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Abstract. The aim of this paper is to establish an existence and uniqueness result for
a class of the set functional differential equations of neutral type

{ Dy X(t) = F(t, X¢, Dg X¢),
Xl|=r0 =¥,

where F': [0,b] x Co x £5 — K¢(E) is a given function, K¢(F) is the family of all nonempty
compact and convex subsets of a separable Banach space E, Cy denotes the space of all
continuous set-valued functions X from [—r,0] into K.(E), £} is the space of all integrally
bounded set-valued functions X: [—-r,0] — K¢(F), ¥ € Cp and Dp is the Hukuhara
derivative. The continuous dependence of solutions on initial data and parameters is also
studied.
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1. INTRODUCTION

The study of set differential equations as an independent subject is relatively new.
The first results in this area were obtained in [16], [5], [21]. Some recent results of
interest can be found in [6], [14], [17], [19], [18], [20]. For more results, references
and details we refer the reader to the book [13]. We also refer the reader to the first
book [23] devoted exclusively to the subject of set differential equations on Banach
spaces and their applications to differential inclusions with nonconvex right hand
sides. The set differential equations with delay were studied in [1], [19], [22] and [24].
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In this paper we are concerned with the set differential equation of neutral type

Dy X(t) = F(t,X:, DuXy),
Xli—ro =V,

where F': [0,b] x Co x £5 — K.(E) is a given function, K.(E) is the family of all
nonempty compact and convex subsets of a separable Banach space F, Cy denotes
the space of all continuous set-valued functions X from [—r, 0] into K.(E), £} is the
space of all integrally bounded set-valued functions X: [—r,0] — K.(E), ¥ € Cp
and Dy is the Hukuhara derivative. The literature on related ordinary neutral
differential equations is very extensive and we refer the reader to the book [8] for
details. To our knowledge, there is no paper on set differential equations of neutral
type. Some results for ordinary neutral differential equations in a finite dimensional
Banach space were established in the papers [4], [12], and [11].

2. PRELIMINARIES

In the following, F is a separable Banach space with the norm ||-||. We denote
by K.(E) the family of all nonempty compact and convex subsets of E. By 0 we
will denote the zero element of the space E. Also, § will denote the null set-valued
function 6: [a,b] — K .(FE) defined by 6(t) = {0} for all ¢ € [a,b]. The Hausdorff-
Pompeiu metric H on K. (E) is defined by

H(A, B) = ma {su inf ||z — sup inf ||z — }
(4.) = max { sup inf |~ . sup in, 1z — ]

It is known in [2], [7] that (K.(F),#H) is a complete and separable metric space. If
C(la, b, K.(E)) denotes the space of all continuous set-valued functions X from [a, ]
into K (FE), then it is well known that C([a,b], K.(F)) is a complete and separable
metric space with respect to the metric (see [10])

H[a,b] (Xa Y) = Sl[lpb] H(X(t)7 Y(t))
te|a,

From [23], we recall some notions in the theory of measurable set-valued functions.
We denote by p(-) the Lebesgue measure on [a, b]. A set-valued function X : [a,b] —
K.(F) is called a simple set-valued function if it is constant on each of the sets
K; C [a,b], 1 < i < n, which produce a finite system of pairwise disjoint, Lebesgue
measurable sets covering [a,b]. A set-valued function X: [a,b] — K.(E) is called
strongly measurable if it is almost everywhere (a.e.) in [a,b] the pointwise limit of
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a sequence X,,: [a,b] = K.(F), n > 1, of simple set-valued functions. We remark
that the above definitions derive from standard notions for functions with values in
a metric space. Then the notion of strong measurability is equivalent to the following
Luzin’s property (see [23]): For any € > 0 there exists a closed set K. C [a, ] with
i([a,b]\ K¢) < € and such that the restriction X |k, of X to K. is continuous. Note
that the strong measurability of a set-valued function X: [a,b] — K (E) implies
the measurability of X; that is, the set X 1(A4) := {t € [a,b]; X(t) N A # 0} is
Lebesgue measurable for any closed set A. A set-valued function X : [a,b] — K .(E)
is called integrally bounded on [a,b] if there exists a function m(-) € L*([a,b], R4 )
such that H(X (¢),{0}) < m(t) a.e. on [a,b]. We denote by M([a,b], K.(E)) the set
of all strongly measurable set-valued functions from [a, ] to K.(E). Let us denote
by L'([a,b], K.(E)) the space of all integrally bounded set-valued functions X €
M([a,b], K.(E)), where two multifunctions X,Y € L'([a,b], K.(E)) are considered
to be identical if X (t) = Y (¢) a.e. on [a,b]. Then L'([a,b], K.(E)) is a complete
metric space with respect to the metric ([7], [10])

b
Hogan(X.Y) = [ MO0, Y (0) .

Also, we recall that a set-valued function X: [a,b] — K.(F) is called essentially
bounded on [a,b] if there exists a constant N > 0 such that H(X(¢),{0}) < N
a.e. on [a,b] (see [23]). We denote by L*([a,b], K.(E)) the space of all essen-
tially bounded set-valued functions X € M([a,b], K.(E)), where two multifunctions
X,Y € L([a,b], K.(F)) are considered to be identical if X (t) = Y (¢) a.e. on [a, b].
Then L*([a,b], K.(E)) is a complete metric space with respect to the metric defined
by (see [1])

Hoo(X,Y) :=inf{N > 0; H(X(t),Y(t)) < N a.e. on [a,b]}.

