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Abstract. We consider the class Hg of sense-preserving harmonic functions f = h+ g
defined in the unit disk |2] < 1 and normalized so that h(0) = 0 = h’(0) — 1 and g(0) =
0 = ¢’(0), where h and g are analytic in the unit disk. In the first part of the article we
present two classes P% () and G% () of functions from Ho and show that if f € PY(a)
and F € G% (), then the harmonic convolution is a univalent and close-to-convex harmonic
function in the unit disk provided certain conditions for parameters « and 3 are satisfied.
In the second part we study the harmonic sections (partial sums)

snn(f)(2) = sn(h)(2) + sn(9)(2),

where f = h+7 € Ho, sn(h) and s, (g) denote the n-th partial sums of h and g, respectively.
We prove, among others, that if f = h + g € Hg is a univalent harmonic convex mapping,
then sn,n(f) is univalent and close-to-convex in the disk |z| < 1/4 for n > 2, and sp,n(f) is
also convex in the disk |z| < 1/4 for n > 2 and n # 3. Moreover, we show that the section
s3,3(f) of f € CY is not convex in the disk |2| < 1/4 but it is convex in a smaller disk.

Keywords: harmonic mapping; partial sum; univalent mapping; convex mapping; starlike
mapping; close-to-convex mapping; harmonic convolution; direction convexity preserving
map
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1. INTRODUCTION AND MAIN RESULTS

One of the interesting features of a univalent harmonic mapping f is that
if f is convex (starlike, convex in a direction «, respectively) in the unit disk
D = {z € C: |z| < 1}, then it does not hold in general that the function g defined by
g(z) = r=1f(rz) is convex (starlike, convex in a direction «, respectively), for r < 1.
The aim of this article is to discuss properties such as convolution results and sections
of univalent harmonic mappings in the plane. Our theorems are generalizations of
known results for univalent analytic mappings, which we now recall.

The class S of all univalent mappings h analytic in D normalized by h(0) =
h'(0) — 1 = 0 is the central object in the study of univalent function theory, see
[8] [24]. In 1928, Szego [36] proved that if h € S then all sections s,(h)(z) :=

Z apzk of h = Z apz¥ are univalent in the disk |2| < 1/4 and the number 1/4
k=1 k=1
cannot be replaced by a larger one. There exists a considerable amount of results

in the literature concerning sections of mappings from S and some of its various
geometric subclasses mentioned later in this section. We refer the reader to [§],
Section 8.2, pages 243-246, for a general survey and to recent papers [20], [21],
[22], [23], which stimulated further interest on this topic. Moreover, the theory of
Hadamard convolution also plays a major role in dealing with such problems. See [9],
[10], [32], [34]. However, corresponding questions for the class of univalent harmonic
mappings seem to be difficult to handle as can be seen from the recent investigations
of the authors [3], [4], [15], [16].

Let H be the class of all complex-valued harmonic functions f = h + g defined
on D, where h and g are analytic on D with the normalization h(0) = 0 = h/(0) —
and ¢g(0) = 0. Set

Ho={f=h+7geH: ¢(0) =0}

According to the work of Lewy [13], a function f = h + g € H is locally univalent
and sense-preserving on D if and only if its Jacobian J;(z) is positive in D, where

Tp(2) =[] = |z = [ () = 1g'(2) .

In view of this result, we observe that J;(z) > 0in D if and only if A/(z) # 0 in D and
the (second complex) dilatation w(z) = ¢'(z)/h'(2) of f = h+7 is analytic in D and
has the property that |w(z)| < 1 for z € D.

Following the pioneering work of Clunie and Sheil-Small [2], let Sy denote the
subclass of H of functions that are sense-preserving and univalent in D, and further
let 8% = Sy N Ho. The class S reduces to S when g(z) is identically zero. Note
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that each f = h 4+ g € Hg has the form
(1.1) h(z)=z+ Z anz™ and g(z) = Z bp2".
n=2 n=2

For p > 1 and ¢ > 2, we define the harmonic sections (partial sums) sp 4(f) of
f=h+7e€ Hy as follows:

sp.a(f)(2) = sp(h)(2) + 54(9)(2):

Also, denote by wy 4(f) the dilatation of the harmonic sections s, 4(f)(2).

