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Abstract. Let A4 = Np(R) be the algebra of all n X n strictly upper triangular matrices
over a unital commutative ring R. A map ¢ on ./ is called preserving commutativity in
both directions if zy = yz < ¢(x)p(y) = ¢(y)e(x). In this paper, we prove that each
invertible linear map on ./#” preserving commutativity in both directions is exactly a quasi-
automorphism of /4", and a quasi-automorphism of .#" can be decomposed into the product
of several standard maps, which extains the main result of Y. Cao, Z. Chen and C. Huang
(2002) from fields to rings.
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1. INTRODUCTION

A lot of attention has been paid to the commutativity preserver problem on asso-
ciative algebras, particularly on matrix algebras. The earliest paper on such problem
dates back to 1976, when Watkins [8] studied commutativity preserving maps on the
full matrix algebra M, (F) over a field F. If n > 3, then every invertible linear com-
mutativity preserving map ¢ on M, (F) was shown to be one of the two standard
forms: p(x) = ctat~! + f(z)e, z € M, (F), or ¢(x) = ctz't ™! + f(x)e, x € M, (F),
where ¢ is a nonzero element in F', t an invertible matrix, and f a linear function
on M, (F). In 1999, Marcoux et al. [4] described commutativity preserving maps
on T, (F) of all upper triangular matrices, and in 2002, Cao et al. [2] determined
commutativity preserving maps on N, (F') of all strictly upper triangular matrices
with F' a field. It was Omladi¢ who was the first to considered commutativity pre-
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serving maps on infinite-dimensional algebras. In [5], he considers such maps on
$B(X) of all linear operators on an infinite-dimensional Banach space X. In 1993,
Bresar [1] improved Omladi¢’s result by using a ring theoretic approach called com-
muting mappings. Semrl [6] turned to study nonlinear maps on M, (F) preserving
commutativity, and he found that, without the linear condition, these types of maps
can have wild behavior. Commutativity preserving linear maps on a finite dimen-
sional simple Lie algebra was characterized in [7]. We find that the known results on
the topic of characterizing commutativity preserving maps are all for algebras over
fields, no result concerns commutativity preserving maps on algebras over rings. The
reason why people did not study commutativity preserving maps on matrix algebras
over rings is probably that the technique of dealing with matrices over fields cannot
directly be transferred to matrices over rings.

In this paper, based on the characterization of automorphisms of 4, (R) due
to Cao et al. [3], we characterize the invertible linear maps on A" = .4, (R) over
a commutative ring R which preserve commutativity in both directions, thus ex-
tending the main result of [2] from fields to rings. Our main idea is to show that
a commutativity preserving map on .4 is exactly a quasi-automorphism of 4", and
a quasi-automorphism of .4 can be decomposed into the product of several standard

maps.

2. QUASI-AUTOMORPHISMS OF 4~

Let R be a commutative ring with identity. We denote by R* the set of all invertible
elements in R. By e;; we denote the matrix unit which has 1 in the (4, j) position

and 0 elsewhere. The set of all n x n strictly upper triangular matrices over R is
denoted by .4#". The derived subalgebra [A#", 4] of A" is denoted by A7. If n > 3,

the center of .4 is Rey,, which is denoted by Z. Set
O = {(i,4): 1<i<j<nk
U ={(i,j) € P; j—i>2}

One easily sees that all ey, o € ®, form an R-basis of .47, and all eg, 8 € ¥, form an
R-basis of A1. The Lie product of .4 is defined as [z,y] = zy — yx.

Definition 2.1. Let ¢: A4 — .4 be an invertible linear map.
(i) ¢ is called a (Lie) automorphism of A if o([z,y]) = [p(x), p(y)], for all maps
T,y €N
(if) ¢ is called a (Lie) quasi-automorphism of A" if there exists an invertible linear
map @ on 4 such that ¢([z,y]) = [p(x), p(y)], for all z,y € A
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(iii) ¢ is called preserving commutativity in both directions if

o(@)p(y) = e(y)p(z) & zy = yz,

or equivalently, [p(z), p(y)] =0 & [z,y] = 0.