Next, for a given N > 0, let L'V ([a, b], K.(E)) be the space of all set-valued functions
X € L>([a,b], K.(F)) with Hoo (X, 0) < N and equipped with the metric H1 q,4)-

Remark 2.1. From Theorem 1.4.5 and Theorem 2.2.5 in [15] (see also [23]) it
follows that L'([a,b], K.(F)) can be regarded as the Banach space of vector-valued
Bochner integrable functions, so that L!([a,b], K.(E)) is separable and the theory of
Bochner integration can be applied to integrally bounded set-valued functions from
[a,b] into a given infinite dimensional Banach space.

Let A,B C E. The set C C FE satisfying A = B + C is known as the geomet-
ric difference of the sets A and B and is denoted by A — B. We remark that
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A—A={0} for any A C E. But, A+ (—1)A # {0} for any A C E\ {0}, where
(—D)A:={—-z; z € A}.

We say that a set-valued mapping X : [a,b] — K.(F) is Hukuhara differentiable
(or H-differentiable) at a point ty € [a, b] if there exists Dy X (tg) € K. (E) such that
the limits

lim X (to+ h) — X(to) and  lim X(to) — X(to — h)
h—0+ h h—0t h

exist with respect to the Hausdorff-Pompeiu metric and are equal to Dy X (to).
In this definition, we assume that both the differences X (t9 + h) — X (to) and
X (to) — X(to — h) exist for sufficiently small ~ > 0 such that ¢y + h and to — h
both belong to [a,b]. A set Dy X(tg) € K (FE) is called the H-derivative of X at the
point tg € [a,b]. A set-valued mapping X : [a,b] — K.(F) is called H-differentiable
on [a,b] if Dy X (t) exists for each point ¢t € [a,b]. At the end points of [a,b] we
consider only the one-sided H-derivatives. The following three propositions are well
known (see [16], [14], [17], [23]).

Proposition 2.2. If Y: [a,b] = K .(F) is continuous, then it is integrable on
[a, b]. Moreover, in this case, the set-valued function X : [a,b] — K .(FE), defined by

t
(1) X(t) = Xo +/ Y(s)ds, t€][a,b], Xo€ K.(F),
is H-differentiable on [a,b] and Dy X (t) =Y (t) for t € [a, b).

Proposition 2.3. Let X: [a,b] = K.(F) be H-differentiable a.e. on [a,b] and
assume that Dy X (t) € L'([a,b], K.(E)). Then for any t € [a,b] we have

X(t) = X(r) +/lt DpX(s)ds

for 7,t € [a, b].

We recall that a mapping X : [a,b] — K (F) is said to be absolutely continuous if
for each £ > 0 there exists § > 0 such that, for each family {(sk,tx); k=1,2,...,n}

of disjoint open intervals in [a,b] with Y (tx — sx) < 0, we have
k=1

n

D OH(X (tr), X (1)) < e.

k=1

We denote by AC([a,b], K.(E)) the space of all absolutely continuous set-valued
functions from [a, b] into K.(E).
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Proposition 2.4. Let X: [a,b] — K.(E) be an integrally bounded set-valued
function. Then the set-valued function X : [a,b] — K.(F) defined by (1) is absolutely
continuous, Dy X (t) exists a.e. on [a,b], and Dy X (t) = Y (t) a.e. on [a, b].

We denote by A([a,b], K.(E)) the set of all set-valued functions X € AC([a, ],
K.(F)) having the property that they are a.e. H-differentiable on [a,b] and Dy X €
L'([a,b], K.(E)). It is easy to check that

fj[a,b] (Xv Y) = H[a,b] (Xa Y) + Hl,[a,b] (DHX; DHY)

b
- tstb]H(X(t),Y(t)H/ H(DyX(t), DY (t))dt

is a metric on A([a,b], K.(E)).

Lemma 2.5. A([a,b], K.(F)) is a complete metric space with respect to the
metric fJ[a,b]-

Proof. Let {X,},>1 be a Cauchy sequence in A([a,b], K.(E)), i.e.,
lim 5‘5[(17;,] (Xm, Xn) =0.
m,n— oo

Then it follows that liIB Hiap)(Xm, Xn) = 0. Since C([a,b], K.(E)) is a complete
m,n— oo

metric space, there is a continuous set-valued function X : [a,b] — K (F) such that
lim Hpg 4 (Xn, X) = 0. Further, since
n—oo

lim Hl,[a,b] (DHXm, DHXn) = 07

m,n— oo

{DyXn}n>1 is a Cauchy sequence in L([a,b], K.(E)). Since L'([a,b], K.(E)) is a
complete metric space, there is a continuous set-valued function Y € L!([a, b], K.(E))
such that 1i_>m H1,jap) (DX, Y) = 0. Moreover, for t € [a,b] we have

n—oo

H< / DX (s)ds, / tY(s)ds> < / H(DiXou(s), Y (s)) ds

< Hyfap)(DaXn,Y) =0 asn — oo.

