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KYBERNETIKA — VOLUME 50 (2014), NUMBER 6, PAGES 950-977

STRONG AVERAGE OPTIMALITY CRITERION FOR
CONTINUOUS-TIME MARKOV DECISION PROCESSES

QINGDA WEI AND XIAN CHEN

This paper deals with continuous-time Markov decision processes with the unbounded transi-
tion rates under the strong average cost criterion. The state and action spaces are Borel spaces,
and the costs are allowed to be unbounded from above and from below. Under mild conditions,
we first prove that the finite-horizon optimal value function is a solution to the optimality equa-
tion for the case of uncountable state spaces and unbounded transition rates, and that there
exists an optimal deterministic Markov policy. Then, using the two average optimality inequal-
ities, we show that the set of all strong average optimal policies coincides with the set of all
average optimal policies, and thus obtain the existence of strong average optimal policies. Fur-
thermore, employing the technique of the skeleton chains of controlled continuous-time Markov
chains and Chapman—Kolmogorov equation, we give a new set of sufficient conditions imposed
on the primitive data of the model for the verification of the uniform exponential ergodicity of
continuous-time Markov chains governed by stationary policies. Finally, we illustrate our main
results with an example.

Keywords: continuous-time Markov decision processes, strong average optimality crite-
rion, finite-horizon expected total cost criterion, unbounded transition rates,
optimal policy, optimal value function

Classification: 93E20, 90C40

1. INTRODUCTION

Continuous-time Markov decision processes (CTMDPs) have been deeply studied under
different optimality criteria in recent years. As is well known, the expected average
criterion is one of the most common optimality criteria, and the existence of average
optimal policies for CTMDPs has been studied via different methods and sets of condi-
tions; see, for instance, [11] 13| [14] 2] 23] 24] and the references therein. However, the
expected average criterion is rather underselective due to the fact that it neglects the
behavior of the controlled stochastic process during any finite time interval. Therefore,
some advanced optimality criteria, such as the bias, weakly overtaking and variance
minimization criteria, have been proposed; see [13] for details. Motivated by the strong
average optimality criterion for discrete-time MDPs in [3] [7, 8, [I5], which evaluates the
performance of a policy over long but finite horizons, as well as in the long-run average
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sense, we are concerned with the continuous-time version (see Definition in this
paper. To the best of our knowledge, there is no literature dealing with the strong
average optimality criterion for CTMDPs. As indicated in [3] [7, [8, [15], every strong
average optimal policy is average optimal under the nonnegativity assumption on the
costs, but the contrary is not necessarily true without further conditions. Consequently,
it is desirable for us to study the relation between the average optimality and strong av-
erage optimality. Moreover, the strong average optimality criterion provides a new way
to overcome the underselective deficiency of the expected average criterion. It should
be mentioned that we discuss the strong average optimality criterion in the class of all
randomized Markov policies whereas the advanced optimality criteria studied in [13] are
restricted to the class of all deterministic stationary policies.

In this paper, we study the strong average criterion for CTMDPs with the unbounded
transition rates in which the state and action spaces are Borel spaces, and the costs are
allowed to be unbounded from above and from below. Since the definition of the strong
average criterion involves the finite-horizon expected total cost criterion, we also need
to investigate the existence of optimal policies for CTMDPs under the finite-horizon
criterion, whose treatment is more complicated than that for discrete-time MDPs. The
finite-horizon criterion for CTMDPs has been studied by many authors; see, for instance,
[1l 4], 18] for the case of finite or denumerable states, and [9, [0, [19] 22] for the case of
a Borel state space. As can be seen in the previous literature, the common approach to
study the finite-horizon criterion for CTMDPs is via establishing the optimality equation,
and they all deal with the case of bounded transition rates except [4]. It should be noted
that the uniformization method is inapplicable in this paper because the transition rates
are allowed to be unbounded. Under mild conditions, following the technique of time-
discretization used in [4], we extend the optimality equation for finite-horizon criterion to
the case of uncountable state spaces and unbounded transition rates. Then, we show that
the finite-horizon optimal value function is a solution to the optimality equation, and
that there exists an optimal deterministic Markov policy, which have not been proven

in [4] (see Theorem and Remark [£.2)).

Basing on the two average optimality inequalities established in [I1] and the existence
of optimal policies for finite-horizon criterion, under suitable conditions, we show that
the set of all strong average optimal policies coincides with the set of all average optimal
policies by using the Kolmogorov forward equation, and thus obtain the existence of
a strong average optimal stationary policy (see Theorem and Remark [4.4). Fur-
thermore, as we can see from the existing works on the expected average criterion for
CTMDPs, the assumption that the relative difference of the discount optimal value func-
tion is bounded by an integrable function (see Assumption, which is weaker than the
uniform exponential ergodicity condition in [23] 24], plays a crucial role in ensuring the
existence of average optimal policies. However, it is difficult to verify this assumption
because it does not impose on the primitive data of the model. Thus, it is necessary to
give some sufficient conditions for the verification of this assumption; see the discussions
in [I1, 2I]. In this paper, we give a new set of verifiable sufficient conditions imposed
on the primitive data of the model for the verification of the uniform w-exponential er-
godicity of continuous-time Markov chains governed by stationary policies (see Theorem
and Remark [4.6). More precisely, inspired by Theorem 2.3 in [I7] concerning the
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uniform w-geometrical ergodicity of discrete-time Markov chains, we obtain the uniform
w-geometrical ergodicity of some skeleton chains of controlled continuous-time Markov
chains by employing the construction of the transition function with the correspond-
ing transition rates. Then, from the geometrical ergodicity of the skeleton chains and
Chapman—Kolmogorov equation, we show that our new set of sufficient conditions im-
plies the uniform w-exponential ergodicity of controlled continuous-time Markov chains.
The rest of this paper is organized as follows. In Section 2, we introduce the con-
trol model and optimality criteria. In Section 3, we give optimality conditions for the
existence of optimal policies and some preliminary lemmas. In Section 4, we state and
prove our main results. In Section 5, we illustrate our main results with an example.

2. THE MODEL AND OPTIMALITY CRITERIA

The control model of CTMDPs under consideration is as follows:
{X) A’ (A($)7 HAS X)a CI(|337 a)a C($7 a)}a

where X and A are state and action spaces, which are assumed to be Borel spaces with
Borel o-algebras B(X) and B(A), respectively. A(z) € B(A) denotes the set of admissible
actions at the state x € X. Let K := {(x,a)| z € X,a € A(z)}, and assume that K is a
measurable subset of X x A and contains the graph of a measurable mapping from X
to A. The transition rates ¢(-|x,a) are supposed to satisfy the following properties:

e For each fixed (z,a) € K, q(+|z, a) is a signed measure on B(X), and for each fixed
D € B(X), g(D]) is a real-valued Borel-measurable function on K;

e 0 < ¢g(D|z,a) < o for all (z,a) € K and x ¢ D € B(X);
o ¢(X|z,a) =0 for all (z,a) € K;
® ¢*(7) := Sup,e () lg({7}|7,a)| < oo for all x € X.

Finally, ¢(x, a), a real-valued cost function, is Borel-measurable on K.
To precisely define the optimality criteria, we need to introduce the concept of a

policy.

