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Abstract. We introduce a new tool for obtaining efficient a posteriori estimates of errors of
approximate solutions of differential equations the data of which depend linearly on random
parameters. The solution method is the stochastic Galerkin method. Polynomial chaos
expansion of the solution is considered and the approximation spaces are tensor products of
univariate polynomials in random variables and of finite element basis functions. We derive
a uniform upper bound to the strengthened Cauchy-Bunyakowski-Schwarz constant for
a certain hierarchical decomposition of these spaces. Based on this, an adaptive algorithm
is proposed. A simple numerical example illustrates the efficiency of the algorithm. Only
the uniform distribution of random variables is considered in this paper, but the results
obtained can be modified to any other type of random variables.

Keywords: stochastic Galerkin method; a posteriori error estimate; strengthened Cauchy-
Bunyakowski-Schwarz constant; adaptive refinement
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1. INTRODUCTION

Theoretical and engineering problems can be affected by uncertainties in input
data. Numerical solution methods should then provide quantification of uncertainty
of the approximate solution. The most popular such methods are the Monte Carlo
method, collocation methods and the stochastic Galerkin method (SGM). The SGM
is especially useful for solution of elliptic or parabolic problems dependent on random
parameters. Approximation spaces are usually tensor products of finite element
(FE) function spaces of physical variables and of spans of orthogonal polynomials of
random variables. This leads to a huge dimensionality of the resulting systems of
linear equations. Various methods can be applied to reduce the number of unknowns
or for preconditioning these systems.

Hierarchical reduction of approximation spaces is a well known approach for pre-
conditioning of the Galerkin method for numerical solution of partial differential
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equations. Hierarchical bases of approximation spaces have been used for many
decades [1], [2], [6]. Relations between levels of hierarchy can be also used for a pos-
teriori error estimates of approximate solutions. An important role is played by the
strengthened Cauchy-Bunyakowski-Schwarz (CBS) constant +. If the upper bound
to v is sufficiently small, efficient a posteriori error estimates can be evaluated. In
this paper we apply these ideas to a new context: to hierarchical approximation
spaces of polynomials of random variables in the SGM.

First ideas in this direction were presented in [18], [21], where a hierarchical block
preconditioning for approximation spaces using sets of complete polynomials was
introduced. In our present paper we focus on tensor products of orthogonal polyno-
mials. As for the bases of these sets, double orthogonal polynomials can be rather
used [4], because they result in block diagonal matrices and non-intrusive methods.
We show that for a certain types of hierarchy, the strengthened CBS constants are
sufficiently small and the corresponding refinements of approximation spaces can be
used for a posteriori error estimates.

Some approaches to a posteriori error estimates and adaptive algorithms can be
found in the literature. They are based on the idea that the error estimates with
respect to spatial and stochastic approximation spaces can be separated in some
sense [4], [9], [13], [12]. Eigel et al. in [12], [13] describe and prove residual based
a posteriori error estimates derived from the adequate approaches for deterministic
problems. A marking strategy for both physical and stochastic degrees of freedom
is based on the Dorfler property [12]. For dealing with the stochastic part of the
error, the equivalence between the energy norm of the underlying problem and the
energy norm of some related deterministic problem is used. Bryant et al. [9] and But-
ler et al. [10] use the adjoint-based methodology of the a posteriori error estimates
and introduce adaptive algorithms based on evaluating linear quantities of interest.
Bespalov et al. study hierarchical refinements of physical and of stochastic approxi-
mation spaces in [7]. They introduce several types of parameter-free two-sided error
estimates. Instead of the energy scalar product connected to the problem including
both types of variables, they use the scalar product associated with the deterministic
problem and employ the strengthened CBS constant with respect to the spatial dis-
cretization spaces. In our present paper we propose the a posteriori error estimates
based on a splitting of the stochastic approximation spaces and use the strength-
ened CBS constants regarding these spaces as well. This is a novel approach in the
a posteriori estimation in the SGM. We assume that tensor products of polynomials
of random variables are used in the SGM and prove a uniform upper bound to the
strengthened CBS constants for certain hierarchical splittings of them. Based on
this, we can show that projections of current errors onto refined subspaces can be
used as error indicators. Using these estimates we define an adaptive algorithm.
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This paper is organized as follows. In the next section we introduce the problem
and recall the SGM. Namely, we describe the structures of the underlying systems of
linear equations. In Section 3 we remind the idea of the a posteriori error estimates
based on a hierarchical splitting of approximation spaces. We apply this approach
to the sets of tensor products of orthonormal polynomials in random variables and
prove a uniform upper bound to the strengthened CBS constant for this splitting.
In Section 4 we introduce a simple adaptive algorithm based on the devised error
estimates. A simple numerical example demonstrates that using the introduced
adaptivity can reduce the computational cost of the SGM. Some concluding remarks
are presented in Section 5.