Therefore, it follows that

H(x0.x@+ [ Yeas) <Hx 0. 0) 4 (50, X0 + [ Vis)as)
— H(X (1), X (1)) +H<Xn(a) +/alt Dy Xon(s) ds, X (a) +/atY(s)ds>
<HX (), Xn (1)) + H(X (@), Xn(a)) + H(/at D Xo(s) ds, /at Y (s) ds) S0
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as n — 00, and so X(t) = X(a) + fat Y (s)ds for any t € [a,b]. By Proposition 4 it
follows that X € A([a,b], K.(F)). Obviously, li_>m Hap)(Xn, X) = 0, and the proof
n—oo ’

is complete. O

Let r > 0 be given. In the following, for any b > 0 we will write Cp), Sfb], S?A]N
and Ap instead of C([—r,b], Kc(E)), L'([—r,b], K.(E)), L*N([-r,b], K.(E)) and
A([-r,b], K.(E)), respectively. Then we write Hy), Hi ;) and ) instead of H|_,. b
’Hl[ rp) and $_, ), respectively. Also, for a given ¢ € [0,b] we will write C;, £ 5,

N and A, instead of C([t—r,1], Ko(E)), L*([t—r, ], K.(E)), LYN([t—r,1], K.(E))
and A([t —r,t], K.(E)), respectively. Then we denote by H;, H1, and $; the metric
on C;, £} and Ay, respectively. Obviously, X € Ay implies that X € A; for any
t €10,b].

If t € [0,0] and X: [t — r,t] — K (E) are given, then we define the set-valued
function X;: [—7,0] = K.(E) by X;(s) = X(t + s).

Lemma 2.6. If t € [0,b] and X € A; are given, then X; € Ay and

(2) DpXi(s) = (DuX)i(s) for a.e. s € [—r,0].

Proof. First, we show that X; is absolutely continuous on [—r,0]. For this, let
us remark that if {(sg,tx); £ = 1,2,...,n} is an arbitrary family of disjoint open
intervals in [—7, 0], then {(¢ + s, t —l—tk) k=1,2,...,n} is a family of disjoint open
intervals in [t — r,¢]. Since X is absolutely continuous on [t — 7, t], hence for each
€ > 0 there exists § > 0 such that

n n

D (e —sk) =D _[(t+t) = (t+sp)] <6

k=1 k=1
implies
n n
ZH Xe(tr), Xe(sk)) Z’H (t+tr), X({t+sK) <e
k=1 k=1

that is, X; is absolutely continuous on [—7,0]. Next, we show that X; is a.e. H-
differentiable on [—7, 0] and (2) holds. Since X is a.e. H-differentiable on [t — r,t] we
have that

X(t+s+h)—X(t+s)

li =DyX(t

P h aX(t+s),
X - X —

lim (t+s) (t+s h>:DHX(t—|—s)

h—0t h

598



exist for a.e. s € [-r,0]. Let so € [—r,0] be such that the above limits exist. Then
both the differences X (¢t + so+h) — X (t+ so) and X (t+ so) — X (¢t + so — h) exist for
sufficiently small 2 > 0 such that ¢ + so + h and ¢ + so — h both belong to [t — r,t].
It follows that

i Xi(so+h) — Xi(s0) _ i X(t+so+h)— X(t+ so)
h—0+ h h—0+ h
= DHX(t —+ 80) = (DHX)t(So),
lim Xt(SO) — Xt(SQ — h) — lim X(t + SQ) - X(t + 89 — h)
h—0t h h—0t h
= DHX(t + 50) = (DHX),:(S()),

that is, X; is H-differentiable at so € [—r,0]. Hence (2) holds. Finally, we show
that Dy X, € £}. Since X € A;, hence DyX € £}, that is, Dy X is strongly
measurable and integrally bounded on [t — r,t]. Therefore, there exists a se-
quence {X"},>1 of simple set-valued functions from [t — r,¢] into K.(E) such
that nh_{r;o H(X"(1),Dg X (7)) =0 for a.e. 7 € [t —r,t] (see [23], page 2). Also, it is
easy to check that {X}'},,>1 is a sequence of simple set-valued functions from [—r, 0]
into K.(F). It follows that

lim H(X['(s), D Xi(s)) = lim H(X™(t+s), Dy X(t+s)) =0

n—oo n— oo
for a.e. s € [—r, 0], that is, Dy X} is strongly measurable on [—r,0]. Obviously, Dy X,
is integrally bounded on [—r, 0], and thus Dy X, € £}. O

Lemma 2.7. If t € [0,b] is given, then H0(X:,Y:) = H:(X,Y) for any X,V € A;.
In particular, Ho(X:,Y:) = Ho(X,Y) for any X, Y € Ci, and H10(Xe,Yy) =
Hi14(X,Y) for any X,Y € £].

Proof. Indeed, we have

0
90X ¥o) = sup HXi().Yi(s)+ [ HDrXi(s), Dr¥i(s))ds
se[—r,0 —r
0
= sup H(X({t+s),Y(t+s)) + H(DuX(t+s),DgY(t+s))ds
s€[—r,0] —r

= sup H(X(0),Y(0))+ H(DuX (o), DY (0))do,

o€E[t—r,t] t—r

that is, Ho(X¢,Y:) = H:(X, ). O
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3. EXISTENCE AND UNIQUENESS

In this section we consider the set differential equation of neutral type
@) Dy X(t) = F(t,X:, DuXy),
X|[—7",O] =V,

where F': [0,b] x Co x £§ — K.(E) is a given function and ¥ € Ay. By a solution of
the initial value problem (3) on some interval [—r,T| we mean a set-valued function
X € Appy such that Xo =V and Dy X(t) = F(t, X}, Dy X;) for a.e. t € [0,T].

We say that F': [0,b] x Co x £ — K.(FE) is a Carathéodory set-valued function if
(C1) for a.e. t €[0,b], F(t,-,-) is continuous,
(Ca) for any (¥, ®) € Co x £}, F(-, ¥, ®) is strongly measurable,
(C3) for any bounded B C Cy x £}, there exists an m(-) € L*([0,b],Ry) such that

H(F(t,¥,®),{0}) < m(t) for a.e. t€[0,b] and for any (¥, P) € B.