Definition 2.1. A randomized Markov policy is a family m := {m;,t > 0} of stochastic
kernels that satisfy

(i) for each t > 0, m is a stochastic kernel on A given X such that 7 (A(z)|z) =1 for
all z € X;

(ii) for each D € B(A), m¢(D|z) is Borel-measurable in (¢,z) € [0,00) x X.

A policy 7 is said to be (deterministic) Markov if there exists a Borel-measurable func-
tion f on [0,00) x X with f(¢,z) € A(z), such that m(-|z) is the Dirac measure at
f(t,z) € A(z) for all x € X and ¢ > 0. A policy 7 is said to be (deterministic) station-
ary if there exists a Borel-measurable function f on X with f(x) € A(x) for all x € X,
such that m(-|z) is the Dirac measure at f(z) € A(z) for all z € X and ¢t > 0.
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We denote by II, II; and F' the classes of all policies, deterministic Markov policies
and stationary policies, respectively. Obviously, F' C Il C II.

To guarantee the regularity of the g-processes, we need the following drift condition
from [T, 12} 13} 2T}, 23], 24].

Assumption 2.1. There exist a measurable function w > 1 on X, and constants p; > 0,
b1 > 0, and L > 0 such that

i) [ywy)a(dylz,a) < —prw(z) + by for all (z,a) € K.
(ii) ¢*(z) < Lw(z) for all z € X.

Fix an initial state € X, and an initial time s > 0. Then under Assumption for
each 7 € II, there exist the unique probablhty measure P;, on some measurable space
(©,B(€2)) and a stochastic process {z(t),t > s} such that

P7 . (x(t) € D) = px(s,2,t,D)

for all D € B(X) and t > s > 0, where pr(s,x,t,-) denotes the transition function
with transition rates q(-|z, m;) = fA(x) q(+|x, a)m(dalx). The expectation operator with
respect to P, is denoted by ET,. If s = 0, we write P, and EY, as P; and E,
respectively.

Fix a discount factor a > 0. For each x € X and 7 € II, we define the expected

discounted cost Vo (z,m) and expected average cost J(x,m) as
Volz,m) = EX [/ / eatc(a:(t),a)m(da|z(t))dt} and
J(x,m) = hmbup E7r [/ / a)m(dalz(t)) dt],

T— o0

respectively. The corresponding discount and average optimal value functions are defined
as
Vi(x):= infl_I Volz,m), and J*(z):= inf J(z,7) for all z € X,

TE

« mell

respectively. Furthermore, for each x € X and w € II, the expected total cost from time
s >0 to the terminal time T > 0 is defined as

Vi_u(z,7) = ET [/ / o) (dalz(t)) dt |,

and the corresponding finite-horizon optimal value function is given by

Vi(z,s):= iIGl%VT_S(JZ,ﬂ') for all s€[0,7] and z € X.

Definition 2.2. A policy 7* € II is said to be

o discount optimal if V,(x,7*) =V} (z) for all z € X
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o average optimal if J(z,7n*) = J*(z) for all x € X;
o finite-horizon optimal if Vp(xz,7*) =V} (x,0) for all z € X;

e strong average optimal if

limsup%[VT(x,ﬂ*) —Vi(2,0)] =0 forall z € X. (2.1)

T—o0
Remark 2.3. Under Assumptions [2.1] and [3.1{(i) below, by Definition we see that
every strong average optimal policy is average optimal. Indeed, suppose that 7* is strong

average optimal. Then, (2.1, together with the inequality Vp(z,7*) > Vii(«x,0) for all
z € X, implies

1
lim T[VT(xﬂr*) —Vi(z,0)] =0 foral z € X,

T—o0

which gives

1 1
lim sup ?[VT(IC//T*) — Vp(z,m)] = limsup ?[V;‘(m, 0) — Vp(z,m)] <0

T—o0 T—o0

for all x € X and 7 € II. Hence, 7* is average optimal.

There are three main goals in this paper: (i) We will show that the finite-horizon
optimal value function is a solution to the optimality equation for the case of uncountable
state spaces and unbounded transition rates, and the existence of optimal policies; (ii)
We will give conditions for the existence of strong average optimal policies; (iii) We will
present a new set of sufficient conditions imposed on the primitive data of the model
for the verification of the uniform w-exponential ergodicity of controlled continuous-time
Markov chains.

3. PRELIMINARIES

In this section, we give optimality conditions for the existence of optimal policies and
some preliminary lemmas needed to prove our main results.

Assumption 3.1. (i) There exist constants ps > 0, p3 > 0, bo > 0, b3 > 0, and
M > 0 such that |c¢(z,a)| < Mw(x),

/wz(y)q(dy\x,a)szwz(ﬂbez, and /w3(y)Q(dy|x,a)Spswg(wag
X X

for all (z,a) € K, where w comes from Assumption
(ii) For each xz € X, the set A(x) is compact.

(iii) For each fixed x € X, the functions c(z, a), [ w(y)q(dy|z,a), and [y u(y)q(dy|z, a)
are continuous in a € A(z) for all bounded measurable function u on X.

Remark 3.1. Assumption [3.1] is the finiteness and standard continuity-compactness
conditions, and has been widely used for CTMDPs; see, for instance, [11], 12}, 13| 211 23]
o).
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To state our third hypothesis, we need to introduce the concept of the weighted norm

used in [I11, 121 13| 16, 21, 23], 24]. Let w > 1 be as in Assumption and define the

norm |ju||, := sup ‘Zg%' B, (X) denotes the set of all real-valued measurable functions
zeX

on X with finite norm.

Assumption 3.2. There exist a function v € B,,(X) and some state Z € X such that
|ha(2)] <v(z) for all z € X and o > 0,

where h,(z) := V¥(x) — VX (Z) is the so-called relative difference of the discount optimal
value function V.

Remark 3.2. Assumption has been used in [I11 [21] to ensure the existence of aver-
age optimal policies, and is weaker than the uniform w-exponential ergodicity condition
in [23, 24]. However, since this assumption does not impose on the primitive data of the
model, it is difficult to verify it. Different sets of sufficient conditions for the verification
of this assumption have been given in [I1], 2I] as well. It should be mentioned that we
give a new set of verifiable sufficient conditions imposed on the primitive data of the
model for the verification of it (see Theorem [4.5)).

Before stating our main result on the finite-horizon expected total cost criterion, we
need some preliminary lemmas. To do so, we introduce the notation below.

Choose a measurable function m on X satisfying m € B, (X) and m(x) > ¢*(z) for
all z € X. For each (z,a) € K, D € B(X), and h > 0, define

P(Dl|z,a) : q(ié’)a) +Ip(z),
Py,(D|z,a): = [hm(z) A1)P(D|z,a) + {1 — [hm(z) A1)} p(x)
= [hm(z) A 1]‘% + Ip(x), (3.1)

where y1 A yo := min{y;, 92}, and Ip(-) denotes the indicator function of the set D.
Obviously, we see that for each fixed (z,a) € K and h > 0, P(:|z,a) and Py(:|z,a) are
probability measures on B(X). Thus, for each h > 0, we obtain a discrete-time MDP
model M;, as follows:

{X,A,(A(z),z € X), Py(-|z,a), he(x, a)}.