Recall that a domain (Q is said to be close-to-convex if the complement of {2 can be
written as a union of non-intersecting half-lines. A harmonic function f € H is said
to be convex (close-to-convex, starlike, respectively) in |z| < r if it is univalent and
the range f(]z| < r) is convex (close-to-convex, starlike with respect to the origin,
respectively). By C% (K%, 8%, respectively) we denote the subclasses of functions
in 8% which are convex (close-to-convex, starlike, respectively) in |z| < 1 just like C,
K and S* are the subclasses of functions in & mapping D onto these respective
domains. The reader is referred to [2], [5], [6], [26] for many interesting results on
planar univalent harmonic mappings.

Szegd [36] also proved that if h € C (S§*), then all sections s,,(h) of h are convex
(starlike) in the disk |z| < 1/4. Miki [19] showed that the same holds for close-to-con-
vex functions in S. We refer to [1], [12], [18], [20], [21], [27], [28], [32], [34], [35]
for many interesting results and expositions on this topic for the case of conformal
mappings. For the case of univalent harmonic mappings, almost nothing appears
in the literature until recently, where for a given o < 1, the authors in [15], [16]
considered the class

Ph(a) ={f=h+7G€Ho: Re(W(z) —a) > |¢(2)| for z € D}

and discussed the properties of harmonic sections of functions from the class P :=
PY%(0) (see Lemmas E and F). We note that functions in P% () are univalent and
close-to-convex in the unit disk D whenever 0 < o < 1. Moreover, P%(a) C P for
0<a<1land Py CKY,soPy CSY. Also for B < 1, we define

G%(8) = {f:h+§67-loz Re(@) —8> ‘@‘ for z € D}

and observe that G%(3) C G%(0) := G% for 0 < 8 < 1. The classes P¥%(«) and G%(8)
will be considered to state and prove a new convolution result (see Theorem 1.1) along
the lines of ideas of Ponnusamy [25] for analytic functions.
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We define the harmonic convolution (Hadamard product) as follows: For f =
h +g € H with the series expansions for h and g as in (1.1), and F = H + G € H,
where

H(z)=z+ ZAnz" and G(z) = Zann;
n=2 n=1

we define

(f*xF)(z)=2z+ Z anAnz" + Z bpBpz™.
n=2 n=1

Clearly, f x F' = F x f. Then, for two subsets P, Q C H, we define P+ Q = {f xg:
fep, ge 9}

Theorem 1.1. Let o, 3 € [0,1) and v =1 —2(1 —«a)(1 — 3). Then hold P%(«) *
G%(B) c K%, whenever v > 0. In particular, P% * G%(1/2) C K% and PY(1/2) *
Gy c KY,.

The proof of Theorem 1.1 will be given in Section 2. We now present an example
which shows that there are harmonic functions in G%(3) that are not univalent in D.

Example 1.1. Consider the harmonic function f(z) = z + a(1 — 8)z?, where
0 < B <1andae€ C. By the definition of G%(8) it is clear that f € G%(B) if and
only if |a] < 1. A direct calculation shows that f is univalent in D if and only if
la| < (1 — B)/2. Thus if a is a complex number such that |a| € ((1 — 5)/2,1] then
f € G%(B), but is not necessarily univalent in D.

Remark 1.1. Dorff in [3] (see also [4]) considered S% mappings that are convex in
one direction and these results have been extended by the present authors in [14], [17].
According to Theorem 1.1 and Example 1.1, it follows that the convolution of a non-
univalent harmonic function with a certain class of harmonic functions could still be
close-to-convex in D. Note that f(z) = z + z2/2 belongs to PY% but is not convex
in D.

At this place it is worth recalling the well-known fact that the convolution of two
convex functions in C% is not necessarily univalent in D (see also [3]). To do this, we
consider the harmonic convex mapping fo = ho + go € CYy, where
2 22

2(1—2)?

(1.2) ho(z) = % and go(z) =

The function fy maps D harmonically onto the half-plane {w: Rew > —1/2} and
can be obtained as the vertical shear (i.e. shear in the direction 1/2) of the function
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l(z) = z/(1 — z) with dilatation w(z) = —z. That is, hg and go are obtained as the
solution of the linear system

ho(2) + g0(2) = 1(z) and  gy(2)/ho(2) = —2

with the conditions ho(0) = ¢o(0) = 0 (see the shearing theorem due to Clunie
and Sheil-Small [2], Theorem 5.3). The function f; plays the role of extreme for
certain extremal problems for the class C%. Now, we see that the convolution fo* f1
of the right-half plane mapping fo and the hexagon mapping (see [7]) defined by
f1 = h1 + g1, where

ZGnJrl zﬁnf 1

h = d - _
1(2) Z+n§=:26n+1 and - g1(2) ;::2671—1’

is not even locally univalent in D). This is because the dilatation wy,.s, of fo* f1 has
the property that

go*g1) (2) ‘ B ‘24(2 + 26

| )
[osoen ()] = [R5 | = | e | #1 for every 2 € D.