We denote by Aut(A); QAut(A); Inv.(A"); GL(4), respectively, the set of
all automorphisms of .47; the set of all quasi-automorphisms of .#"; the set of
all invertible linear maps on .4 preserving commutativity in both directions; the
set of all invertible linear maps on 4. Observe that for ¢, p1, 02 € Q Aut(A),
0 a1 € QAut(A) and T2 @1 = B - B1, and T = o1, So Q Aut(.#") forms
a group. Also, Inv.(.#") forms another group. We now construct some standard
quasi-automorphisms for .4 as follows:

(A) Automorphisms. It is easy to check that every automorphism of .4 is a quasi-
automorphism of .4”, and a quasi-automorphism of .4#" preserves commutativity in
both directions. Then we obtain a series of subgroups for GL(./") as follows:

Aut(A) < QAut(A) < Inve(A) < GL(A).
(B) Scalar multiplication maps. Let r € R be invertible. Define

N: T —rx, YreN;
T a:—>7“2m, Vo e M.

Then 7, is a quasi-automorphism of .4 since

[z, y]) = r*([z,y]) = [rz,ry] = [0:(2), e (y)], Yz €N

We call ), a scalar multiplication map on 4. Obviously, 7, is an automorphism if
and only if r = 1.

(C) Central quasi-automorphisms. Suggested by the concept of central auto-
morphisms introduced by [3], we define a related concept, called central quasi-
automorphisms of 4. Let n > 4 and let f: ./ — R be a linear function such
that 1+ f(e1,) is invertible. Define 8;: x +— x + f(x)e1y, for all x € A4". Then 0y is
invertible, its inverse being the mapping defined as x — = — f(x)(1 + f(e1n)) ein,
for all x € 4. Set @ to be the identity map on .41. Observe that

Op(l,y]) = [z, y] = [05(2), 05 (y)], Va,ye N

Thus 6y is a quasi-automorphism of .47, called a central quasi-automorphism of 4.
Obviously, 6; is an automorphism if and only if f(x) = 0 for all z € .41 and
9f € Inv, (JV)
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(D) Extremal quasi-automorphisms. Let n > 4 and a,b € R. Define

Vo: & = (25) € N = &+ azri2€3, + aTi3€2n;

Yot x = (i) € M > T — azi3ea;

Xo: = (xij) € N = &+ bTp_1n€1n-2+bTp_2ne1n_1;
Xo: &= (T;5) € M x—bTp_2nein_i.

One easily checks that

wa([l‘ay]) = [wa(x)awa(y)]v Va:,y € JV,
Xo([z,9]) = Do(2), xo ()], Va,ye A,

showing that both v, and x; are quasi-automorphisms of 4. We call ¥, and x,
extremal quasi-automorphisms of .4”. They are automorphisms of .4 if and only if
char F' = 2.

The maps introduced above are all quasi-automorphisms of .#". Next we will
prove that each quasi-automorphism of .4 can conversely be decomposed into the
product of these standard quasi-automorphisms when n > 5. Let ¢: A4 — A4 be
a quasi-automorphism of .4 with an invertible linear map @¢: 4] — .41 such that
[o(x), ()] = &([x,v]), Va,y € A . We now give some elementary results for ¢.

Lemma 2.1. Let n > 3. Then  stabilizes the center Z of N .

Proof. For any y € ./, assume that y = p(z). Since

[p(e1n), y] = &([e1n, 2]) =0,

p(e1n) lies in the center Z of .#". This implies that ¢ stabilizes Z. O

We now consider the action of ¢ on eg for 5 € W.

Lemma 2.2. Let ¢ € Q Aut(/4) and n > 3. Then ¢ stabilizes Z.