We denote by I, the class of all deterministic Markov policies for the discrete-time
MDP; see [1l 15, [16], 20] for the detailed definition. Hence, for any m € II; and any
initial state € X, the well-known Tulcea theorem [I5] p.178] gives the existence
of the unique probability measure P on (X°°, B(X>)) and there exists a stochastic
process {z,,n = 0,1,...} associated with the model M}. The expectation operator
with respect to }5;7 is denoted by E;T . Moreover, we denote by P™_ the conditional

probability ﬁf[w() .= P™(-|x, = z) and E,, , is the corresponding expectation operator.
For each z € (—o0,00), define |z| := max{n € Z| n < z}, where Z denotes the set
of all integers. For each h > 0, let N := |Th~!]. For each n =0,1,...,N -1,z € X
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and m = {fr,k=0,1,...} € ﬁd, we define the expected total cost from time n to time
N — 1 and the corresponding optimal value function associated with the model M}, as

N—1
Vril(xaﬂ) = Eg,m Z hC(.Tk, fk(xk))] and Vf(l‘) = ian V:(xvﬂ—)v (32)
_ welly
respectively. Define V2 (z) := 0 for all z € X. Then under Assumptions and [3.1] it
is well known that the sequence {V,| n = 0,1,..., N} satisfies
Vi(z) = inf {hc (z,a) / y) P (dy|z, a)} (3.3)
a€A(x)

forallz € X andn =0,1,..., N—1; see [1 2, 5 [15] 20] for details. Replacing h with h/2
in the model M},, we obtain the model denoted by Mj, /5. Foreachn = 0,1,..., [2Th™!],

similar to li we can define the optimal value function Vn(h/ ?) on X associated with

the model Mj, /o and obtain the similar result as in (3.3)).
Next, following the technique used in [4], we have the three lemmas below, which
extend the results in [4] for denumerable states and actions to the case of Borel spaces.

Lemma 3.3. Under Assumptions [2.1] and [3.1] we have
(a) For each h >0, [y w(y)Pu(dylz,a) < (14 bih)w(z) for all (z,a) € K.

(b) VI € B,(X) and ||V}, < MTe"T for all h > 0 and n = 0,1,..., N, with M as
in Assumption

Proof. (a) By Assumption and (3.1]), a straightforward calculation yields

W@ Pudylr,a) = () A —— [ wylayle,a) b +w(@)
X m(x) Jx

< [hm(z) A1) (=prw(x) + b1) + w(x)

1
m(z)

< (14 bih)w(x)
for all (z,a) € K, and so part (a) holds.

(b) Tt follows from the measurable selection theorem in [16] p.50] that V" is measur-
able with respect to B(X) for all h > 0 and n =0,1,..., N. Moreover, we have

VA ()] < hM Y (1 + bih)Fw() (3.4)

forallz € X, h>0and!=1,2,...,N. In fact, by (3.3 and Assumption we obtain

VR_1(2)] < hle(z, )| < hMw(z)
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for all x € X and h > 0, and so (3.4)) is true for [ = 1. Suppose that (3.4]) holds for some
[ > 1. Then, using (3.3) again, we have

|mem|smmmuémm@%@mw

which, together with Assumption part (a) and the induction hypothesis, gives

-1

k
th(x)+hMI;)(1+b1h) /Xw(y)Ph(dy|x,a)

IA

|V1G7(l+1) ()]

!
hM Z(l +b1h)rw(x)

k=0

IA

for all z € X and h > 0, and so (3.4) follows from the induction. Thus, by (3.4)) and the
inequality 1+ z < e* for all z > 0, we have

VR (x)] < hIMeP M w(z) < MTe"Tw(z)
forallz € X, h>0andl=1,2,...,N. Hence, we get the desired result. O

Lemma 3.4. Under Assumptions [2.1] and the following inequality holds:

N—-n—1
VD (@) <Vi@)+ S Lh2(1+ pah + bsh)w? (x)
=0
+ L*h(1 4 p3h + b3h)N "W (2) (3.5)

for all z € X, h > 0 and n = 0,1,...,N, where the constant L* := M + [M +
TMTe" T (py + by + 2L) + MTe™ T ||m|,](by + 2L) is independent of h and n.

Proof. We will show this lemma by induction. For n = N, we have
‘/2(1}\1[/2) (:17) — V]G(LL‘) = I{2N<|_T(h/2)—1j} aelﬂfx){(h/2)c($,a)} S th(LL')

for all z € X. Thus, (3.5)) is true for n = N. Assume that (3.5 holds for some n = k+1.
Then, using (3.3]), we obtain

h . h h
Ve = it {Gea+ [ DGR @0 f

which implies
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R h
— inf {hc<x,a>+ / VM2 (y) Pu(dylz, @) + = / le(y, a) — e, a)| Py (dy|, a)
a€A(z) X 2 Jx ?

v [ v ar @i - [ ViBon@weof 6o

for all x € X. Moreover, direct calculations, together with (3.1]), Lemma Assump-

tions 2.1 and yield

’/X[C(%a) - C(x,a)]P% (dylz, a)

= (/2 A1) [ ctaatanie.a)

h;w[/Xw(y)q(dylx,a)+2q*($)w(f”)}

gM(bl + 2L)w?(z), (3.7)

IA

IA

and
[ [ B er @ ar @ing - [ 0 R@e.o
X JX X
= ‘ [ (Varl2 (2) = Var Dy >)P;<dz|y,a>}P;<dy|x,a>
X X
/ VM2 () Py (dyla, @) - V2 (@ )}
X
w2| [ VB WPy @in0) - VI @)
- / VD () Py (dyle, @) — VD (z )}
= im0 - VD 6) Py @l o) atasioa)
+(2[(h/2)m(x) A1) — [hm(z) A 1)) 2) / Va2 (y)a(dylz, a)
— |in/2m) / [ / V%’ZJ dz|ya] a(dyle,a)
+(2L(h/2)m(a) A1) — / V2 (y)g(dylz, a)
< Lz [ /X S(ENa(dly.0) + 20" ()(s)| [l o)
2 e T (x w T, a *(2)w(x
W MT <>[/X (v)a(dyle a) + 20" (z) <>}
< 1M:FeblT(p2 + by + 2L + 4|m|[o,) (b1 + 2L)h*w* (z) (3.8)

4
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for all (z,a) € K, where the first inequality is due to the following fact that

0, it hm(z) <1,
2[(h/2)m(z) A1) = [hm(z) A1l = ¢ hm(z)—1, if 1<hm(x)<2,
1, it hm(z)>2.