In order to state other results, we need to recall some standard notations and
results on harmonic mappings.

A domain D C C is said to be convex in the direction « (« € R) if for every
a € C the set DN {a+ te!®: t € R} is either connected or empty. A univalent
harmonic function f defined on |z| < r is said to be convez in the direction o if
f(Jz| < r) is convex in the direction or. We denote by Cp(«) the family of normalized
univalent harmonic functions which are convex in the direction « in D. We may set
CY% () == Cr () N Ho.

Obviously, every function that is convex in the direction o (0 < « < w) is nec-
essarily close-to-convex, but the converse is not true. Clearly, a convex function is
convex in every direction. The class of functions convex in one direction has been
studied by many mathematicians (see, for example, [3], [11]) as a subclass of func-
tions introduced by Robertson [29]. The case @ = 0 (o = n/2) is called convex in
real (vertical) direction.

Concerning the classical result of Szegd [36] for the class C, it is natural to ask
whether every section of f € C% is convex in some disk |z| < r. Thus, the first task
is to derive properties of sections s, ,(f) of f € C%. Moreover, in our theorems we
see that s 2(f) and s4,4(f) are (fully) convex in the disk |z| < 1/4. It is surprising to
see that s3 3(fo) is not convex in the disk |z| < 1/4 (see Theorem 4.2 and Figure 1),
where fo is defined by (1.2).

This leads us to propose the following.
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Figure 1. Images of Dy /4 under s33(fo)(2) = z + 322/2 4+ 22% — (22/2 + 23).

Problem 1.1. Suppose that f € C%. Is each section s, ,(f) convex in the disk
|z| < 1/4 forn > 2 and n # 37

In this article, we solve this problem and our solution implies that for n > 2
and n # 3, each section s, ,(f) is convex in the direction of the real axis in the
disk |z| < 1/4, in particular. On the other hand, Problem 1.1 remains open for the
sections s, 4(f) of f € C% if p# q, p > 1 and ¢ > 2. Thus, as in the case of conformal
mappings, it is natural to raise the following question.

Problem 1.2. Suppose that f € 8 (¥, KY, C%, C%(«a)). Determine o, 4 so
that each section sy q(f) belongs to the corresponding class in the disk |z| < gp 4 for
p=1andq>2.

Solution to Problem 1.1 requires some ideas from the work of Ruscheweyh [31]
and Ruscheweyh and Salinas [33].

In Section 3, we discuss the close-to-convexity of s, »(f). In Section 4, we prove
that sy o(f) of f € C% is convex in the disk |2| < 1/4 while s33(fo) is not convex in
the disk |z| < 1/4. Finally, in Section 5, we prove that (see Theorem 5.2) for n > 4,
each sy (f) is convex in the disk |z| < 1/4.

We end this section with the following conjecture.
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Conjecture 1.1. Suppose that f € C%. Then s33(f) is convex in the direction
of the real axis as well as the imaginary axis in the disk |z| < 1/4.

2. CONVOLUTION THEOREM

We need the following well-known result which follows easily from the Herglotz
representation for analytic functions with positive real part in the unit disk.

Lemma A. Ifp is analytic in D, p(0) = 1, and Rep(z) > 1/2 in D then for any
function F' analytic in D, the function p * F' takes values in the convex hull of the
image of D under F.

We next recall another important result due to Clunie and Sheil-Small [2], which

relates the harmonic mapping f = h 4+ g to the analytic functions F\ = h + Ag.

Lemma B ([2]). If a harmonic mapping f = h+ 77 on D satisfies |¢’'(0)| < |h'(0)|
and the function F\ = h+ \g is close-to-convex for all |\| = 1, then f is close-to-con-

vex and univalent in D.

Proof of Theorem 1.1.  Let f; € PY(a) have the canonical decomposition
f1 = hi + g1 with

(2.1) hi(z) =z + Z apz"” and g¢i1(z) = Z bp2".
n=2 n=2

Let f2 € G%(B) have the canonical decomposition fo = hs + g5 with
oo oo

(2.2) ho(z) =2+ Z Apz™ and ga(z) = Z Bpz".
n=2 n=2

Now, we define H = hy *x hg + g1 *xg2 and H. = (hy % ha) + (g1 * g2). Then
H(0) = 0= H.(0) and H.(0) = 1. We need to show that H € KY%. We remark that,
as (h1 % h2)'(0) =1 > (g1 % g2)'(0) = 0, by Lemma B, it is enough to prove that for
all € with |e| = 1, the function H. is close-to-convex in D.