2. STOCHASTIC GALERKIN METHOD

Let a(z,y) be a scalar random field represented by a finite sum

N
(2.1) a(z,y) = ao(x) + Y _ ar(z)yk,

k=1
where x € D, D is a bounded domain with Lipschitz boundary, D C R¢, d € {1,2,3},
and y = (y1(w),...,ynv(w)): @ — RY is a vector of N random variables which
are defined by a probability space (€2, F,P), where {2 is a sample space with o-
algebra F and probability measure P. Let the random variables yz, k = 1,..., N,
be independent and identically distributed and have zero mean and bounded variance
and let us denote by o the probability density function of each of yr, k =1,..., N.
Thus the mean value of y; is obtained by

E[yk]Z/ka(w)dP(w):/zg(z)dz,

R

We assume that there exist a; and as such that

(2.2) 0<a <alzr,y) <az <oo ae. inD x Q.
Let us solve the elliptic equation in almost sure sense [23]

(2:3) =V - (a(z, y)Vu(z,y)) = b(z),

with homogeneous Dirichlet condition on 0D x €2, where 0D is the boundary of D,
and where b € L%(D). The gradient symbol V denotes the differentiation with
respect to the spatial (physical) variables x. Let us denote the Hilbert space H =

553



Hy(D)x L(RYN) = {u(z,y); [on [ [Vu(z,y)?o(y) dedy < oo, u(z,y) =0, (z,y) €
0D x Q}, where p(y) = II}_, o(yx). The weak form of (2.3) then reads [4], [5], [11]:
find u(z,y) € H such that

(2.4) // (z,y)Vu(z,y)Vou(z,y)o dxdy—// o(y)dz dy
RN, RN.

for all v(x,y) € H.
The truncated polynomial chaos approximation [8], [23] to the exact solution
u(z,y) of (2.4) is defined as

M
(2.5) u(z,y) = Zui(m)sz

where ®1(y), ..., P (y) are N-variate polynomials orthogonal in Lg([RN). The poly-
nomials ®;(y) can be chosen in the form of products of univariate polynomials or-
thogonal in L2(R),

N
@i(y) = [[ e (wr),
k=1

where the degree of ¢;(2) is equal to j € {0,1,...}, and

Awi(Z)wj(Z)Q(Z) dz = dy.

M
The Hilbert space H is the completion of the sums Y, U;(x)®;(y), where ¥;(z) €
i=1

HY(D). We refer to [4], [11], [13] for the detailed convergence theory and a priori
error estimates of the SGM.

The physical parts u,;(x) of the expansion (2.5) are approximated by some finite
element basis functions ¢, (x), r =1,..., F,

F
(26) uj(x) = Zujrwr(x)

A discretization space of the SGM for approximation of the solution u(z,y) of (2.4)
is then a tensor product of some finite element space Vp C Hi (D) of a dimension F'
and of a set of M orthogonal multivariate polynomials of NV random variables. Basis
functions are of the type ¥, (2)®;(y), r=1,...,F,i=1,..., M.

The coefficient a(z,y) in (2.3) can be considered in a more general form than
n (2.1). For example, the terms y; can be substituted by polynomials in yi of
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higher orders. For example, the log-normal distribution of y in a(z,y) leads to
this type of the expansion of a(x,y), see [22]. In this paper we consider only the
linear case (2.1). Such an expression can be obtained as a truncated Karhunen-Loeve
expansion of a general scalar random field a(x, y) with some given covariance function
C(z,Z). Then ax(xz) would be the normalized eigenfunctions of C(z,Z) multiplied
by square roots of the corresponding eigenvalues [8].

In this paper we assume that y, are uniformly distributed on (—1,1). To sat-
isfy (2.2), we assume that (see [4], [5], [13], [14], [17])

N
(2.7) S llaw(@)lle < inf ao(e).
k=1

Note that this condition also guarantees positive definiteness of the associated
Galerkin matrix, see Lemma 3.2.