Lemma 3.1. Let F: [0,b] x Co x £} — K.(E) be a Carathéodory set-valued
function and let X € Ay be given. Then
(a) the function U: [0,b] — Cy defined by U(t) = X; Is continuous on [0, b];
(b) the function V: [0,b] — £} defined by U(t) = DgX; is strongly measurable
and integrally bounded on [0, b];
(c) the set-valued function t — F(t, X, DyX}) is strongly measurable and inte-
grally bounded on [0, b].

Proof. (a) Let ¢ty € [0,b] be given and let ¢, € [a,b], n > 1, be any sequence
such that ¢, — to as n — oo. Since X is uniformly continuous on [—r,b], hence

Ho(Xe,, Xey) = sup H(X(tn + ), X(to +5)) — 0 as n — oo. It follows that
—r<s<0

Ho(U(tn),U(to)) — 0 as n — oo, and so U is continuous on [0, b].

n?

(b) Since DyX € £[1b], there exists a sequence {Y™},>1 of simple set-valued
functions from [—r,b] into K.(E) such that nh—>néo HY™(¢),DpX(t)) = 0 for ae.
t € [-r,b]. Obviously, {Y;"}n>1 is a sequence of simple set-valued functions from
[~7,0] into £} and

0
H1,0(Y", DuXy) = HY"(t+s),DgX(t+s))ds—=0

-
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for a.e. t € [0,b]. It follows that V is strongly measurable on [0,b]. Moreover, since
DyX e £[1b] and

/ HlO DHXt, dt H DHX t+8) {0})(15) dt

(/.
( H(Dy X (r), {0})d7> dt
( H(Dy X (7), {0})017) dt

=b H(DHX( ),{0})dr
T
V is integrally bounded on [0, b].

(c) Let € > 0 be given. Since Cyp x £} and K.(E) are complete separable metric
spaces and F: [0,b] x Co x £} — K.(E) is a Carathéodory set-valued function,
there exists a closed set K! C [0,b] with p([0,0] \ K!) < e and such that the
restriction F[g1,¢,xe1 of F to K! x Cy x £} is continuous (see [9]). Since t
V(t) = Dy X;: [0,b] — £} is strongly measurable, by Luzin’s property there exists
a closed set K2 C [0,b] with p([0,b] \ K2) < € and such that the restriction V|2 of
V to K2 is continuous. Let K. := K! N K2. Then K. is a closed subset of [0, b] with
1([0,b] \ K.) < e and such that the restriction F(-,U(:),V(:))|k. of F(-,U(-),V ("))
to K. is continuous. From Luzin’s property it follows that ¢t — F(t,U(¢t),V (t)) is
strongly measurable on [0,b]. Obviously, t — F(t,U(t),V (t)) is integrally bounded
on [0, b]. This completes the proof. O

Remark 3.2. If F: [0,b] x Co x £} = K.(E) is a Carathéodory set-valued func-
tion, then using Propositions 2.3 and 2.4 it is easy to show that a set-valued function
X € App is a solution of (3) on an interval [—r, T if and only if

(4)

(t) \I/(t) lf _T X < 07
|\ (0) + [ F(s, Xs, DuX)ds if 0<t<T.
be

For a given set-valued function ¥ € Ag, let ¥°: [—r b] — K.(E) be the set-valued

function defined by

- w0 [ V@O ifte[=r0)
©) ) '_{\1/(0) if t €0,b].

Then it is easy to see that U0 ¢ App)- For given ¢ > 0 and ¥ € Ay, let

Bo(¥°) :={X € Ap; Hpy(X, 00 < o}
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Theorem 3.3. Suppose that F': [0,b] x Co x £5 — K.(E) satisfies the conditions
(C1) and (C3) and the following locally Lipschitz type condition: for any bounded
set B C Ap,) there exists L > 0 such that

(6) H(F(t, Xe, DuXy), F(t,Yy, D Yy) < L (X,Y)

for anyt € [a,b] and X,Y € B. Then, for every ¥ € Ay, there exists a unique solution
X: [-r,T] = K.(E) for the initial value problem (3) on some interval [—r,T] with
T € (0,b].

Proof. Let o= $(V,0) and let L > 0 be such that (6) holds for for any ¢ €
[a,b] and X,Y € B,(¥°). From (C3) it follows that there is an m(-) € L'([0,b], R4)
such that H(F (¢, Xy, DuX;),{0}) < m(t) for a.e. t € [0,b] and any X € B,(¥°). We
choose T € (0, b] such that fOTm(t) dt < ¢/2. Then ¥° € Ay and $Hpr (00, 0) < o.
Further, consider the set N, defined by

Ny :={X € Aipy; Xo =¥ and (X, %) < o}

We remark that if X € N,, then $,(X,60) < o for any ¢ € [0,T]. Further, let us
consider the following successive approximation of absolutely continuous set-valued
functions:

XOt) =91, tel0,T)

and

X7() = { (1) if —r

<t
U(0) + [I F(s, X2~1, Dy Xr—Y)ds if 0<t

for n > 1. We show that X" € N, for any n > 1. Obviously, X° € N,. Let us
assume that X1, X% ..., X" € N,. Then

t
HX (0, W0(1)) < / H(F(s, X7, Dy X7, 0) ds
0

T
g/ m(t)dt < 2,
O 2
and so

Hir (X" 0% = sup H(X"TH(t), ¥0(1) <
—r<tLT

NS

Also

T T
/H(DHX”“(t),DH\IJO(t))dt:/ H(F (s, X", DgX"),0)dt
0

-

T
</ m(t)dt < 2.
O 2
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It follows that

