_s i—k—s, )

m— 00
n—oo sezd \0<i<n—1 —n+1+i<k<i

Z min(6i_s i ¢—s,0m) Z |wi|

seczd \0<i<n-1 —n+1+i<k<i

< lim limsup ———
m= noo [N H Z pegn
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Due to the condition on symmetric weights, we can see that for i € [0,n — 1]:

Yoo md<C Y

—n+1+i<k<i 0<k<n-1

where the constant C' depends only on d again. Therefore, left-hand side of @ is less
than or equal to

lim limsupi sup Z min(éi’i,bdm) Z Z min(éi,s,i,g,s,ém)
Zd

m—0o0 pn_ 00 ||Il|| tezd sezd \o<izn—1

2

< lim C sup Z min(é&s_g,ém) — 0.

O

Theorem 3.3. Assume that Y a [wi| =00 and Y g on ¢ [0 —k|Jwi = o(||n||W2).
Then under the conditions of Theorem [3.2] o

wi—3%i5 2 N(0,02%),

_ 3
[nfW2 0<i,j<n-1

for some o positive.

Proof. To prove this theorem, we can again follow the proof given by Hsing and Wu
see [10 Proof of Th 3] and we adapt it for the multi-dimensional case.
Following the proof given by Hsing and Wu, we observe that it is enough to prove:

, D I\ 2
wi—;YY; = N(0,(6")7), (7)

_ s
W2 0<i,j<n-1

for all l € N as n — oo. It follows from Theorem that (&l)2 is Cauchy in [, thus the
sequence converges to a finite constant 0% as | — oo.

Since (YIJ) is a stationary random field with finite second moments, from the con-
struction of this process, we can observe that:

Sl
> > wig¥ij| =0 | Vil Y |wml
0<i<n-10<j<n—1:|i—j|<2¢ 9 0<m<2¢
Hence, from the condition on non-summable weights, we derive that

S Y way| = o (G

0<i<n—10<j<n—1:|i—j|<2¢ 5
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We suppose W, — oo, thus to finish the proof of the theorem it suffices to show that

Z Z wle —>N( , (6 )Q)asm—>oo,
\% ||Il|| n 0<i<n—-10<j<n—1, maxy |ir—jr|>2]

for some finite (&1)2.
Following the proof given by Hsing and Wu, let us denote
jll; = E(Y&ﬂ(ek i—4+1<k<i+/¥)), where (€ Z% is such that £ = (I,1,...,1);
similarly
jllJJ :E(Yl l(ex :j— ¢+ 1<k <j+/{)) and put
. 7l,i S
Rl = wi J( AN —JMJ).
Let iy = r1+q;-2l and iy = ro+qo-2l, where —¢+1 <rj,ro < land —q = —[n/2l] <
d1,92 < q=[n/2l], q1 # q2. (We write |n/2l] for (|ni/2l], [n2/21],...,|na/2l]).

Let us remark, that Rél,jl and Réz’h are uncorrelated whenever |i; — is| £ 2¢ and
i1 —Jo| £ 2¢:

§ : pl 2 : 2
Rr1+q1-2l,r2+q2-21 S C wr1+q1-2l7r27q242l'
d1,92:—q<d1,92<q:q17#q2 9 d1,92:—a<d1,92<q:q1 #q2

Using the same arguments as Hsing and Wu, we obtain (we suppose symmetric
weights and the constant C' can vary from line to line)

2
Rl . < C w?
i1,i2 —= ri+qi-2l-rz2—qz-2l
0<ij,io<n—1,maxg |i1k7i2k|>2l 9 —E+1SP1,I‘2§6 —q§q1,q2§q:q1;ﬁq2
<oy i
OSil,izgnfl
< C Y |In—Kk|wi = o(|n]|W2).
0<k<n-—1
So follows from
1 71,1 71 D N
WA > wiss (i) + ) B N(0,(6)?), (8)

[nf|Wy 0<i,j<n—1,maxy |ix—jr|>2!

for some finite (61)2. To show , we can apply a central limit theorem for m-dependent
random fields given by Heinrich, see [8, Th 2]. (It is also possible to find it in [7].)

Let us recall this theorem.
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Theorem (Heinrich (1988)] Let (I'y)n>1 be a sequence of finite subsets

of Z% with |I',,| — oo as n — oo and let (m,),>1 be a sequence of positive

integers. For each n > 1, let (U,(j),j € Z%) be an m,,-dependent random
2

field with EU,(j) = 0 for all j € Z%. Assume that E (Zjel"n Un(j)) — o2

as n — oo with 02 < 0.

Then > s U,

with mean zero and variance o2 if there exists a finite constant ¢ > 0 such

that for any n > 1,
Y BUXG) <c
jeln

n(j) converges in distribution to a Gaussian random variable

and for any € > 0 it holds that

Jim_ Ln(e) = Tim mit Y BUIG o, g zemz) =0
jer,

To apply Heindrich’s theorem, we can put
1

In[Wa ;. 0<i<n—1,maxy |ix—jn|>2l

U7l1(-]): Wi— J(JZI+JI’J)

Then conditions of Heinrich’s theorem are fulfilled and the proof of Theorem is
finished. O

Example (Linear random field): Let (&);cz« be a random field of independent,
identically distributed random variables with zero mean and finite second moment. Let
us define a linear random field:

Xy = Z aj€k—j-

jezd

Let us assume that » ;¢ 74 |a;| < oo, in such a case we have so-called short-memory
linear random field.

Now, let us define some common test statistics for this random field which can be
expressed as U-statistics and discuss whether they satisfy our limit theorems.

First, the sample mean. Let K(X;, Xj) = X; + Xj and wi_j = %I{i—j:oy Then
Theorem 1 is satisfied. More generally, to fulfill conditions of Theorem 1, it is enough
to suppose that the weights (wi)yeze are absolutely summable: ), - a4 Jwi| < co.

Second, let us put K(Xj, Xj) = Xj - Xj, choose a k > 0 and define weights: wj_j =
I(ji_j=xy- In such a case our U-statistic is a sample covariance and Theorem 1 takes
place, too.

Last, if we put K (X;, X;) = Iix,1x;>0y and wi—j = I';_jzoy then we get a 1-sample
Wilcoxon statistic and it is easy to verify that conditions of Theorem 3 are satisfied.
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