For the polynomial chaos expansion (2.5) of u(z,y) usually one of the following
two sets of orthogonal N-variate polynomials is used: a tensor product of orthogonal
univariate polynomials ¢;(yx), where the degrees of ¢;(yx) do not exceed pj and
where p = (p1,...,pn) is a prescribed vector, or complete polynomials, which are
products of univariate orthogonal polynomials, the total degree of which does not
exceed a given constant ¢q. In this paper we will consider the former type of the
approximation polynomials and we denote

N

(28) Vp17~~~7pN = {H Py (yk)v deg(%‘k) < Pk, k= 1., N}v
k=1

where deg(y;) means the degree of ¢;. The dimension of Vp, . ,, is

N

M =dimVy, . py = [T (or +1).
k=1

In practical problems, the tensor products of polynomials should be used rather
than the complete sets of polynomials, if the impact of some of the variables yy is
rather greater than the influence of the others. This can happen, for example, if
the magnitude of ax(x) is much larger than the magnitude of the other a;(z) on D.
Then choosing the bounds p; greater than the others may lead to a more precise
approximation of the solution than by complete polynomials and thus to reducing
the computational cost. In other words, if the magnitudes of ax(z) decay fast with
growing k then py should decay correspondingly, see for example [15].
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Remark 2.1. Instead of the orthogonal polynomials ¢;(z), a set of double-
orthogonal polynomials ¢;(z) can be used in the definition (2.8) of V,,, ..,y , see [4].
For i # j we then have

[ @0 =0 ad [ 2650 dz =0,
R R

Interestingly, this choice of the basis of V},, .. ,, results in the same set of linear
equations as if we use the collocation method with some special choice of nodes [4].
The Galerkin matrix obtained from (2.4), (2.5) and (2.6) is then block diagonal.

The orthogonal polynomials ¢;(z) satisfy a three-term recurrence formula [14],
[19]

(2.9) Pr+1(2) = (qrz + 1)k (2) + skpp—1(2)

for some appropriate g, 7, si. If the weight function ¢ is symmetric, then 7, = 0
[14], [19], and thus

(2.10) / P (o(x)dz =1, / 2 (2)e(z) dz = 0,

1 Sk+1
(2.11) /z@k(z)gokHQ(Z) dz = — = -2
R ak Ak+1

Since we consider uniform distribution of the random variables y; on (—1,1) and
o(z) = %, ;(z) are the orthogonal Legendre polynomials. The recursive formula for
the normalized Legendre polynomials reads

(= e (2) = v+ D+ 3)2(2) — i (2),

where ¢o(z) = 1 and ¢;(z) = 2v/3. Then instead of (2.11), we have

! I k+1
/12%('2)%“(2)5(12_ 2kt D2k +3)

In this paper we do not distinguish between a function u and its vector representa-
tion with respect to some basis of the approximation space V,, ... px X Vp. Galerkin
discretization of (2.4) leads to the set of M x F' linear equations with M x F' un-

knowns,

(2.12) Au = B,
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where the elements of A and B are
Ao = [ [ ale.) 76,076,000, (0)aly) dady
RNJD

- /RN/D ao (@) Vb, (2)Vihs (2) @i (y)®; (v)o(y) dz dy

N
+; /R ) /D 0 () Vo (2) Vs () D1 (1), (1) 3y) da dy
N

=t (Ao)irjs + > _(Ak)irjs,

=
B = [ [ (o) itu)aty) da dy
Let us define matrices Ko, Gy, m = 0,1,..., N, by
(2.13) (Ko)rs = /Dao(x)vws(x)vwr(x) dzx,
(Kdes = [ anl@)90:(@) Ve (z) da,
(2.14) (Gobis = [ 20 ()et)dy = 5.
(Gl = [ 1 ®0);(0)200)

Then the Galerkin matrix of the problem (2.4) is

N
(2.15) A=Go@ Ko+ Y G ® K.

m=1

Since the polynomials ®,(y) are tensor products of the univariate normalized orthog-
onal polynomials @i (ym ), the structure of A can be even more specified. Let us order
the basis functions ¢, (z)®;(y) lexicographically, where the indices at the physical

N
basis functions 1, (x) are changing fastest. Let the polynomials ®;(y) = [ ¥i. (yx)
k=1

be lexicographically ordered in such manner that the indices at the polynomials of
the random variables yj; are changing faster than the polynomials of the random
variables y; whenever k < j. Let Gy and Gi,1 be (k+ 1) x (k + 1) matrices with
elements

(Gro)is = / ei(=)ps(2)olz) dz = 83,
(2.16) (Gr1)ij = /RZ%(Z)%(Z)Q(Z)@ = é\i—jl,lqina n = min{i, j}.
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Then Gy is the (K + 1) x (k + 1) identity matrix and G is a (k+ 1) x (k+ 1)
non-negative tridiagonal matrix. In the sequel, we will denote the m x m identity
matrix by I,,. Sometimes we will use only I if its dimension clearly follows from the
context. For the introduced ordering of the basis functions ¢,.(x)®;(y), the matrix
A can be written in the form of a sum of tensor products, cf. [14],