Sj[T] (XnJrlv \IIO) = Sup H(XnJrl(t)a \Ilo(t))
—r<t<T
T
+ H(Deg X" H(t), DO (1)) dt < o,

-

and thus X"*! € V,. By mathematical induction it follows that X" € N/, for any
n > 1. Next, by (6) and Lemma 2.7, we have

H(X"(t), X" (¢ / H(F(s, X", DgX), F(s, X" ', Dy X" 1)) ds

/f)OX”X"lds— /y) (X", X" 1) ds

and

t
H(Dg X" (s), DgX"(s) ds-/?—[ (5, X", Dy X™), F(s, X" ' Dy X" 1)) ds

t—r

/mX"X" DNds=1L /y) (X", X" 1) ds.
Therefore,

XX = sup H(XH(r), X7(r))
t—r<T<t
t
+ [ HDOpX"(7),DgX"(r))dr

t—r

t
< 2L/ He(X™, X" ds.
0

Let us consider the sequence of real functions {gn}n>1 given by g,(t) = 9H:(X",
Xn=H n > 1,¢t € [0,T]. Then gni1(t) 2LfO gn(s)ds for n > 1 and ¢ € [0, 7.
Since g1(t) = 9:(X?!, X°) < p, the last inequality 1mphes that g,(t) < o(2Lt)"/n!,
n>1,te€[0,T], and thus

lim $;(X", X" )=0 forte[0,T].

n—oo
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Further, since

ﬁ[T](Xn7Xn_1)
T
= sup H(X™(7),X" (1) + [ HDuX"(7),DaX""'(r))dr
—r<r<T —r
o~ o~ T o~ o~
= sup H(X"(T),X"il(r))—l— ,H(DHXn(T),DHXnil(T))dT
—7"<T<T -
= sup H(X"(0), X" o))+ H(DgX"(0), Dg X" (o)) do
T—r<o<2T T—r
T
= sup  H(X"(0), X" (o)) + H(DuX"(0), DuX"""(0))do,
T—r<o<T T—r

it follows that ﬁ[T](X",X”_l) = Hr(X", X" Y < o2LT)"/n!, n > 1, and
(X", X" = Hp(X", X" 1) — 0 as n — oco. Further, for any m > n we
have

A (X X™) <O (X XY + 9 (XL X)) + L+ 9 (X X

W (2LT)RH

<0, aoor
= (k+1)!

Since this last sum is part of the series for e*/T, it follows that we can make

N7 (X™, X™) less than any € > 0 by taking n sufficiently large. Therefore, { X" },>1
is a Cauchy sequence in A[7}. Due to Lemma 2.5 there exists a set-valued function
X € App such that X|_,o = ¥ and nli_{r;oﬁ[T](X",X) = 0. Moreover, since
ﬁ[T](X",\IIO) < g, m = 1, it is easy to see that (X, Uo) < D (X7, X) +
91 (X", ¥Y) implies A (X, UY) < g, that is, X € N,. Next, from (6) we have
that

¢ ¢
H(/ F(T,Xf,DHXf)dT,/ F(T,X-,—,DHXT)dT>
0 0

’H (r, X!, Dy X"),F(1,X;,DgX,))dr < / $Ho(X
0

L/ ﬁT(X",X)drgL/ Dy (X", X)dr — 0
0 0

as n — o0o. Then, we obtain that

lim (X”(t), W(0) + /Ot F(r, X, Dy X,) d7>

n—oo

t t
< lim ’H(/ F(T,Xf,DHXf)dT,/ F(T,XT,DHXT)dT) =0
0 0

n—oo
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It follows that

X(t) = { U(t) t if

—r 0,
\I/(O)—I—IOF(T,XT,DHXT)dT if 0

<t<
<t<T

)

which represents a solution of (3) on [0,7]. We shall show now that (3) has exactly
one solution X € Ajzj. Suppose that X, Y € Aj) are two solutions of (3). Then we
have that

HX0.Y(0) < | HE(r X, (DuX),), F(r.Ys, (DY)y)) dr

t t
L/ 530(XT,YT)dT:L/ H-(X,Y)dr
0 0
and

/  M(DuX (7). DY (7)) dr = / H(DuX(r). DY (7)) dr

/ H(F(r, Xr, Dy X,), F(1,Y,, DyY,))dr

/faTXY

t
5(X,Y) < 2L/ 9,.(X,Y)dr, te0,T),
0

It follows that

and Gronwall’s lemma implies that $,(X,Y) = 0 for ¢ € [0,7]. By Lemma 2.7,
we obtain $(X:,Y;) = 0 for ¢ € [0,T], that is, Xy = Y} for ¢ € [0,T]. Therefore,
X(t) = X1(0) = Y3(0) = Y (¢) for t € [0,T], and hence (3) has a unique solution.
This completes the proof. O

Remark 3.4. It is easy to see that the result of Theorem 3.3 remanins also true if
the Lipschitz type condition (6) is satisfied on any bounded set B C Afgf], where AfX]

is the set of all set-valued functions X € Ay with Dy X € £[b] .