By using the representations (2.1) and (2.2) we have

(o) (o)
H(2)=1+ Z napAnz" "' + ¢ Z nbpBnz"t, e = 1.
n=2 n=2
Now we claim that Re H.(z) > ~, which will prove that H, is in P%(v).
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Since f1 € PY%(a), the function F., defined by

Do @n2" +e1 (3007, bnz")
l1—«

F.(z)=z+ , z€D,

satisfies the condition Re F/ (z) > 0, for all ; with |e1| = 1. A simple calculation
shows that the last inequality is equivalent to the inequality

I 1w 1
2.3 Rell+ —— el - bzt - D.
(2.3) e( +2(1_a)nz::2nanz —|—2(1_a)nz::2nnz )>2, z €

Similarly, as the function fo € G%(8), for |e2| = 1 we have the inequality

Re(hQT(Z) +€2927(2)) >p, zeD,

which is equivalent to

1 = _ €2 = _1> 1
2.4 Rell4+ — Apz" 4 ——= Bpz" >—, zeD.
20 he P 20 A 2

Using Lemma A and the inequalities (2.3) and (2.4) we get

N =

1 - ne €1€2 - ne
el a2 i ) >

n=2

With v =1—2(1 — a)(1 — ), the above inequality becomes

(o] o0
Re<1 + Z nanAn 2"t + 169 Z nannz”1> >, z€D,

n=2 n=2

which shows that Re H. _ (z) > « for each |e1] = 1 and |e2| = 1. In particular, for

E1€2
v =0, H.(z) is close-to-convex for all € with |¢| = 1. The proof is complete. O

3. CLOSE-TO-CONVEXITY OF SECTIONS s, »(f) OF CONVEX FUNCTIONS f

By using Lemma B due to Clunie and Sheil-Small [2], we obtain the following
result.

Theorem 3.1. Suppose that f = h + G € Hg is sense-preserving in D and Fy =
h+ Ag is close-to-convex in D for every || = 1. Then s, ,(f) is close-to-convex and
univalent in the disk |z| < 1/4 for n > 2.
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Proof. Let F\ = h + Ag be close-to-convex. Then f is locally univalent in D
and it follows that (see Miki [19]) s, (F)) is close-to-convex and univalent in the disk
|z| < 1/4 for all n > 2. In other words, for each n > 2, the section 4s,(Fy)(z/4) is
close-to-convex and univalent in the unit disk |z| < 1. We observe that

z

4sn(FA)(Z> - 4sn(h)(4> +4)\5n(g)(z>,

and so,
|(45,(R) (0)] =1 >0 = ‘(4sn(g)(§))’(0)‘.
By Lemma B, we find that

z z

b0 5) 0 () - 00 ;)

is close-to-convex and univalent in the disk |z| < 1 for all n > 2. The desired
conclusion follows. O

Remark 3.1. We wish to emphasize that if f = h +7 € S%, then it is not
necessarily true that the analytic functions F\ = h + Ag are univalent in D for all
|A| = 1. For example, for |A| = 1, we consider

s—1,2,1,3 12,13 o
— 2 6 )\2 6 =h A —_ n n
oa(2) EE + 12y (2)+ Xg(z) =2+ nEZQ oanz",
where .
Orn = 6(2712(1+)\)+3n(1—)\)—|—(1—|—)\)) for all n > 2.

When A = —1, ) (z) reduces to the analytic Koebe function k(z) = 2/(1—z)?, which
is univalent and starlike in . Moreover, ¢, (z) is easily seen to be univalent only for
A = —1. For ¢ to be univalent in D, it is necessary that |y »| < n for all n > 2.
For |A| =1 (XA # —1), we see that |py »| > n for large values of n and hence, for these
values of A, px(z) is not univalent in D. Also, we observe that K(z) = h + g is the
harmonic Koebe mapping which is indeed starlike in . This example shows that
there is a limitation on the use of Lemma B. However, an analogue of Theorem 3.1
holds for the family C% of univalent harmonic convex mappings.