Hence, by (3.6) — (3.8]) and the induction hypothesis, we have
Vi ()

< inf {hc(z,a)+/ %(gig)(y)Ph(dyI,a)}
a€A(x) X

1 1 ,
+ {4M + ZMTeblT(pz +by+ 2L+ 4||mw)] (by 4+ 2L)h2w3 (z)
N—k—-2

it (et + [ VLGP le.a) | S LR+ pah b
a xT X l:0

+L*h(1+,03h+b3h)Nk1}/)(003(7!)Ph(dy|$aa)}

IN

1 1
+ LM + 1M:FeblT(p2 + by + 2L + 4||mw)] (b1 + 2L)h2w* (1)

—k

N—k—
Vi) + [ 3
N—k—

2

IN

L*h2(1 4 pgh + b3h)'™ + L*h(1 + p3h + bsh)N 7% + L*hz} W ()

=0

—k—1

Vi (z) + [ > L*h*(1+ psh+bsh) + L*h(1 + psh + bah)N‘k} w?(x)
=0

for all x € X, where the third inequality is due to the fact that

1
/6P, ) = foma) H{ [ iz, a>} + (@)
X m(x) Jx
< (1 + psh + bzh)w?(x)
for all (x,a) € K. This completes the proof of the lemma. 0

Lemma 3.5. Under Assumptions 2.1] and there exists a measurable function V on
X x [0,7T] such that for all z € X and t € [0,T],

Vﬂh,lj (z) — V(x,t) as h=2"% and k — oo.

Proof. Fix any t € [0,7]. For each n = 0,1,...,[(T —t)h"!] — 1, = € X and
m={fk, k=0,1,...} € I, we define

[(T—t)h~t] -1
VZ(x,ﬂ) = E:{I Z he(zg, fr(xx))| and VZ(J?) = inf VZ(.T,?T). (3.9)

k=n melly
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Then under Assumptions l and |3 u, 3.1} employing Theorem 2.3.8 in [I], we have that
there exists a policy 7* = {fy,k =0,1,...} € II, such that Vg(x) = Vg(x,w*) for all
reX. Let ™= {fk, k=0,1,...} € I, be a policy satisfying fi = Jr Nt (r—typ—1) for
allk=N— (T —t)h71],...,N — 1. Thus, we have

—h —h, _
Vo(z) = Vo(a,m) = Vi_|(r—nn-1) (@ 7) = Vi_ | (r_nn-1) (2) (3.10)

for all z € X, where the second equality follows from Tulcea theorem in [I5], p.178]. On

the other hand, by the similar arguments of (3.10]), we get VO( ) < Vi (T—t)h- 1J( x)
for all z € X. Hence, we have

Vg(:z:) = V]’\}_L(T_t)h_lj (z) forall z € X. (3.11)

_9o—k —k
For simplicity, we write Vi as V. Then, by Lemma and the inequality 14 z < €?
for all z > 0, we have

(k+1)

N-1
Vo () < V(e [ZQ_QkL*(1+2 p3 + 27 bs)’

=0
+27 M L (127 s + 2"‘b3)N} w'(a)
< Vo(a) + L* (T + Delro )9 k0 (o) (312)

forall z € X and kK =0,1,.... Iterating (3.12]), we obtain

-1
V(”-H (r) < Vg($) +27”L*(T+1)6(p3+b3)T227jw3(1')
=0

< Vil@) + 27 LT 4 1) T )
forallz € X, n=0,1,...,and [ = 1,2, ..., which gives

limsup Vi (z) < Vi () + 27" L* (T + 1)elPs 0703 (1) (3.13)

l—o00

forall z € X, n=0,1,.... Thus, by (3.13)), we see that lim V’S(x) exists and denote

k—o0

V(x,t) = klim Vg(:v) for all z € X. (3.14)

Observe that
t—h<|[th™'h<t and t—h < (N — (T —t)h " |)h < t+h,

together with (3.3) and (3.11), yield

Vﬁhflj(x)zvg(x), or V{t‘h,lj(;v): inf {hc(m,a)—&—/XVg(y)Ph(dykv,a)}(3.15)

a€A(x)
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for all z € X. Hence, it follows from (3.15) and Lemma [3.3] that

Ve (2) = To@| < sup |he(wa)+ [ Vo) Paldylo,a) - V(e
a€A(x) X
1 —h
= s ficlr,) + lhmie) A1) | Vowatasie.o
<[4 Te"T(by 4 2L)|Mhw?(x) (3.16)

for all x € X. Therefore, the following inequality
—h —h
Vi1 (@) = V(@ t)| < [V (@) = V(@) + [V (@) = Ve, 1)
for all x € X, together with (3.14) and (3.16)), implies the desired result. O
Now we give the following lemma which is used to prove our main results.
Lemma 3.6. Under Assumptions and iii), the following assertions hold.

(a) For each x € X and u € B,(X), [, u(y)q(dy|z,a) is continuous in a € A(x).

(b) Let {u, : n > 1} be a bounded sequence in B, (X) (i.e., there exists a constant
L > 0 such that ||u,|lo < L for all n > 1), and lim u, = u. Then, for any z € X

- n— o0

and any sequence {a, : n > 1} in A(z) such that a,, — a* in A(x), we have

tim [ wa(waldslear) = /X u()a(dyle, a*).

n—oo

Proof. (a)Let @ :=u+ ||u||,w. Then, we have & > 0 and @ € B,,(X). For each k > 1,
define uy, := a4 A k. Fix any = € X. Let {a, : n > 1} be a sequence in A(x) converging
to a € A(x). By Assumption iii), we have

dleloan) = [ Inalzan) ~ [ T Gaslea) = atelz.) as 0 — oc.
X X

For each k > 1, applying Assumption (iii) to uy, we obtain

n—00 n—o0

liminf/ a(y)g(dy|z, an) > liminf/ ur(y)q(dy|z, ar)
X\{=} X\{=}

n—oo

= liminf [/X ur(y)q(dy|z, an) — uk(x)q(z|z, ay)

/ we(y)a(dyle, a),
X\{=z}

which, together with the monotone convergence theorem in [I5] p. 170], gives

lim inf u(y)q(dyl|x, ay,) 2/ u(y)q(dy|z, a).
e JX\{=} X\{=}
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Note that lim @(z)g(x|z,a,) = 4(x)q(x|z,a). Hence, we get

n—oo

imint [ @)oo, > [ aatdsle.o)

n—oo X

Since u = @ — ||ull,w and [y w(x)q(y|z,a) is continuous in a € A(x), we have

lim inf u(y)q(dylaan)Z/Xu(y)q(dylﬂw)-

n—oo X

Replacing u with —u, we obtain

lim | u(y)g(dyle, an) = /X u(w)a(dylz, a),

n—oo X

and so part (a) holds.
(b) For each k > 1, applying part (a) to Uy := inf, >4 u,, € B, (X), we have

liminf/ un(y)q(dylz,a,) > liminf/ Ui (y)q(dy|z, ay,)
X\{z} X\{=z}

n—oo n—oo

= liminf {/X Ui (y)q(dy|z, an) — Uk(x)q(x|z, ay)

n—oo

= / Ur(y)a(dylz, a®).
X\{z}

Observe that |Uy(z)| < Lw(z) for all z € X and k > 1. Thus, by Assumption we
obtain

/ Ui(w)lg(dylz,a) < T / w(y)a(dylz,a) < T(by + Lw? ()
X\{z} X\{z}

for all (z,a) € K, which, together with the dominated convergence theorem in [I5]
p.171] and Assumption iii), yields

liminf/ un(y)q(dylz, an) > liminf/ un (y)q(dy|z, ay) + liminf u, (z)g(x|z, ay,)
X X\{x} n—oo

n—00 n—oo

> lim Ur(y)q(dy|z, a”) + u(z)q(z|z,a”)
k=00 ) x\{x}

= / u(y)q(dy|z, a®).
X

Using the similar arguments, we have

lim sup /X un(W)a(dylz, an) < /X u(y)g(dylz, a*).

n—o0

Hence, we obtain the desired result. O
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For any s € [0,7], a function w on X x [s,T] is said to be [s,T]|-uniformly w?-
bounded if it is B(X x [s,T])-measurable and there exists a constant M > 0 such that
lu(z,t)] < Mw?(z) for all (z,t) € X x [s, 7.