A=Gpyo0®@Gpy 10®...0Gp, 00 Gy 00 Ko
+Gpn0@Gpy 1.0®...0Gp, 0 Gp 1® K
F Gy 0®Gpy 10®...0Gp, 1 ®Gp 0 K,
o G 1 QG 109 ... ®Gpy0®Gp 0@ Kn,

or, more precisely,

(217) A:IPN+1®IPN—1+1 ®"'®Ip2+1®‘[p1+1 ® Ko
+ II)N-‘rl ® I;DN—1+1 ... ® I;D2+1 ® G;Dhl ® Ky
F Loy +1 @ Lpy 141 ® ... ® Gpy 1 @ Ip 41 © K
oo+ G;DNJ ® I;DN71+1 Q... ® I;D2+1 ® IP1+1 ® KN
Let us introduce some examples of the nonzero structures of the matrix A. For

the uniformly distributed random variables y,,, on (—1,1) and for N = 1, p; = 3,
the block structure of A is

Ko \%Kl 0 0
1 2
A= | vl Koo gk 0
0 T Ko gpk
0 0 \/—3_5K1 Ko

and for N = 2, p; = 2, po = 1, the block structure of A is

1 1
1K0 %Kl 2O %Kg 1O 0
=K Ko ﬁKl 0 7§K2 0
2 1
A_| 0 EE K0 0 LK
kK2 0 0 Ky kK 0 ’
1 1 2
0 ﬁKQ 10 ﬁKl 2]"{0 \/—1—5K1
0 0 %Kg 0 ﬁKl Ko

Due to the orthogonality of the polynomials ¢;, the matrix A is block sparse
and the nonzero structure of A depends on the numbering of the basis functions
Yr(2)®;(y). According to our ordering, A is a block matrix where each block is of
the size F' X F. Such a block of A with coordinates i,j corresponds to a pair of
polynomials ®; and ®;.
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An example of the nonzero block-structure of A can be seen in Figure 1 for
p = (2,2,4). This scheme is obtained for the uniformly distributed random vari-
ables y; on (—1,1) and for the Legendre polynomials ¢;(yx). The same nonzero
scheme can be obtained for normally distributed random variables y; and for the
Hermite polynomials. Two dashed lines split the matrix A into four blocks, the
left upper diagonal block of A corresponds to p = (2,2,3). Every small rectangle
stands for a block matrix of the size F' x F. There are 237 such F' x F nonzero
blocks in this A. The small rectangles represent some multiples of matrices K;, thus
the nonzero structure of these small blocks is the same as the nonzero structure of
the stiffness matrix of the corresponding deterministic problem. The nonzero block
structure of A depends on the properties of the approximation polynomials ®;(y)
and on the expansion of a(z,y). Since for many types of basic random variables
a three term recursive formula is available, the nonzero block structure of A re-
mains the same but, of course, the spectral properties of A may change. See, for
example, [14].

3. A POSTERIORI ERROR ESTIMATES

Let us assume a decomposition of some general finite dimensional approximation
space V of (2.4) into a direct sum V = U @ W and the resulting Galerkin system of
linear equations with a positive definite matrix A in the form

Av Aow )\ [(wm By
3.1 Au = = = B.
(31 ! <A5w Aw > <u2> (BW>
The strengthened Cauchy-Bunyakowski-Schwarz (CBS) constant v € (0, 1), see [2],

for subspaces U and W with respect to the energy scalar product (u,v)4 = u® Av is
the smallest v > 0 satisfying

(u15u2),24 < 72(u17u1)A(u2;u2)A; up € Uv Uz € Wa

or, equivalently,

T 2 2 T T
(vy Auwv2)” < v vy Ayvovy Awor,

where v and v; are any real vectors of appropriate dimensions.
Let us consider the original problem (3.1) and the coarse problem Ayu = By and
their solutions uy and ug, respectively,

AUV =B and AUUU = BU.
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Let @ be the exact solution of (2.4) and let ey = uy — @ and ey = uy — @ be the
discretization errors of the solutions uy and uy, respectively. Let ||-|la = v/(-,")a
denote the energy norm. Let éyy be the solution of

5 T
AWeW = BW - AUWU'U'

Then from the Galerkin orthogonality we obtain [2], [7]

(3.2) levh = llevl% — lluy — uol%
and

~ 2 2 1 ~ 2
(3.3) lewla < lluy —uvlli < mHeW”A'

This means that for a sufficiently small 7y, the error decay in the energy norm obtained
after some refinement V = U @& W of the approximation space U can be estimated
by the energy norm of the solution éy of a small problem with the matrix Ay .
Note that éy is the projection of ey onto W with respect to the energy scalar
product. The space W can be of a much smaller dimension than U, thus ||éw || 4 can
be relatively easy to obtain. Moreover, if the saturation assumption [1] holds with
some constant 5 € (0, 1),

llevia < Bleuv a,

the energy norm of ey can be estimated by [1]