Theorem 3.2. Let f = h+7 € C%. Then every section s, ,(f) is close-to-convex
in the disk |z| < 1/4 for n > 2. In particular, s, ,(f) is univalent and sense-pre-
serving in |z| < 1/4 for n > 2. The number 1/4 cannot be replaced by a greater
one.
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Proof. Let f = h+g € C%. Then the analytic functions F\ = h + Ag are
close-to-convex in D (see [2], Theorem 5.7) for all |A| = 1. According to the last
observation and Theorem 3.1, we obtain that every section s, ,(f) is close-to-convex
in the disk |z| < 1/4 for n > 2.

Next we prove the sharpness part. Consider the function fo = ho + gy € C%
defined by (1.2). Then for n = 2, we see that s5(ho)(z) = 1+ 3z and s5(go)(z) = —=.
Therefore, the dilatation ws 2(fo) of fo is given by

_ s5(90)(z) _ ==
(3.1) wa,2(fo)(z) = S/Q(h(()))(Z) T 1432

Since the Mobius transformation w = M(z) = —z/(1 + 3z) maps the disk |z| < 1/4
onto the disk |w — 3/7| < 4/7, the relation (3.1) implies that |wa2(fo)(2)] < 1 for
|z| < 1/4. Moreover, at the boundary point z = —1/4, we have wq 2(fo)(—1/4) =
M(—=1/4) = 1, which shows that the radius 1/4 cannot be replaced by a larger one.
The proof is complete. O

4. THE SECTIONS $22(f) AND s33(f0)

o)
Let Ag denote the class of all functions h(z) = Y aj2* analytic on the unit disk D

and A= {h e Ay: W(0)=1}. =

A function g € Ay is called direction convezity preserving (¢ € DCP) if and only
if gxh € C(a) for all h € C(a) and all a« € R. Here C(«) denotes the family of
normalized univalent analytic functions in [ which are convex in the direction a.

The class DCP is somewhat special in the following sense: for g € DCP, we do
not necessarily have g,.(z) := g(rz) € DCP for 0 < r < 1. We therefore define the
DCP radius of an analytic function g to be max{r: g, € DCP for 0 < p < r}.

From [31], we observe the following fact.

Lemma C. s3(z) = z + 22 € DCP in the disk |z| < 1/4.

We extend this lemma in Theorem 5.1 for an arbitrary section s, (z) of z/(1 — z).
Let us now recall a convolution characterization for a function to be in the class
DCP.

Lemma D ([33]). Let p € Ag. Then pxf := pxh+pxg € C% for every
f=h+7geCY if and only if p € DCP.

Before we proceed to state and prove our main results of this section, it is appro-
priate to include the definition of (fully) convex mappings and some known results
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on sections of functions from the class PY. For sense-preserving harmonic functions
f=h+79 € H,one has

g (s (g 70e")) = e 13

)

where z = rel, Df = 2f, —Zfs and D?>f = D(Df). Recall that if f =h+7 € H
is sense-preserving, f(z) # 0 for all z € D\ {0} and the condition

2(W(2) + 20"(2) + 2(9'(2) + 29" (2))
zh!(2) — zg'(2)

Re

>0 forall ze D\ {0}

is satisfied, then f is univalent and fully convez in D, i.e., the image of every subdisk
|z] <7 <1 under f is convex.
It is appropriate to recall two recent results of the authors.

Lemma E ([16], Theorems 4, 5 and 6). Let f € PY. Suppose that p and q satisfy
one of the following conditions:

() p=1andq>2

()3<p<%
(c) p=q=>2,
()p>q 3,
(e

) p=3andq=2.
Then s, 4(f) is univalent and close-to-convex in |z| < 1/2. Moreover, we have
(f) for 2 < gq, s24(f) is univalent and close-to-convex in |z| < (3 —+/5)/2 ~
0.381966,
(g) for p >4, sp2(f) is univalent and close-to-convex in |z| < 0.433797.

Lemma F ([15], Theorems 2, 3 and 4). Let f = h+g € PY, and suppose that p

and q satisfy one of the following conditions:

(a) p=1landqg>2

(b) 3<p<y,

(c) p=q=>2,

(d) p>q=>3.
Then s, 4(f) is convex in |z| < 1/4.

(e) If p=2 < q, then s34(f) is convex in |z| < 0.210222.

(f) If =2 < p, then s, 2(f) Is convex in |z| < 0.234906.
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Now we explore the disk of convexity of s, ,,(f)(z) when f € C%. For n = 2, we
obtain the following.

Theorem41 Letf—h+g€C,Whereh()—z—l—Zan”andg()
E bn2". Then the section so5(f) = 2 + a2 + by22 is convex in the disk |z| < 1/4.
The number 1/4 cannot be replaced by a greater one.