Theorem 3.5. Suppose that F': [0,b] x Cy x £f — K.(FE) satisfies all the con-
ditions of Theorem 3.3. Then the largest interval of existence of the solution of (3)
is [0, b].

Proof. Let X: [-r,f) — K.(E) be the solution of (3) existing on [—r, ),
0 < B < b. Also, we suppose, by contradiction, that the value of S cannot be
increased. Let us consider 0 < s < t < 8. Then we have

H(X (1), X(s) /H (1, X-, Dy X,) /m
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Since m(-) € L1([0, 8], R+) we have f; m(s)ds — 0 as s,t — £, which implies that
11%1 X (t) exists. Hence, if we take X (8) = 11%1 X (t), then the function X can be
t—pB- t—B—

extended by continuity to [0, 5]. Further, consider the initial value problem

Yi-otp)0 = ®
where G(t,Y;, DpY;) = F(t + 8,Yi48, DuYitp) for 0 <t < b— 3 and @ is defined
by ®(s) = X(s+ B) for s € [—(0 + /3),0]. By Theorem 3.3, there exists a solution

Y: [~(c+£),3) — E of the initial value problem (3), where 3 € (0,b— f]. It follows
that X: [-r, 5+ 8] — E, given by

F(p) = X(t), for t € [—r, 3],
D=\ vi—p). fortelp.stil

is a solution of the initial value problem (3). Therefore, the solution X can be
continued beyond 3, contradicting the assumption that 5 cannot be increased. This
contradiction completes the proof. ([

4. CONTINUOUS DEPENDENCE

For a given ¥ € Ay and a set-valued function F': [0,b] x Co x £ — K (E) which
satisfies the conditions of Theorem 3.3 let us denote by X (¢, ¥, F, ) the unique
solution on [—r, f] of the initial value problem (3).

Theorem 4.1. Suppose that the set-valued functions F,G: [0,b] x Co X £} —
K.(FE) satisty the conditions of Theorem 3.3 and that there exists a A > 0 such that

Ho(F(t,\I/,(I)),G(t,\I/,q))) <A

for all (t, ¥, ®) € [0,b] x Cy x £5. Then for any ¥, ® € Ay we have

2\

9:(X,Y) < 280(¥, ®)elt + -

(e —1) for0<t< B,

where X() = X(v \Ijv Fv ﬂl)’ Y() = X(v \Ijv GvﬂQ) and B = min(ﬂlvﬂQ)'
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Proof. Foranyt € [0,3] we have
t
0
t
< Ho(V, D) +/ H(F (s, Xs,DuXs),F(s,Ys,DpYs))ds
0
t
+ [ HE(. Y DY), Gls. Ve, DY) ds
0
t t
<Ho(w.8) + L [ 0¥ ds+ [ ads
0 0
t
=Ho(V, D) + At + L/ Hs(X,Y)ds.
0
It follows that

¢
sup H(X(s),Y(s)) < Ho(V, D) + At + L/ Hs(X,Y)ds.
s€[0,¢] 0

Since

s KXY 6) = s HOG), 2(5)
< s HV(6). B(s) = Ho(V D)

we obtain that

sup  H(X(s),Y(s)) < 27—[0(\11,@)+)\t+L/tﬁs(X,Y)ds,
0

s€ft—r,t]
that is,
t
(7) H(X,Y) < 2H0(\11,<I>)+)\t+L/ Hs(X,Y) ds.
0
Further,

t t
/H(DHXSaDHYS)dSZ/ H(F(57XSaDHXs)7G(5;KwDHYs))dS
0 0
t
</ H(F (s, X5, D X,), F(s,Ys, DpY,)) ds
0
t
+/ H(F(S7Y9)DHYS))G(S7YS)DHYS))dS
0
t t
<L/ fjs(X,Y)der/ Ads
0 0
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and

0 0
/7 H(DHX(S), DHY(S)) ds < H(DH\I/(S), DH(I)(S)) ds = Hlyo(DH\I/, DH@)

-Tr

Thus, we obtain
t 0 t
(8) / ’H(DHXS,DHYS)dsg/ H(DHXS,DH}/;)ds+/’H(DHXS,DHYS)ds
t—r t—r 0
t
< Hi1,0(Da¥, D ®) +)\t+L/ 9:(X,Y)ds.
0

By using (7) and (8), we obtain

t
H:(X,Y) < 2690(F, ®) + 2Xt + 2L/ H(X,Y)ds.
0

Applying Gronwall’s Lemma [3] yields

9:(X,Y) < 2800(¥, ) + % (2Lt _ 1)

for t € [0, 5] and this completes the proof. O

Corollary 4.2. Let ¥,® € Ag. If F: [0,b] x Cy x £} — K (E) satisfies the
conditions of Theorem 3.3, then

9:(X,Y) < 290(F, @)t for 0 <t < B,
where X () = X(-, ¥, F, 1), Y(-) = X(-,®, F, B2) and = min(f1, B2).
Now consider the functional differential equation with a parameter

(9) {DHX(t) = F(t, Xy, DXy, A),

Xl—ro =V,

where F': [0,b] x Cy x £} x K.(E1) — K.(E) and E; is a real Banach space. In the

following we suppose:

(H1) For each A € K .(E;) the set-valued function F(-,-,-,A): [0,b] x Co x £ —
K.(FE) satisfies the conditions (C;) and (Cs).

(H2) For any bounded set B x By C A x K.(E1) there exists L > 0 such that

H(F(t7Xt;DHXtaA)7F(t7YZ;DHY;f;Q) < L[ﬁt(X7Y) +H(A7Q)]
for any ¢ € [a,b], X,Y € B and A, Q) € B;.
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For each A € By, the existence of a unique solution of (9) is ensured by Theo-
rem 3.3.