- 1 1 -
lew 1% < llevls < WWHW/H%’

which means that if v and [ are sufficiently small, the energy error of uy is well
approximated by ||éw|la. To the best of our knowledge, no estimates of 3 are
available for the approximation spaces V), in the literature, cf. [7]. Some asymptotic
convergence estimates [4] could provide ideas of what type the estimates could be.
Preconditioning and a posteriori error estimates using upper bounds to the
strengthened CBS constant 7 (algebraic multilevel methods, hierarchical Schur
complement reduction) are well applicable to the finite element methods for deter-
ministic problems, see for example [1], [2], [3]. To reduce the approximation error
of the solution of (2.4), the physical or stochastic approximation spaces or both of
them can be refined [7], [9], [10], [13]. It appears that the estimates of the physical
and stochastic parts of the error can be separated in some sense. This follows from
theoretical results [4], [7], [9], [13], and from computational experiments [7] as well.
Moreover, the energy norm of the error generated by the scalar product on the
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left-hand side of the weak form (2.4) is usually approximated by a norm derived
form the related deterministic problem. The equivalence of these two norms follows
from the strengthened assumption (2.7), namely, it is assumed that there exists
c1 € (0,1) such that [13], [17]

Z lak (7)o < 1 xig%at)(ﬂ?)-

Our approach is different and has not appeared in the literature yet. We suppose
that some algorithm for the refinement of the physical unknowns is available and
we focus only on the stochastic part of the solution. Our aim is to find an efficient

algorithm for refining the current stochastic approximation space V,, to reduce

15PN
the energy norm of the error as much as possible. Since we consider the tensor
product of univariate polynomials ¢;, any refinement of a current approximation

space means increasing the degree of some of the polynomials ;. Let us denote

N
(34) Winp,,py = {H @i (Yx); deg(wi,,) = pm + 1, deg(pi,) < pi, k # m}-
k=1

An example of the nonzero block structure of A can be seen in Figure 1 for N = 3.
The two dashed lines split the matrix A according to the approximation spaces V2 2 3
and W3a.223. The adaptive algorithm which we propose in this paper is based on
an estimate of the error reduction using (3.2) and (3.3) and on proving a sufficiently
small upper bound to the CBS constant « for spaces V,,,, .,y and refining spaces
_____ pn- We suggest to update the current solution space Vj, ... ,, according to
the largest estimate of the decay of the error.

In the following two lemmas we first show that under the assumption (2.7), the

matrix A is positive definite.

Lemma 3.1. Let the matrices K,,, m = 0,..., N, be defined by (2.13) and let
the assumption (2.7) hold. Then form =1,...,N

—1/2 —1/2 llam(z) |l
1Ky KKy VP < e
inf ag(x)

x€D

and thus

N
Z ”K—1/2 —1/2|| <1
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Figure 1. Example of a nonzero block scheme of A = A3 2 4. The two dashed lines split the
matrix according to the discretization of (2.4) in random variables of V2 2 3 and
W3;27273, where V27274 = V27273 (©) W3;27273. The first diagonal block is A27273.

Proof. The matrix K is the stiffness matrix of the corresponding deterministic
problem, hence it is positive definite. We have for m =1,..., N,

_ _ Ky KKy TK
R R e R RN ey o
wERF u#0 utu ueRF yz0 | U Kou
am(z)(Vu)? dz
¢ [om@Ew
weHY(D) 0 | Jp @0(x)(Vu)? dz
< sw lamlloe Jp(Vu)?dz | lam]|o
we (D)o | I ao(@) [p(Vu)?dz | inf ao(x)’
where u stands for vectors and for functions of H{ (D) as well. O

In the following we will deal with the Galerkin matrices A defined by (2.17). Let us
denote them according to the spaces used for the Galerkin projections: let A,, .,
be the matrix arising from the Galerkin projection of (2.4) onto Vj,, . ,n X Vb,

where Vp is a finite element space, Vp C HJ (D). Then from (2.17), Ay, .. pn can be
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generated recursively as the (py + 1) X (pn + 1) block tridiagonal matrix

Api N1 By 0 0
BN)I APl,myPN—l BN,Q .« e O
(3.5) A,y = :
0 Bnopn—1 Apr,.pnoa Bnpy
0 e 0 BNy Apr,opnoa

where By is a block diagonal matrix

k
B = 19K
MR k- Dekr )Y

and
Ay, =1 Ko+ G ® K;.