Proof. Set s2(z) = z + 2% Then, by Lemmas C and D, we conclude that
7~ 1s9(rz) ¥ f(2) is convex in D for 0 < r < 1/4. Since

r_lsg(rz)lf(z) =24 ragz? +rby22 = 7”_182’2('](.)(7”2),

it follows that r~'ss2(f)(rz) is convex in D for 0 < r < 1/4. This means that the
section sg2(f) is (fully) convex in the disk |z| < 1/4.

In order to prove the sharpness part, we consider the section sg2(fo) of fo =
ho + go € C%, where hy and go are given by (1.2). Note that

52,2(f0)(2) = s2(ho)(2) + s2(90)(2) = z + (g)’zQ - (%)2_2

A computation gives

(esh(ho)(2) + TEHEIE) _ 24622 14w
z8h(ho)(z) — zsh(g0)(2) z2+ 322+ 72 1—w(z)’
where ) )
-3z 1
w(z) = 32732_2 and lim 14 w(z) =1
224922 -2 =01 —w(2)

Thus, for the convexity of sg2(2) in the disk |z| < 1/4, it suffices to prove that
|w(z)| <1 for 0 < |z| < 1/4, which is equivalent to

1
G(z) =322 = 32°° — |22+ 922 - Z*P <0 for0< 2| < 1

Let z = re?. Then a computation yields

G(re'?)
= 367 sin? 20 — [(2r cos 0 + 812 cos 20)* + (2rsin @ + 1072 sin 260)?]
= 367t sin? 20 — (472 + 647" + 367 sin? 20 + 321 cos 0 cos 20 + 407 sin O sin 26)
—[4r% 4 64r* + 3213 cos O(1 — 2sin? 0) + 6413 sin” f cos § + 167> sin? 6 cos )]
= —47r%[1 4 16r% + 47 cos 0(2 + sin? 6)]
= —47r%[1 4 16r* 4 47 cos 0(3 — cos? 0))].
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We observe that the function B(z) = x(3 — x?) is increasing on [—1, 1] and therefore,
from the last relation, we see that

G(re'?) < —4r?[1 + 16r* + 4rB(—1)] = —4r2[1 + 161> — 8] = —4r?(4r — 1)?

for r < 1/4 and —n < 6 < © with equality for § = n. Thus, G(z) < 0for 0 < |z| < 1/4
and hence, |w(z)| < 1 for |z| < 1/4. Finally, s22(fo) of fo = ho +go € C% is (fully)
convex for |z| < 1/4 but not in a larger disk. The proof is complete. O

For n = 3, we will show that s33(fo)(z) is not convex in |z| < 1/4.
Theorem 4.2. The harmonic section

- 3 1
33,3(f0)(z) = Sg(ho)(z) + 83(90)(2) =z + 522 + 223 - 552 — 33
is not convex in the disk |z| < 1/4. Here fo = ho +go € C%, where hg and gg are
given by (1.2).

Proof. By Theorem 3.2, s3 3(fo)(2) is locally one-to-one and sense-preserving in
|z| < 1/4. Now, by a computation, we have

/ AR YY)
F(z) = Re 2(283(//10)(2)) + Z(/ng(go)(z))
z853(ho)(2) — 285(90)(2)
2+ 622 41823 — 222 — 978
243224623472 4323

(4.1)

e217/3_ Then, it follows that

Let zg zi

%x/3 | 6 4ix/3 _ 2 2in/3 | 9
€ + 16© 16° + 54

1
F(2) =Re 4
1.2in/3 | 3 ,din/3 4 1 42in/3 1 9
2© /+16€ /+16€ /+64

1.2in 3 ,—2in 9 7 V3
A A+ S St S
\1/6_' 97

:Re =
5 a2in/3 | 3 o—2in/3 1 9 7 3
16€” /% + 1507 + g —s1 T 16l

< 0.