Then we have the following lemma.

Lemma 3.7. For any s € [0,7T], z € X, and 7 € II, define

Hs,» = {u : w is [s, T]-uniformly w2-bounded and satisfies

///[ / )dv} q(dy|z, 7 )px(s, 2, t,dz) dt
:/S “(Z’t)dt—/s /Xu(yvt)pw(S,Z,t,dy)dt}.

Then, under Assumptions and the set Hs . contains all [s,T]-uniformly w?-
bounded functions.

Proof. It follows from Assumptions and Theorem 3.1 in [12] that

/ / / la(dyle, 7)) [pr (s, 2, ¢, dz) dt

/ / [p2 + by + 2L)w? (2)px (s, 2, t,dx) dt
s X

IN

IN

T

[p2 + b2 + 2L / [ep3(ts)w3(z) + b—g(ep“”(t*s) - 1)} dt
s 3

b3 (T—s)

—(eP? - D[(T —s). (3.17)

< [p2+ b2 +2L] {ePS(TS)w:S(z) +
3

Hence, if u is [s, T]-uniformly w?-bounded, by (3.17)), we have

[ [ o

Therefore, fT Ix fX ft v]q(dy|x, 7 )pr (s, 2, t,dx) dt is well defined. Similarly,
we can show that f Jx uly, )p,r(s z,t,dy) dt is well defined. Define C := {B x [k,] :
B e B(X), s <k <1<T} Then, WeseethatC1sa7rsystemandX><[sT] eC.
Next, we will use the monotone class theorem to show that H, . contains all bounded
B(X x [s,T])-measurable functions.

lq(dy|z, m¢) |px (s, 2, t,dz) dt < oo. (3.18)

(i) For any B x [k,[] € C, we will show that Ip(y)Ij,;(t) € Hs,-. By the Kolmogorov
forward equation and direct calculations, we have

[T/)(/)( [_/tTI (W) ey (v) dv| q(dy|z, w0 )px (s, 2, T, dz) dt
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/ /X /X Ip(y)[(kVt) Nl = 1q(dylz, T)px(s, 2, t,dz) dt

k l
(k:—l)/s /Xq(B|:C,7rt)p7T(s,z,t,dx)dt+/k /X(t—l)q(B|:E,7rt)pﬂ(s,z,t,dx)dt

k Opr(s,2,t, B) ! Opr(s,2,t, B)

l
—(k—l)IB(z)—/k (s, 2,4 B) dt

T T
/ IB(Z)I[k,l](t)dt_/ /IB(y)I[k,l](t)Pw(S,Zat,dy) de,
S s X

where y; V y2 := max{y1,y2}. Hence, we have Ip(y)Ij;(t) € Hs, ..

(ii) If 0 < wy € Hso(n = 1,2,...), up T up and wug is bounded, we will show that
ug € Hs,». By the monotone convergence theorem in [I5], p. 170], we see that

T T
/ Un(z,1) dt—/ /un(y,t)pﬂ(s,z,t,dy)dt
s s X
T T
[ unetydt= [ [ oty et dy)ae
s s X

as n — oo. Since every bounded B(X X [s,T])-measurable function is [s, T]-uniformly
w?-bounded, ug satisfies (3.18). Thus, we have

T T
/ / / / uo(y,v) dvg(dy|z, m)px (s, 2, t,dx) dt < oo, and
s X JX\{z} Jt

T T
/ / / uo(x,v) dvg(z|x, m)pr (s, 2, t, da) dt < oo.
s X Jt

Hence, using the monotone convergence theorem, we obtain

/ST/X/X {—/tTun(y,1})dv}q(dy|x,7rt)p,r(s,z,t,dx)dt
_ /ST/X/X\{E} [—/tTun(y,v)dv}q(dy|x,7rt)p,r(s,z,t,dx)dt
+/ST/X [—/tTun(x,v) dv]q(x|z,wt)p,,(s,z,t,dx) dt

= /ST [ [_ /tTuo<y,v)dv}qmymm)m(s,z,t,dm)dt,

as n — oo. From the above discussion, we get ug € Hs ..
It is obvious that H, . is a linear space. Thus, it follows from (i), (ii), and the mono-
tone class theorem that H, . contains all bounded B(X x [s,T])-measurable functions.
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For any [s, T]-uniformly w?-bounded function u, we have u = u* — u~, where u™ =
uV0and v~ = (—u) V0. Since Hs , is a linear space, without loss of generality, we may
assume u > 0. For each n > 1, define w,, :== w An. Then, u, is a bounded B(X x [s,T])-
measurable function, and so u, € H, . for each n > 1. Using the similar proof of (ii),

we have u € Hs .. Hence, H, . contains all [s, T]-uniformly w?-bounded functions. O

Finally, for ease of reference, we state the following lemma from [11], which is used
to prove the existence of strong average optimal policies.

Lemma 3.8. Under Assumptions and the following statements hold.
(a) There exist a constant g*, two functions uy,us € B, (X), and a stationary policy

f* € F, satisfying the following two average optimality inequalities:

vos it Lwas [ wbleo),

a€A(x)

g* > inf {c(%a)—l—/xug(y)q(dy:ﬂ,a)} (3.19)

a€A(x)
:(MJWM+/W@M®MFM) (3.20)
X

for all z € X.
(b) g* = J*(z) = J(z, f*) for all z € X.

Proof. See Theorem 4.2 in [I1] for the proof. O

4. MAIN RESULTS

In this section, we state and prove our main results.
Now we present the result on the finite-horizon expected total cost criterion.

Theorem 4.1. Under Assumptions [2.1] and [3:]] the following statements hold.

(a) The finite-horizon optimal value function Vi on X x [0,T] is a solution to the
following equation: for each z € X and ¢ € [0, T,

a€A(x)

u(x,t):/tT inf {c(:c,a)—&—/Xu(y,s)q(dy|m7a)}ds,

lu(z,t)]

o (@) < 00.

where the measurable function v on Xx[0, T'] satisfies sup,, ¢ x sup, €[0,7]

(b) There exists an optimal deterministic Markov policy 7. (depending on T').