Note that the Galerkin matrix A, . ,y—1 associated with the projection onto
Vpi,...on—1 % Vp is equal to the left upper part of A, . ,y, namely to the matrix
composed from the left upper py X py blocks. We would like to point out the
difference between A,,, . p,y—1 and A,
block of Ap, . pnv—1-

Matrix Ky is positive definite. Let Do = Iy ® K&1/2 and denote

The matrix A,, . is a diagonal

cHPN-—1" cHPN-—1

AVP17~~~7I)N = DOAI)17~~ Dy.

PN

Lemma 3.2. Let y,,, m = 1,..., N, be random variables uniformly distributed
n (—1,1). Then for any N and for any vector p = (p1,...,pn) the matrix Ay, . o
is symmetric and positive definite and for all vectors v € RIMXF)x1 4, £ (),
vTA

v
0< # < 2||Kol|-

Especially, every matrix

A o AplnuypN—l BN;l
P1,--sPN—1,1 — B A
N;1 D1,

cHPN-—1

is positive definite and thus T(A;i,.,7pN_1BN;1) < 1, where r denotes the spectral

radius.

Proof. The symmetry of A, . ., follows from its definition (2.15) and from
relations (2.13) and (2.14). Let ¢ = (c1,...,¢n), |lc]| # 0, and let

m
u=Ycrpr(2),
k=0
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where ¢ (2) are the normalized orthogonal Legendre polynomials. Then for G, 1
defined by (2.16)

! 1 ! 1
S/ |z|u2(z)§dz</ uQ(z)adz:cTc

-1 -1

1
1
| Gmic| = ‘/ qu(z)E dz
-1

and the equality cannot be achieved except for the case where u(z) =0 on (—1,1),
which means ¢ = 0. Thus we have |Gy, 1] < 1 for m =0,1,2,... Then we have

VT Ay v VI @ Ko)v+ a0 (I ® G @ T ® Ki)v
vTo vTo
Vo + SN 0TI @ Gpa @10 Ky 2K Ky
vT(I @ Ky
vTv—l—ZkN:l v (I @ Gy 1 ®I®K§1/2Kngl/2)v vTo
vTo vIT(I® Ky’

where [ stands for the identity matrices of the appropriate sizes. Thus from
Lemma 3.1

vT A, N al ~1/2 —-1/2

sup —— ot < (HZIIGm,lIIIIKo PRk, ||)||K0|
v#0 1

< (1 max Gy, all) I1Koll < 201 Kol
VA g al —1/2 —1/2 _1y-1
inf TR S (1= 3G 1K K ) K

k=1
—1y=
> (1= max Gy )55 > 0.

)

O

In the next lemma we prove an auxiliary result for the main theorem of this paper.

Lemma 3.3. Let matrix M,, be of the m x m block tridiagonal form

1

IN %M ON e 0

1 2

EM I \/ﬁM 0

M,, = ... e .. . 1.
0 m—2 I m—1
(2m—5)(2m—3) (2m—3)(2m—1)

0 0 SR (e — V| I

(2m—3)(2m—1)
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where M is symmetric and ||MH < 1. Then the strengthened CBS constant ~y for
the splitting of M, into the 2 x 2 blocks

0
M1 :
(3.6) M, = - ? -
WV em-3)@m-1
0,. St — I

.0,
(2m—3)(2m—1)

is bounded by
2 m—1
TS om—1

Proof. Let M be a block matrix and let (M), denote its last (lower right)
diagonal block. For the strengthened CBS constant v corresponding to the 2 x 2
decomposition (3.6) of M, we have

7 < | g e (T )| < I il

where r(M) denotes the spectral radius of M. The recursive evaluation of the norm

(M1 iab|| can start with

_ 1—~,\"1 1~k 3
102z Dhanll = || (1= 3822) || < X0 g A7) < 5.
k=0
By induction we can prove that
_ 2m —1
(M, aw | < —
Indeed, supposing
_ 2m —3
M E Dl € ——,
we get
— 1) (-1 A\ !
1M ha | = H(I 2m 3) 2m—1)M(Mm—1>ldbM) H
> — N
-1
Z( 2m 3) 2m—1)HM(Mm—1>ldbM”)
k=0
i( )2 2m—3)k_ 1 _2m—1
2m 3 2m—1) 1/ 1-(m-1)/2m-1)  m

k=0
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Finally, we obtain

9 (m—1)2 2m—3  m-—1
S @2m-3)2m—-1) m—-1 2m—1

v

O

The next theorem contains the main result of this paper. It proves the upper bound
to the strengthened CBS constant «y for the spaces Vj,, ... py X Vp and Wy, pn X VD
for any m = 1,..., N, and for the energy scalar product defined by the left-hand
side of (2.4).