Proof. If n = 3, then by @(e13) = [p(e12), p(eas)] € A1 = Z, we obtain the
result. Now we consider the case that n > 4. Because all p(e,), @ € @ form an
R-basis of A", we may assume that

plern) = Y aiyples).
1<i<j<n

For 2 < k < n, we choose p such that 2 < p<n—1 and p # k. Then by

k-1
Z%‘k@(em) = { Z aijsﬁ(eij)ﬁp(ekn)}
i=1 1<i<j<n
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p(e1p), p(epn)], p(exrn)]
ple1p) plern)], plepn)] + [ple1p), [olepn), pern)]]
@(le1p, exn]), p(epn)] + [p(e1p), @([epn; €xn])] =0

we have that a;; = 0 for 1 < i < k < n. Similarly, by considering [¢(e1x), @(€1n)]
we can show that ay; = 0 for 1 < k < j < n. Thus @(e1n) = ainp(ein) € Z (using
Lemma 2.1). So ¢ stabilizes Z. O

Lemma 2.3. Let n > 4 and let ¢ € Q Aut(A4"). Then

(i) @(e1n) = arnp(ein);
(ii) @(e1x) = arrp(err) (mod Z) for k =4,5,...,n—1;
(i) @(e13) = arzp(ers) + ap(ea,) (mod Z);

where a1, a € R.

Proof. (i) has been shown in Lemma 2.2. Assume that

Pleir) = Z Sk)ga(eij) for k=3,4,...,n—1.

1<i<j<n

To complete the proof of (ii) and (iii) we need to verify several assertions.

Assertion 1. a(l ) =0if! # k and [ # n.
We consider [@(e1r), p(em)]. Applying Jacobi’s identity and Lemma 2.2, we have
that

[p(e1k), plem)] = [[p(er2), ple2r)], plewm)]

[lp(er2), plem)], lear)] + [p(e12), [p(e2r), vlem)]]
= [([e12; em]), plezw)] + [p(e12), P(le2k, €m])]
d2,1[p(e1n), p(e2r)] = 0.

Here d3; denotes the Kronecker symbol, i.e., do; = 1 if | = 2; d2; = 0 otherwise.
Thus,

0= lptenple] = | 3 alfples).plenm)| = ZM

This equality implies that a(lk) = 0 provides that [ # k and [ # n.
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Assertion 2. agf) =0for3<m<i<n

For this assertion we consider [p(e1m ), @(e1x)]- Applying Jacobi’s identity we have

[p(e1m), plewr)] = [w(e1m), [ (e1z), plear)]]
= [[p(e1m), p(e12)], plear)] + [pler2), [p(e1m), plear)]]
= [p([e1m, e12]), plear)]] + [p(er2), p([e1m, e2x])] = 0.

Thus we have

0= [p(eim), pleir)]

I
—
S
—~
9]
—
3
N~—
)
S~
S
??‘
('b
&’
[t

§ : a’m] SO elj

j=m-+1

This implies that a( k) =0for3<m<I<n.

(lk)—0f0r3<l<n—1.

For this case we also consider [g(e1x), ¢(ern)]. On the one hand,

Assertion 3. a

[p(e1k), plem)] = [[p(er2), plear)]s pleim)]

[lp(er2), plem)], lear)] + [p(e12), [p(e2r), vlem)]]
= [@([e12, em]), (ear)] + [p(e12), @([e2k, ein])]

= Ok[p(e12), Plean)]-

Assume @(ea,) = Y, a(.2-n)<p(eij). Then we further have
1<i<j<n

[p(e1r), plem)] = Ok {50(612), > §f”> p(es; } = 5klza2j P(e1y)-

1<i<j<n

On the other hand, we have

[p(er), p(ewm)] Zalk) (€in)-
By

(1k) —
5kl§ a2] o(e1y) E a; " @(ein),

wehaveagk):OforSglén—l.
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Assertion 4. a( M =0 for 4<k<n—1
For this case we consider [¢ (612), 5(e1r)]- Applying Jacobi’s identity we have that

[p(e12), p(ewr)] = [ple12), [p(e1s), plesk)]]
= [[p(e12), p(e13)], plesk)] + [plers), [plerz), p(esk)]]
= [@([e12, ex3], p(esk)]] + [p(e13), p([e12, esr])] = 0.