Proof. (a) Fix any ¢t € [0,T]. For each h > 0, define the operators G and G" on
B, (X) as follows:

Gu(z) := inf {c(m,a)—%—/Xu(y)q(dyma)}

a€A(x)
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Ghu(z) := h‘l[ inf {hc(:ma)+/Xu(y)Ph(dy|x,a)}—u(m)}

a€A(x)
for all u € B, (X) and € X. Then, by (3.3), we have
Vi () = Vi (@) = hGMV4 ()
forallz € X, h>0,and £k =0,1,..., N — 1, which gives

Vftlhfl )(2)

N—|th™*]
= Z hGhVL]Zh—lj-‘rk(x)
k=1
N—|[th™!] N—[th™!]
= Z hGVL}tLh*1J+k(‘T) + Z h(GhVﬂh*IHk(x) - GV{tLhﬂHk(gﬁ))
k=1 k=1
Nh N—[th™}]
—_ /Lthth GVL};}L71J+1(1‘) dS + Z h(GhVﬁh71J+k($) — GVL]—tLh*1J+k(x)) (41)

for all x € X and h > 0. Moreover, we have

|GhVL};h71j+k($) - Gvﬁhﬂﬁk(x)’

< a:gl()z) h”/XVL’Z;L—lﬁk(y)Ph(dylx,a) 7hilvﬁh—1j+k(x)

*/XVﬁh—lﬁk(y)Q(dylw,a)

1

=  sup (x) AR }/ Vi )q(dy|x, a)

a€A(x) {[ m(x Lth™ J+k

1

< {1— [m(x) p_— }MTeblT (by + 2L)w?(z)
: {1—WN R }mx”mmﬂﬂkh(h+2ﬁw%@
< HmeMTeblT(bl + 2L Yhw? (2) (4.2)

forallz € X, h > 0,and k = 1,..., N — |[th™!], where the first equality follows from
(3.1), and the second and fourth inequalities are due to Lemma Assumption
and the following fact that if m(z) > h™1,

{i-tmo i b = (- ) i
if m(z) < h™1,
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Hence, by (4.2)), we obtain

N—|th™!]

Z h(GhV\_}tLh*1J+k(m) - GVL}Zh*1J+k(x))
k=1

(N — [th™ ) h|m]l, MTe? T (by 4+ 2L)hw® ()
||l M T2 T (by + 2L)hw ()

[VANVAN

for all x € X and h > 0, which implies

N—[th™!|
Z h(GhVL}thHk(x) - GVL’zhlek(x)) —0 ash=2"andl —o00  (4.3)
k=1

for all z € X. Note that
Vi1 (@) = Vi (@) = hGMV o (2),

and

|

WGV ()] < S {th(af) + ‘[hm(x) A 1]%/XV[}};h*IJ+1<y)Q(dy‘$7a)
< [TetT(by +2L) + 1] Mhw? ()
forall z € X, s € [0,7], and h > 0, together with Lemma yield
V{;h,ljﬂ(x) — V(x,s) ash=2"andl — oc. (4.4)

Define

0o ' .
Hi(x) ::/ Iotgj2-1, N@y2-1(8) inf {c(x,a)—|—/XVLQstHl(y)q(dy|x,a)}ds

— oo a€A(x)

forall z € X and [ =0, 1,..., where N(I) := |T2!|. Observe that

a€A(x) a€A(

inf {c(x,a)+ /X v@?im(y)q(dyu,a)}_ infz){c(z,a)+ /X V(y,s)q(dy|x,a)}‘

< sup (4.5)

a€A(x)

/XszZHl(y)q(dylx,a)*/ V(y,s)q(dylz, a)

X

for all z € X and s € [0,T]. Moreover, for each fixed x € X, s € [0,T], and each | > 1,
Assumption Lemmas and give the existence of a; € A(z) such that

sup
a€A(x)

-1
[ Vst a) — [ Vs

/X V2L o1 (Wa(dyle, a) — /X V(y, 8)g(dy|z. a)
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Next, we will show that for each x € X and s € [0,T],

-0 (4.6)

[ vaLawaaiea) - [ visle.a
X X

as [ — oo. Suppose that (4.6 is not true. Then, there exist a constant ¢ > 0 and a
subsequence {l;} of {I} such that

—1;
‘/}(Vézism(y)q(dylx,azi)—/XV(y,s)q(dyla:,az,-)

>e (4.7

for all ¢ > 1. Since A(x) is compact, there exists a subsequence of {I;} (still denoted by
{l;}) such that lim a;, =: @ for some @ € A(z). Thus, by Lemmas and 1)

we get

—1;
'/XVézisJH(y)Q(dylx,azi)—/XV(y,s)q(dylx,azi)

as i — oo, which contradicts (4.7), and so (4.6)) holds. Hence, for each z € X, the

dominated convergence theorem in [15 p.171], Lemma 3.5 (£.1)), (£.3), (£.5) and (4.6)

give
T
V(z,t) = lim H(z) :/ inf {c(x,a) +/ V(y,s)q(dy|x,a)}ds. (4.8)
l—oo t a€A(@) X

Therefore, for each x € X, the function V (z, -) is absolutely continuous on [0,7]. Using
the similar proof of (4.6)), we can show that for each x € X, the function

inf ){c(:r,a) + /X V(y,S)q(dyfv,a)}

a€A(z

is continuous in s € [0, 7], which, together with (4.§), yields that the partial derlvatlve
of V with respect to the second variable ¢ exists, denoted by 2 Bt By Assumptions

| and Theorem 3.1 in [I2], we obtain
T b
M/ [epl(t_s)w(m) + —l(epl(t_s) - 1)] dt
s P1

] o]
@ 1) wle)

IN

< MT[ PIT+b
P1

forall m € II, € X, and s € [0, T], which gives
Vi(x,t b
sup sup Vi@ D) <MT [eplT + L(enT — 1)] < 0.
z€X tefo, 7] W\T P1

By (4.8), we have
oV .
-—<mblﬁ{mm+/WWmmWﬁ (4.9)
ot ) x

a€A(x
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for all z € X and t € [0,7]. Then, by (4.9)), we obtain

ov
_ E(m,t) < ez, m) —|—/ V(y, t)q(dy|x, m) (4.10)
X
forall m € I, t € [0,T], and =z € X, where c(z,m;) = fA(;E) c(x,a)m(dalz). Since
V(z,T) = 0 for all z € X, we have V(z,t) = — tT%—‘;(x,v) dv for each t € [0,7).

Hence, it follows from (4.10]), Fubini theorem, and Theorem 2.5 in [I3] p.15] that for
each 7 €I, z € X, and s € [0,T],

T
—/ / 6—V(JL‘,t)p,r(s,z,t,da:)dt
s Jx Ot

T T
/ / C(xaﬂ—t)pﬂ'(sazvta dCE) dt+/ / / V(y,t)q(dy\x,Wt)pw(s,z,t, dSU) de
s X s X JX

- et [ [ [ [ S

Moreover, it follows from Assumptions Lemmas [3.3] and [3.5] that

IA

q(dy|z, m¢)px (s, 2z, t,dx) dt. (4.11)

e(x,0) + /X V(y, t)a(dy|z, a)

< Mu(z) + MTeT / w(y)la(dylz, a)|
X
< M A4 MTeT (b + 2L0)]w?(x) (4.12)

for all (z,a) € K and ¢ € [0,T]. Using (4.9), (4.12), Assumption and Theorem 3.1
in [I2], we see that for each 7 € I, z € X, and s € [0, T,

T
/] W(x,wpw(s,z,t,dx)dt\
s X 8t

T
< [M+ MTeT (by +2L)] / / w?()pr(s, z,t,dx) dt
s X
T b
< M+ MTeT (by + 2L)]/ {em(t—%ﬂ(z) + p—(ep2<t—8> - 1)} dt
s 2