Theorem 3.1. Let the random variables y,,, m = 1,..., N, be uniformly dis-
tributed on (—1,1). Then the strengthened CBS constant Yi;p, ,...py,...pn fOr spaces

Vorseoprroon = Vorreope—1,on © Wiipypi—1,..px

is bounded by
Pk

2pr +1

2
Vkip1,....pn <

Proof. Without any loss of generality we can assume k = N. Thus we consider
the splitting Vp,, ...on = Vor,pv—1 @ Whaip, ... pn—1. Let us consider the scheme

of the corresponding matrix A, as in (3.5). Then to obtain the upper bound

-sPN
t0 YNip.,....pn» We need to find the maximum singular value of the matrix

Q=A? (0,...,0, By ) A 1/2

P1,--sPN—1,PN—1 P1,--sPN—1"

or, equivalently,

2 T —1/2 —1 —1/2
YNp1,....pn < T(Q Q) = T(A;Dln/n,pN—lBN?i”N (Apl7---7:0N—17;0N—1)1deN%10NAp1,~/~~,pN—1)’

where r(M) is the spectral radius of M and (M )41, stands for the last diagonal block
of M. Notice the difference between py,...,py — 1 and p1,...,pny—1. Let us also

point out that

k
By, = 19K
MET k- D@Ekrn

and that all of the diagonal blocks of A,, . ,, are the same matrices A4,,

3PN -—-1"
Let us denote

Dy = A71/2

P1,--sPN—1

and

ENﬂC = DABN§1€DA’ ZPI;~~~7PN—1 = (IPN+1 Y DA)API;~~~7PN—1(IPN+1 & DA)
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Then
T(QTQ) =1(BNpy (A;;ll,...,pN,l,pN71)ldeN;pN )s

where
I By O 0
~ Bi,n I Ba;n 0
AP1;~~~7PN = e e e
0 Bpy-1;N 1 Bp N
0 0 Bpyn I
L s
I %B 0
LB I -2
V3 V15
= 0 pN';'l E I pN E ,
V(@pN—=3)(2pN—1) ~ VEry-1)(2pN+1)
0 0 S S\ S—1 I

vV@pny-—-1)(2pN+1)

where B = D4(I®Ky)D4. From Lemma 3.1 and Lemma 3.2 we get || B| < 1. Thus

r(QTQ) can be estimated recursively and from Lemma 3.3 we obtain ’yjzv;phpr <
pn/(2pN +1). O

Remark 3.1. We would like to emphasize that the refining spaces Wi,.p, ... py X
Vp,m=1,..., N, are pairwise orthogonal with respect to the energy scalar product.
Indeed, for example, for N = 3 and ®;(y) € Wi p,+1,p2,psr Li(Y) € Win p1 pati,pss
k # m, we have

[, #we,mawa =0

and
/Rs ym®i(y)®;(y)o(y) dy = 0

for any m = 1,2,3. This means that the projection of the error of u obtained in

N

Vpi,...pn X Vp onto the span of |J Wiyp,,...px X Vb can be decomposed into N
k=1

orthogonal components, which are projections onto the spaces Wi,.p, ... pn X VD,

m=1,...,N.

4. ADAPTIVE ALGORITHM AND NUMERICAL EXAMPLE

The derived uniform upper bounds to the strengthened CBS constants «y allow us
to use the projections of current errors onto the spaces Winp,....pxy X Vb as reliable
estimates of the discretization error associated with each particular random variable
Ym, m = 1,..., N, and to guess what refinement would decrease the energy norm
of the error as much as possible. Based on such estimates we propose an adaptive

algorithm. The error of a current solution is projected onto the spaces Wi,.py ... px X
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Vp for every m = 1,...,N. Since 42 < 1/2, we obtain from (3.2) and (3.3) the
estimates of the error decay for each m and thus we can decide the degree of which
polynomial ¢;(y,,) should be increased. Moreover, assuming S be sufficiently small,
we obtain a quite accurate estimate of the energy norm of the current error.

Adaptive algorithm.

1. Choose an initial vector p = (p1,...,pN)-

2. Compute the Galerkin solution of (2.4) in V,,, .,y X Vp.

3. Find a projection of the current error onto the spaces Wi.p, ..oy X Vb, k =

1,..., N, with the largest energy norm. Denote the corresponding index by m.

4. Update (p1,...,Dmy---,PN) := (P1,---,pm + 1,...,pn) and go to Step 2.

To examine the proposed algorithm let us consider a simple 1D problem. Let
us emphasize that the efficiency of the algorithm does not depend on the physical
dimensionality of the problem. Let us solve the equation —(au’) = 1 on (0,1),
u(0) = 0, u(1) = 0, where a(z,y) = ap + a1(x)y1 + a2(x)ys + as(x)ys, thus N = 3.
Let ap = 1 and let yi be independent and uniformly distributed random variables

n (—1,1). Let ar(z) be piecewise constant,

ai(z) =0.95, =z €(0,1/3),

az(xz) =0.1, =z € (1/3,2/3),
as(z) = 0.5, x€(2/3,1),

ax(z) =0, otherwise, k=1,2,3.