This means that s3 3(fo)(2) is not convex in the disk |z| < 1/4. O

Remark 4.1. For the function fo = ho + go € C% defined by (1.2), it can be
easily seen that the function F(z) defined by (4.1) satisfies the positivity condition
F(z) > 0 for |z| < 0.201254 and thus, the disk of convexity of s33(fo) is |2] < r,
where r is close to the value 0.201254. Since the computation is lengthy, we do
not wish to address it for the moment. However, in Theorem 5.3, we actually show
that the section s33(f)(z) of every f = h+g € CY% is indeed convex in the disk
2| < 0.201254.
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-0.4 —0. 0.4 0. . . .
Figure 2. Images of |z| < 1/4, 1/4 < |z| < 1/3, and 1/3 < |z| < 1/2 under s 2(fp)(2) and
53,3(/0)(2)-

In Figure 2, images of |z| < 1/4, 1/4 < |z| < 1/3, and 1/3 < |z| < 1/2 under
s2.2(fo)(z) and s3.3(fo)(z) are drawn in different shades. These pictures were drawn
using Mathematica as plots of the images of equally spaced radial segments and

oncentric circles of the corresponding disk and of the two annuli.

5. DISK OF CONVEXITY OF $p p(f)
We need the following result for the proof of two remaining theorems.

Lemma G ([33], Theorem 2). Let g be analytic in D. Then g € DCP if and only
if for eacht € R, g + itzg’' is convex in the direction of the imaginary axis.

For the proof of Theorem 5.1, we use a result of Royster and Ziegler [30] concerning
analytic mappings convex in one direction
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Lemma H ([30], Theorem 1). Let ¢(z) be a non-constant function analytic in D.
The function ¢(z) maps univalently D onto a domain convex in the direction of the
imaginary axis if and only if there are numbers p and v, 0 < p < 2mand 0 < v < 7,
such that

(5.1) Re{F,.(2)¢'(2)} =0

for all z € D, where F}, ,(z) = —ie'#(1 — 2ze7* cos v + z%e~2IH).

By using Lemmas G and H, we now prove the following theorem for n > 4 and
in view of the technical details we present the proof of the case n = 3 separately in
Theorem 5.3.

28 = (2 = 2" /(1 — 2) € DCP in the

M=

Theorem 5.1. The section s,(z) :=

disk |z| < 1/4 forn >4

k

1

Proof. Let ¢(z) = sp(2) + itzs, (z), where t € R. A computation yields that

1—(m+1)2"+n"" 1 —(n+1)22" +n(n + 2)2"H

/
= t
7 2) (1-2)? i (1-2)?
— it annJrl + it2 EZ:I Zk
(1-2)? (1—2)?
1—(n+1)z" 4 nz"t? it (n+1)%z" +n22n Tt 4230 28
= 1 .
(1-2)? (1-2)?

We now divide our proof into the following three cases.
Case 1: t > 2/19. Let u = v = 0. Then Fjo(z) = —i(1 — 2)2. It follows that

Foo(2)¢'(z) = t[l — (n+1)%" + 022"t +2 Z ] —i[l = (n+1)2" +nz"T

and

n
Ro(Foo(2)¢/(2)) > t¢|(u D20l 424 42 3 el = (b Dl =l
k=1
It suffices to prove that the right hand side of the above inequality is larger than 0
for |z| = 1/4 and for all n > 4, since it is harmonic in |z| < 1/4. For |z| = 1/4, the
above estimate takes the form

5n2+8n+4 2—27 bn+4
An+1 3 T ynl
5tn? + (8t +5)n + 4 + 4

t
g - 4n+1 = A(TL)

Re{Fo,0(2)¢'(2)} =t —t
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We see that A(n) is monotonically increasing with respect to n for n > 4. It follows

that 57t 6 3
A(n)>A(4):?_E:44(19t 2)>0

for ¢t > 2/19, which implies that Re{Fpo(2)¢'(z)} > 0 for n > 4 and |z| = 1/4.

Lemma H implies that ¢(z) is convex in the direction of the imaginary axis in the

disk |z] < 1/4ift >2/19 and n >4

Case 2: t < —2/19. Let u = v = 1. Then Fy .(z) = i(1 — 2)?. It follows that
Fo(2)¢ (2) = —t|1 — (n+1)%2" + n?z" ! —l—ZZ ] +i[l = (n 4+ 1)2" + nz"T1].