Theorem 4.3. Suppose that the set-valued function F': [0,b]xCox £5x K.(E1) —
K.(FE) satisfies the conditions (H1) and (H2). For ¥,® € Ay we denote by X(-) =
X(,U,A) and Y () = Y(-,2,Q) the solution of (9) corresponding to parameters A
and 1, respectively, on [0, 8], 8 < b. Then we have

9:(X,Y) < [290(T, @) + 2K FH(A, Q)]e* Kt for 0 < t < B.

Proof. From Remark 3.2 we have that

X W(t) if —r <t<0,
w0 + [i F(r, X, DXy, A)dr if 0<t <5,
and
®(t) if —r <t <0,
Y(t) = t .
®(0) + [, F(r,Y7,DpY;,Q)dr if 0<t<p.
Let t € [0, 8]. Proceeding exactly in the same way as in Theorem 4.1, we obtain
t
(10) Hi(X,Y) < 290(T, ) + KAH(A, Q) + K / 9,(X,Y) ds
0
and
t
(11) H(DHXS, DHYS) ds
t—r

¢
< HLQ(DH\II, DH‘I‘) + KﬁH(A, Q) =+ K/ f)s(X, Y) ds.
0
Using (10) and (11), we obtain
¢
9:(X,Y) < 290(¥, @) + 2KIH(A,0) + 2K [ $.(X.Y)ds
0

Applying Gronwall’s Lemma [3] yields

9:(X,Y) < [290(¥, @) + 2K SH(A, Q)]

for t € [0, 5] and this completes the proof. O
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5. EXAMPLES

1. For b, > 0 we consider the set differential equation of neutral type

0
t
DuyX(t)= | ————X(t+s)d
#X(0) /_Tl-l-(t-l-s)Q (t+s)ds
(12) 0 t+s
— " _DuX

+[T1+82+t2 W X(t+s)ds, te0,b),

Xljro =Y,

where W € Ay is given. For any X € Ay, let

0 0
F(t,Xt,DHXt) = / ¢ Xt(S) ds +/ Ll DHXt(S) dS, te [O,b]

_p 14+ (t+s)? 1482+ t2
Obviously, t +— F(t, Xy, Dy X}) is strongly measurable for each fixed X € Ap,. Next,
for any X,Y € Apj and t € [0,b], we have that

H(F(taXtvDHXt);F(t;}/t;DH}/t))
0 0
t 1+t
< _— - - -
=~ ‘/77, 1+ (t_‘_S)QH(Xt(S)vY%(S))dS'f‘/T 1+52 —|—t2

0
<brHo(Xe,Y:) +(1+D) H(DuXi(s), DpXi(s))ds

-r

H(DuXi(s), DpXi(s))ds

0

< L{Ht(X, Y)+ Ht(DHX(s),DHX(s))ds} = L (X,Y),

T

where L := min{br, 1+ b}. Hence the Lipschitz type condition (6) is satisfied for any
t€[0,b] and X,Y € Ap). Since F(t,0,0) = {0} for any ¢ € [0,b], for a given o > 0
and any X € B,(¥Y) we have

L$H:(X,0) < L[H:(X,9°) + 69, (9°,0)]
Lo+ LH;(9°,6).

H(F(t, Xi, DuXy),{0}) <
<

Obviously, the function m(t) := Lo + L$;(¥°, 6)is Lebesgue integrable on [0, b] and
H(F(t, Xt, DuXt),{0}) < m(t) for a.e. t € [0,b]. It follows that all the conditions
from Theorem 3.3 are satisfied.

2. In the following, we consider the set differential equation of neutral type

0
DuyX(t) =gx,a(t)DupX(t—1) +/ Dy X(t+s)ds, tel0,2],

-1

(13)
Xli—1,00 =10,
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where gx a(t) = H(X(t —1),A) = H(X(—1),A). Here A € K (E) is a symmetric
set with (A, {0}) = 1. We recall that A C E is a symmetric set if A = (—1)A :=
{—z; x € A}. For any X € Ay, let

0
F(t,Xt, DHXt) = gX,A(t)DHXt(_]-) —+ / SQDHXt(S) dS, te [O, 2]
—1
Obviously, ¢ +— F(t, X;, Dy X;) is strongly measurable for each fixed X € Ajy. We
will show that there exists no constant L > 0 such that

(14) H(F(t7Xt;DHXt)7F(t7Y;5;DHY;5)) < Lﬁt(X7 Y)

for any t € [0,2] and any X,Y € Ap. If the Lipschitz type condition (14)
is satisfied, taking Y (¢) = 6, t € [—1,2], there must exist L > 0 such that
H(F(t, Xt, DuXt),{0}) < LH:(X,0) for any ¢t € [0,2] and any X € Ajp. The
last inequality can be written as

(15) H(gx,a(t)DuXi(—1) + /O S*H(DX(s),0)ds < LH:(X,0)

-1

for any ¢ € [0,2] and X € Apy. Next, for a given n > 3L, let X™: [-1,2] — K.(E)
be defined by

1
0 if -1<t<1——,
0} i y
1 1 1
(—t+1——)A ifol-S<t<l——,
n n 2n
n . 1 1
1 1 1
(—t+1+—>A i1+ —<t<1+—,
n 2n n
1
{0} if 14+4-—-<t<2
n