We use the uniform mesh on (0, 1) and the piecewise linear FE basis functions, F' = 20
or F' = 41; thus some nodes coincide with the discontinuity points of ay(z). Then we
can suppose that the physical discretization error is relatively small compared to the
stochastic discretization error. We compute the energy norm of the error ey of the
current approximate solution both for the adaptive refinement of the tensor product
(TP) of polynomials and for the sets of complete polynomials (CP) with growing
total degree. These norms are plotted by the solid lines in Figure 2. The dashed
lines indicate the largest energy norm of the projections of ey onto the subspace
Whipr.pe,ps X VD, B =1,2,3, in the case of the TP. For the CP scheme, the dashed
line depicts the energy norm of the projection of ey onto the space of polynomials
of the total degree equal to ¢ + 1, where ¢ is the largest total degree of the current
approximation polynomials. The sequences of vectors p™ such that the spaces Vpn x
Vp are used in the Adaptive algorithm are the same for 20 and for 41 spatial nodal
points:

p™: (111),(211), (311), (411), (412), (512), (612), (712), (812), (813).
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Figure 2. Solid lines: Energy norms of current errors |egs|| 4 of the solutions in Vp, p,,ps X
Vp for the adaptively refined TP scheme and of the solutions using the CP
schemes dependent on the number of stochastic basis function M. Dashed lines:
Energy norms of the largest projections of the current error ey onto Wi, 1y ps X
Vp for the TP scheme and energy norm of the projection of e;; onto the space
of polynomials of the total degree equal to ¢ + 1, where ¢ is the largest total
degree of the current approximation polynomials for the CP scheme. Numbers of
physical nodes are F' = 20 or F' = 41.

Of course, the first elements p} of p™ = (pt,ply, p}y) are the largest ones due to the
largest magnitude of a;(z). From Figure 2 we can see that the adaptive refinement
of the approximation stochastic spaces leads to a significant memory saving. We
can also notice that the largest error projections onto Wi, p,.p, Well indicate what
refinement should be made in each step of the Adaptive algorithm. It can be also
seen that different spatial meshes almost do not influence the error estimates and
particular refining steps of the Adaptive algorithm.

4.1. Discussion. Function spaces used to approximate the stochastic part of the
solution obtained by the SGM have some properties different from spaces usually
used in the FE methods. This is caused by the following reasons: the domains of
random variables are very regular, usually hypercubes, and thus classes of orthogo-
nal polynomials can be used as the basis functions; many random variables can be
employed, even tens or hundreds; no derivatives with respect to the random variables
are considered. This is why completely new forms of preconditioning, a posteriori
estimates and adaptive strategies can be devised. In this paper, we introduce an
efficient algorithm of refinement of the approximation spaces of the SGM in which
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tensor products of polynomials in random variables are used. Following the first
results [18], we here introduce another form of exploiting the uniform upper bound
to the strengthened CBS constant for a certain hierarchical decomposition of the
stochastic approximation spaces. We prove that for the uniformly distributed ran-
dom variables this upper bounds are sufficiently small for any degrees of polynomials
and for any numbers of random variables. Then a kind of hierarchical a posteriori
error estimates can be applied to define an adaptive algorithm.

Let us emphasize that instead of the orthogonal polynomials ¢ (ym), k= 1,...,
Pm, m = 1,..., N, one can use the sets of double orthogonal polynomials [4] which
lead to a non-intrusive computational scheme, because the matrix A, .. ,, becomes
block diagonal with diagonal blocks of the same size as the underlying determinis-
tic problem. In this case, the Galerkin projection of current errors onto the spaces
Winip.,...,pny can be computed in the same way as in the case of orthogonal poly-
nomials. But, of course, after any refinement of an approximation space of double
orthogonal polynomials, all of the current polynomials in some variable y,, must be
substituted to obtain a new set of double orthogonal polynomials of a higher degree.

In this paper, only the uniform distribution of the random parameters is consid-
ered. Of course, any other distribution can be used and new upper bounds to the
strengthened CBS constants can be obtained. The main limitation of the presented
approach is the linearity of a(z,y) with respect to random parameters. If the coeffi-
cient a(x,y) were in a more general form than in (2.1), the matrix A of the resulting
system of linear equations would have a different structure and can be even full [20].
Instead of the orthogonal polynomials, we can use wavelets, piecewise polynomials
or other functions to approximate the solution [16]. For all such problems, new
techniques of hierarchical a posteriori error estimates can be studied.
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