< [MT + MT?"7T (b +2L)) {e”T + bz (er™ — 1)] w?(2).
P2

From 1D we have that %—‘t/ is a [s, T]-uniformly w2-bounded function. Thus, by
Lemma for each m € I, z € X, and s € [0,T], we obtain

[ LA e

Trov
= _V(sz)_/ /Xa(yvt)pﬂ'(&zatvdy)dta

which, together with (4.11)), yields V(z,s) < Vr_4(z, 7). Since 7 is arbitrary, we have

q(dylz, m)px (s, 2, t, dx) dt

V(z,s) < Vji(z,s) forall z€ X and s € [0,T]. (4.13)
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On the other hand, Assumption and the measurable selection theorem in [I6, p. 50]
give the existence of a Borel-measurable function f* on [0,7T] x X satisfying f*(¢,x) €
A(z) and
ov . .
=G @) = e () + [ Vi Dalyle, ()

for all z € X and t € [0,T]. For a policy n* = {n;,t > 0} € g with 7} (:|2) = 0= (¢,2)(*)

for all z € X and t € [0,T], where d,(-) is the Dirac measure at a € A, following the
arguments of (4.13)), we obtain

V(z,8) = Vr_s(z,7) > Vi (z,5) forall z € X and s € [0,T]. (4.14)

Therefore, by (4.13) and (4.14)), we have V(z,s) = Vji(z,s) for all z € X and s € [0,T].
(b) The existence of an optimal deterministic Markov policy 7. follows obviously

from (4.13) and (4.14]). O

Remark 4.2. The optimality equation for finite-horizon expected total cost criterion
has been established in [I8] for finite states and finite actions, in [I] for bounded transi-
tion rates and denumerable state spaces, in [9] 10, 19, 22] for bounded transition rates
and Borel state spaces, and in [4] for unbounded transition rates and denumerable state
spaces. Theorem [f.T]extends the optimality equation in the aforementioned works to the
case of unbounded transition rates and Borel spaces. It should be mentioned that the
existence of optimal policies and the result that the finite-horizon optimal value function
is a solution to the optimality equation have not been discussed in [4]. Moreover, the
uniformization technique is inapplicable to the case of unbounded transition rates.

Next, we give the result on the existence of a strong average optimal policy.
Theorem 4.3. Under Assumptions and [3:2] the following statements hold.
(a) Every average optimal policy is strong average optimal.
(b) Any stationary policy f € F that attains the minimum of is strong average
optimal, and so f* in is a strong average optimal policy.

Proof. (a) We will first show the following equality

1
lim TV{f(x, 0)=g" forallz € X, (4.15)

T—o00

with ¢* as in Lemma[3.8] On one hand, it follows from Lemma [3.8] that for each 7 € II,
z€ X,and t € [0,T],

f§¢wm+/m@M®mm%
X

which, together with Fubini theorem and Theorem 2.5 in [I3], p. 15], yields that

1 T T
g < [/ /c(x,ﬂt)p,r(o,z,t,dm)dt+/ //ul(y)q(dy|x,7rt)p7r(0,z,t,dx)dt
TlJo Jx 0o JxJx
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= %VT (z,m) / / / u1(y)q(dy|z, m)p= (0, 2, ¢, dx) dt. (4.16)

For each z € X and 7 € II, define

L, := {u € B2 (X / / / Yq(dylz, m¢)p. (0, 2, t, dz) dt

—— pula) + B}

As in the proof of Lemma we can show that £, = B,2(X). Since u; € B,(X) C

X), by (4.16]), we have

¢ < Vel m) = () + BT (o) (17)

1
T T
for all # € II and 2z € X. Note that

1 1 b1
< : T < . - T _ =T _ .
0= Th—I»noo T ’EZ [u(x(T))H Tlgréo T”un ¢ wi@)+ 1 (1-e ) 0 (18
for all u € B, (X), m € II, and z € X. Thus, letting T — oo in ([4.17)), by (4.18)), we get

1
lim inf TVT(Z 0) = lgnmf VT(z ) > g* (4.19)

T—o0

for all z € X, where 7}, is as in Theorem .1} On the other hand, following the arguments
of (4.17), by Lemma we obtain

1 * 1
> N+ —F/f ™ - =
¢ > 2Ve(z, £1) + B fuale(D)] ~ Za2)
for all z € X, with f* € F' as in Lemma which, together with (4.18]), gives
1 1
g* > limsup =Vr(z, f*) > limsup =V} (z,0) (4.20)
T—o0 T T—o00 T

for all z € X. Hence, (4.15)) follows from (4.19) and (4.20). By Lemma we see that

the set of average optimal policies is nonempty. Suppose that 7 is an arbitrary average
optimal policy. Then, using Lemma [3.8] we have

li;nj;p%VT(z,?) =J(z,7)=J(z) =g" (4.21)
for all x € X. Moreover, it follows from that
g = liminf %Vq’f(x,o) < lim inf %VT@C,%) (4.22)
for all x € X. Thus, by and , we have
T

1
lim ?VT(.r,f) =g* forall z € X,

which, together with (4.15]), implies that 7 is a strong average optimal policy.
(b) The proof of part (b) follows from part (a) and Lemma O
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Remark 4.4. Theorem [4.3]and Remark [2.3] indicate that the set of all average optimal
policies coincides with the set of all strong average optimal policies, which is new for
CTMDPs.

Finally, to verify Assumption [3.2] we provide a new set of sufficient conditions below.

Theorem 4.5. Under Assumptions and each of the following two sets of con-
ditions implies Assumption [3.2

(a) (The uniform w-exponential ergodicity condition.) For each f € F', there exists a
probability measure py on B(X) such that, for all w € B, (X), z € X, and t > 0,

Ef[u(z(t))] —/XU(y)uf(dy)‘ < [JulloRe™ " w (=),

where the positive constants R, n are independent of f.
(b) (b1) The set C:= {z € X : w(z) < %} is nonempty.

(b2) There exist a constant §& > 0 and a probability measure v concentrated on
the Borel set C such that ¢(D \ {x}|z,a) + Ip(x) > &v(D) for each D € B(C),
z € C,and a € A(x).