By a similar reasoning as in Case 1, we obtain that Re{F; (z)¢'(z)} > 0 for n > 4
and |z| < 1/4. By Lemma H, we thus see that ¢(z) is convex in the direction of the
imaginary axis in the disk |z| < 1/4if ¢t < —2/19 and n > 4

Case 3: —2/19 <t < 2/19. Let p = v = n/2. Then Fy )5 5(z) = 1— 2% =
(1= 2)(1+ z). It follows that
1+z2 + I+z, 142

— 1)z" it
1—=z 1_Z(nz (n+ )z)+11—z

Fn/Q,n/Q(Z)SD/(z) =

142 "
+i tlT (—(n +1)22" 42" 4 2;/“),

and therefore,

Lol 20llel 14
e R P o gy
1+ |z "
e : :(<n+1>2|z|"+n2|z|"+1+2Z|z|k).

k=1

For |z| = 1/4, the above estimate takes the following form

(nle["™ + (n+ 1)2")

Re(Frj25/2(2)¢' (2)) 2

/
Re(Fr/2,7/2(2)0'(2)) = - e g

_ 3 18Jtf  55[tn® + B[t +5)n+4+ 50t _

3 8t| 55n+4 5|t|(5n2+8n+4 3_3L>
3 34n
B(n

5 9 3 4n+l )

We observe that B(n) is monotonically increasing with respect to n for n > 4. Hence,

350 5033|t|
B(n) 2 B4) = 1 (10 36 ) >0
for —2/19 < t < 2/19. Again, by Lemma H, we obtain that ¢(z) is convex in the
direction of the imaginary axis in the disk |z| < 1/4 if —2/19 < t < 2/19 and for all
n > 4.
The desired conclusion follows from Lemma G. g
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Theorem 5.2. Let f = h+7g € C%. Then s, ,(f) is convex in the disk |z| < 1/4
for n > 4.

Proof. By Theorem 5.1 and Lemma D, we conclude that r~'s,(rz)% f(2) is
convex in D for 0 < r < 1/4 and n > 4. Since

1 sn(rz) % f(2) = 1 s (f)(r2),

it follows that r=1s,, ,(f)(rz) is convex in D for 0 < r < 1/4 and n > 4. This means
that the section s, »(f) is (fully) convex in the disk |z| < 1/4 for n > 4. O

Theorem 5.3. Let f = h+g € C%. Then s33(f) is convex in the disk
2| < 0.201254.

Proof. Asin the proof of Theorem 5.2, it suffices to show that s3(z) := z + 22+
2% € DCP in the disk |z| < 0.201254.

We only have to give the crucial steps and appropriate replacements in the proof
of Theorem 5.1 for n = 3 and the rest of arguments follows from there. Thus, if ¢(z)
is as in the proof of Theorem 5.1 with n = 3, then ¢'(z) takes the form

R 3
S(z) = 1— 423+ 321 i 1—16234—924—}—22,6:13’“.
(1-2)2 (1—2)2

Case 1: t > 0.105712. It follows from the proof of Theorem 5.1 that

3
Re{Fy, o(2)¢'(2)} =t — t[16|z|3 +9)2* + 22 |z|k] — 423 = 3]2|%,
k=1

which for |z| < 0.201254 implies that

3
Re{Fo0(2)¢'(2)} >t {1 —16(0.201254)% — 9(0.201254)* — 2 2(0.201254)’“]
k=1
— 4(0.201254) — 3(0.201254) > 0

for t > tp ~ 0.10571184. In particular, by Lemma H, we obtain that ¢(z) is convex
in the direction of the imaginary axis in the disk |z| < 0.201254 if ¢ > 0.105712.
Case 2: t < —0.105712. With g = v = 1 we have F .(z) = i(1 — 2)?, and

3
Frn(2)g@/(2) = —t|1 = 162° + 92" + 2y zk} +1[1 — 42° + 324
k=1
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and by a similar reasoning as in Case 1, we obtain that
Re{Fr(2)¢'(2)} >0 for |z| < 0.201254

and thus, ¢(z) is convex in the direction of the imaginary axis in the disk |z] <
0.201254 if t < —0.105712.

Case 8: —0.105712 < ¢t < 0.105712. This case corresponds to 4 = v = /2, so
Fooz/0(2) =1~ 22 and

1-|z]  2Jt]z] 1+
Re(F, j2.2/2(2)¢ (2)) = - -
/27 T+lz] @—[z)2 1-[¢

3
1 )
ik <16|z|‘3 +9zt 423 |z|k>.

1—z]
k=1

(32" + 4=

For |z| = 0.201254, the above estimate shows that
Re(F} /o5 /2(2)¢' (2)) = 0.608489 — 1.60093[t| > 0

for |t| < 0.608489/1.60093 (> 0.105712). Consequently, by Lemma H, we obtain

that ¢(z) is convex in the direction of imaginary axis in the disk |z| < 0.201254 if
—0.105712 < t £ 0.105712 and for n = 3.

The cases 1 to 3 show that s3(2) := 2z + 22 + 22 € DCP in the disk |z| < 0.201254.

(]
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