Then X" € App) and X"(t) = 0 for any t € [-1,0]. Further, since H(DgX"(7),0) =
lfor1 <7< 1+1/nand H(DgX"(7),0) =0 for 1+ 1/n < 7 < 2, we have for
t = 2 that

2
92(X7.0) = sup H(X"(r),{0}) + / H(DuX"(r).0) dr

T€[1,2]

1 1+1/n 1 1 3
= DyX™(1),0)dr = — + — = —.
2n+/1 H(DpX"(7),0) d7 2n+n 2n
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Now, for ¢ = 2, from (15) we have

0
Hlgxr aODaX"(1)+ [ SHDHXI(5),0)ds < Lira(X",0).

-1

Since H(DpXy(s),0) = 1 for =1 < s < =1+ 1/n and H(DgX%¥(s),0) = 0 for
—1+4+1/n < s <0, we conclude that

/01 DpX2(s)ds = /m/" 2Dy X3(s)ds = %[(_1 + 1)3 " 1},4.

-1

Since X™(1) = {0}, gxn.a(1) =1, DgX"(1) = A, H2(X™,0) =3/(2n) and n > 3L,
we obtain from the last inequality that

1+1[( 1+1)3+1]} <31
3 n Son

which is impossible. Therefore, the Lipschitz type condition (14) does not hold for
any X,Y € Apy). Now, for a given ¢ > 0, let B,(0°) := {X € Ag] ; N (X, 0% < o}
(see Remark 3.4 for the definition of the space .Ag]). In our case, ¥O(t) = 0 for any

€ [-1,2]. Next, we recall the following useful property of the Hausdorff-Pompeiu
metric (see [13]): with 5 := max{\, pu}, A, u > 0, we have

H(AA, uB) < fH(A, B) + |A — p|[H(A,{0}) + H (B, {0})]
for all A, B € K.(F). Further, for any ¢ € [0,2] and X,Y € .Ag] we have

H(F(t, Xy, DpXy), F(t,Y:, DuY:)) < H(gx,a(t)DaXi(—1),9y,a(t)DuYi(—1))

0
+/ s*H(Dyp X(s), DpYi(s))ds < B(t)YH(DuXi(—1), DgYi(—1))

-1

+gx,a(t) — gv,a()| [H(DuXe(-1),{0}) + H(DuY:(-1),{0})]
0
+/_1 H(DpXi(s), DrYi(s))ds,

where ((t) := max{gx, a(t),gv,a(t)} = max{H(X:(—-1),A),H(Y:(—1),A)}. Since
for any ¢ € [0, 2] we have that

B(t) = max{H(X,(=1), A), H(Yi(=1), 4)} < 2(1 + 0),
lgx () — gy ()] = [H(Xi(=1), A) = H(Yi(=1), A)| < H(Xe(=1), Yi(=1))

< s[up ]H(Xt(SLYt(S)) =Ho(X¢,Y:) = He(X,Y),
se[—1,0
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and
H(Xt(_]-)a {0}) < Nv H(}ft(_l)a {0}) < Nv

it follows that

H(F(t, X;, DuX,), F(t,Y:, DpYy)) < L {Ht(x, Y)+ /_01 H(Dy Xi(s), DuYi(s))ds

=L9H(X,Y), telo,2],

where L = 142N 4 2(1 + p). Hence the Lipschitz type condition (14) is satisfied for
any t € [0,2] and X,Y € B,(¥°). Also, it is easy to check that H(F (¢, X¢, Dy Xt),
{0}) < L(p+rN) for a.e. t € [0,2]. Hence all the conditions from Theorem 3.3 are
satisfied.

Next, we suppose that A € K (F) is an arbitrary parameter and let

0
F(t,Xt,DHXt,A) = gX,A(t)Xt(_l) +/ S2DHX,5(S) ds, te [0, 2].

-1

Then for any ¢ € [0,2], X,Y € B,(¥°) and 4, B € K.(F) we have
H(F(t7 Xt; DHXt7 A)a F(ta Yt; DHYta B)) g H(gX,A(t)Xt(_1)7 gY,B(t)Yt(_l))
0
+ [ PHUDUXs), DuYis)) ds < BOHX(-1),Yi(~1)
1

+ l9x.4@) — gv.p(®)] [H(X:(=1),{0}) + H(Yi(-1),{0})]

0
+/ H(DHXt(S),DHY;(S)) ds.
-1
As above, since

l9x,4() = gv,5(t)| = [H(Xe(=1), A) = H(Y;(-1), B)|
< H(AaB) + H(Xt(_]-)a}/t(_l)) < H(AvB) + Ht(Xa Y)v

we obtain
H(F(t, X,, Dy Xy, A), F(t,Y,, DYy, B))
< K |H(A, B) + Hi(X,Y) + /O H(DuX,(s), DuYi(s)) ds
_ KA B) 4 5u(X.V)], te[0.2]

where K = max{1,2(1+p),2N}. Hence the Lipschitz type condition (H,) is satisfied
for any t € [0,2], X,Y € B,(VY) and A, B € K.(E).
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Finally, we remark that if A € K.(F) is an arbitrary parameter then, following

a reasoning similar to the previous one, it is easy to check that for the set differential

equation of neutral type

1) { DuX(t) = gx a(t)[A+ X(t—1)]+ [°, DX (t+5)ds, te0,2],

the

X|[—1,O] = 97

Lipschitz condition (Hz) is satisfied only on bounded sets B x By C Ag] x K.(E).
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