Proof. (a) Part (a) follows from Lemma 3.3 in [I1].
(b) For each x € X, ¢t > 0, Borel set D C C, and f € F, by Theorem 2 in [6], we have

pf(O,iC,t,D)

t
_ / RETRIEE / Py (29,1, D)q(dylz, f(x)) dz + Ip(x)ealele: @)
0 X—{x}

t
= [ e 0t 2 D) s atdyhe S0 + T (e,
x\{z} LJo
which, together with Assumption ii) and condition (bl), gives
Df (Oa z, ta D)

t
> / [/ calale S [ () eaulyF @) (E—2) dz}q(dybc,f(x))+e_L“(’”)tID(x)
X\{z} 0

V

t
2 [ ey, o)+ e o)
D\{z} 0
> te—Lw(z)t/ e—Lw(y)tq(dy|x’f(x))+e—Lw(x)tID(x)
D\{z}

Lb
> e PEENGD (e, f (@) + O p (). (4.23)

Thus, for each z € C, t > 1, D € B(C) and f € F, by (4.23)), conditions (b1) and (b2),
we obtain

Lbyt

pr(0.2,,D) = te n gD\ fa}la, f()) + e Ip(x)
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I @D\ {2}z, () + Ip(@))

4Lbyt

> 56_ P1 y(D) (424)

Y

4Lbytg

Note that there exists to > 1 such that k :=&e” 71 € (0,1). Hence, for each z € C,
D e B(C) and f € F, it follows from (4.24]) that

ps(0,2,t0, D) > kv (D). (4.25)

On the other hand, by Theorem 3.1 in [I2] and Assumption i), we have

/ w(y)ps(0,z,t,dy) < e Prlw(z) + b—l(l — e Pty (4.26)
X P1

which together with condition (b1) yields

1

b
S+ e (@) +

[ w02,y < Mo emo@)  (a27)
X P1

forall f € F, t > 0, and € X. Therefore, by condition (bl), ’, -, and
Theorem 2.3 in [I7], we see that for each f € F, the to-skeleton chain x} := {x(kto)|k =
0,1,2,...} with the one-step transition probability Q(D|z, f(z)) := pf(O x,tg, D) for all
z € X and D € B(X), is uniformly w-geometrically ergodic. Thus, for each f € F, there

exist a probability measure pr on B(X), positive constants R; and 71 < 1 (independent
of f), such that

’/ U(y)Pf(O,fE,nto,dy)*/ u(y)w(dy)' < Jullo Rant'w () (4.28)
X X

for all w € B,(X), x € X, and n = 0,1,2,.... Notice that for each ¢ > 0, we have
t = ltp + s for some nonnegative integer [ and s € [0,%). Hence direct calculations,
together with Chapman—Kolmogorov equation, Fubini theorem, , and (| -, yield

.ﬂwmm—éwmmwﬂ
= | [ wtws 05000 - [ atonstan)
= / / y)p£(0, 2, lto, dy)p (0, z, s,dz) — /)(U(y)ﬂf(dy)’

< / ‘/ y)pr(0, 2, lt, dy) — / u(y )uf(dy)’pf(O,m,s,dZ)
SHWﬁw/W@m&%MM
X
b
<|wuwﬂfmmw+;a—fMﬂ
1
< ufloRon )+ by /pr)w(z)
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for all u € B, (X), and so condition (a) holds with R := Ryn; *(1 + b1 /p1) and n :=
—(Inn1)/to. Hence, it follows from part (a) that condition (b) implies Assumption
O

Remark 4.6. (a) Theorem [4.5(a) has been established in [I1I] and indicates that As-
sumption [3.2]is weaker than the uniform w-exponential ergodicity condition.

(b) The set of verifiable sufficient conditions imposed on the primitive data of the
model for the verification of Assumption in Theorem |4.5(b) is new and applicable to
the case of denumerable state spaces. In particular, when X is a finite set, we usually
choose w =1, by > p1, and the set C' in condition (bl) is equal to X.

5. AN EXAMPLE

In this section, a control problem in [14] is used to illustrate our results.

Example 5.1. The control model is given as follows: X := (—o00,00), A = A(z) :=

[01,02] for all x € X, with given positive constants 05 > 01, ¢(D|z,a) := Boo(D) +
1,2

Yzl +a) [, ﬁe_fy dy — (v|z| + B+ a)d,(D) for all D € B(X) and (z,a) € K, where

(3 and « are given positive constants, and J,(-) denotes the Dirac measure at = € X.

To ensure the existence of a strong average optimal policy, we need the following
hypotheses.

(C1) For each z € X, ¢(z,-) is continuous on A(x).
(C2) There exists a constant M > 0 such that |c(x,a)| < M(2? + 1) for all (z,a) € K.
Then we have the following result.

Proposition 5.2. Under conditions (C1) and (C2), Example [5.1] satisfies Assumptions

and Hence, (by Theorem , there exists a strong average optimal sta-
tionary policy for Example

Proof. We first verify Assumption Let p1 := B, by := 2(02+7)+8, L := 20+vy+064,
w(z) :=2?+1 for all x € X. Then, by the description of the model, a direct calculation
yields

| wlatdsta,a) = vlel = (el + 8)a* + a1 = a?) 6-1)
for all (z,a) € K. If |z| < 1, we have

/X wW)a(dylz,a) < | — (vl + B)a® + a1 — 22)

= (1 —2?)|z| = (B+62)2> + 6
—(B+v+0)w(x)+2(02+7)+ (5.2)

IN
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for all (z,a) € K. If |z| > 1, we have
[ cwatdsle.a) <50 —a)fal - s < —Gula) + 8 forall (ra) K. (53)
X
Thus, it follows from ) and . that

[ wlw)atdyle.a) < ~pu(e) + 262 +9) + 5 for all (z,0) € K.
X
Moreover, by the definition of the transition rates, we obtain

a({z}lx,a) = Boo({x}) — (|| + B +a) forall (z,a) € K,

which gives ¢*(z) < Lw(z) for all z € X. Hence, Assumption [2.1]is satisfied.
Now we verify Assumption Let po := B+ 6(02 + ), p3s := B+ 28(02 + ),
by = b3 := 0. Then we have

/sz(y)q(dy\x,a) = B+6(ylz]+a)— (y|z| + 6+ a)(@? + 1)
< [B+6(82 +7))w(x), (5.4)
and
[ P @ataie.a) = 542861 +a) ~ lel + 5+ ) + 1
< [B+28(0g + )W (z), (5.5)

for all (z,a) € K. Moreover, for each bounded measurable function v on X, a direct
calculation gives

. watasie,a) = 9u0) + (el +0) [ ) ey G+ 5+ et

for all (z,a) € K, which implies that for each fixed z € X, the functlon Jx u(y)q(dy|z,
is continuous in a € A(x). Hence, Assumption E follows from , h, l) and
conditions (C1) and (C2).

Finally, we verify Assumption Direct calculations yield

C::{xeX:w(x)g%l}:

1

(5.6)

B g

Thus, the set C is nonempty. For each D € B(C), z € C and a € A(z), by the description
of the model, we have

_\/4v+492+ﬁ \/4w+492+ﬁ

em2v’ dy + Ip(x)

q(D\A{z}|z,a) +Ip(x) = Boo(D\{z})+ (v]z]+a) /D\{ :

1 1,2
0 e 2Y dy.

v
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Let & := 61 [, \/%e’%yrz dy and v(D) := ([, \/%e’%yz dy) ([, \/%67%92@/)71 for all
D € B(C). Hence, we obtain ¢(D \ {z}|x,a)+ Ip(z) > &v(D) for each D € B(C), x € C
and a € A(z). Therefore, by Theorem we see that Assumption holds. This

completes the proof of the proposition. O

Remark 5.3. (a) The conditions in Example above are weaker than those used
in [I4] since we have removed the following two hypotheses required in [I4]: (i) the
nonnegativity condition on the cost function, (ii) the condition “5 > 65 + %’y”.

(b) The technique of the verification of the assumption that the relative difference
of the discount optimal value function is bounded by an integrable function is different
from that used in [I4].
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