Thus
(1k) > _
Z aV@(ery) = [plern), Y aliMles)| = [olerz), @lew)] = 0.
1<i<j<n
This implies that a(lk) =0ford<k<<n—1.
For brevity we denote ag i k) by a1, and denote aéf) by a, then the result follows.

O

Lemma 2.4. Let n > 4 and let ¢ € Q Aut(.A4"). Then
(1) @(ein) = ainp(ein) (mod Z) fori=2,3,...,n—3;
(i) @(en—2,n) = an—2np(en—2,) + bp(ern-1) (mod Z),
where a;i,,b € R.

Proof. Letw =eipn+eapn_1+...+€ n_it1+...+e,1 and definew: A4 — A by
2 — —wx'w. Then it is easy to check that w is an automorphism of .4, and it sends
€ij t0 —en—jt1,n—it1. Denote ¢ ow by 1. Then we have B(ein) = —Pr(e1,n—it+1),
and ¢(ein) = —p1(e1,n—i+1). By Lemma 2.3, we may assume that

P1(e1,n—it1) = ainpi(e1,n—iy1) (mod Z), i=2,3,...,n—3;
?1(e13) = an—2np1(e13) + bpi(en) (mod Z).

Thus
Plein) = ainpl(en) (mod Z), i=2,3,...,n—3;

B(en—2,n) = an—2nP(en—2,n) + bp(e1,n—1) (mod Z).
0

Lemma 2.5. Letn >4 and let ¢ € QAut(A). If2<i<j—-1<j<n—1,
then ¢(e;;) = aijp(esj) (mod Z), where a;; € R.
Proof. Assume that

o(eij) = Z a;(;l])sﬁ(ekz)-

1<k<I<n
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We need to show that aglj) =0 for (kl) ¢ {(i), (1n)}. First, we prove that a(”)
0 for the case that 2 < k < | < n and (kl) # (ij). For this case we consider
[¢(e1k), g(ei;)]- On the one hand,

[p(eir), pleis)] = [p(e1r), [pleiit1), p(eiv1)]]
= [0r,ip(e1,it1), p(€iv1,5)] + [p(€iit1), O iv1(e1s)]-

By Lemma 2.3, we may assume that @(e1x) = a1xp(eir) (mod Z) ford <k <n-—1.
Thus, we have [p(e;,i+1), 0ki+1¢(e1;)] = 0. Hence

[p(e1r), p(eij)] = Oriarivilp(erit1), p(€ir,j)] = Ok ia1ir19(e15)-

On the other hand,

[p(eir), pleis)] = {Sﬂ(elk), Z Est p(est } Z akt 50 e

1<k<i<n t=k+1
By

Ok,ia1,i+19(e15) Z ay g(en),
t=ht1

we have that a( 9 — () provides (k,t) # (i, 7).
Similarly, by considering [@(eij), ¢(eim)] we can prove that a(” ) = 0 for the case
that 1 <k <l<n—1and (k1) # (i,5). The verification is left to the reader.
Thus a7 = 0 for (k,1) §Z {(i ), (1,n)}. O

For brevity, we denote a by ai;j. Then the result follows.

Lemma 2.6. All a;; (as in Lemmas 2.3-2.5) for (i, j) € Q are consistent.

Proof. For3<k<n—1, by

airp(eir), p(exn)]

@(e1r), plern)]

w(e12), w(ear)], (ern)]

v(e12), plern)], plear)] + [ple12), [e(eak), o(ern)]]
p(e12), p(e2n)]

= az,lp(erz), pean)]

- a2n¢(61n)

a1pplein) =

[
=
=
[
=
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we have that a1 = ag, for k = 3,4,...,n — 1. A similar discussion shows that
Ain = Q1n—1 for i = 2,3,...,n — 2 (we omit the analogous argument). Now we
consider a;; for the case that 2<i<j—-1<j<n—-1 By

aijp(eis)s p(ejn)]
(eis), plejn)]

aijp(ein) = [
=g
[[p(ediv1), p(eita,)] p(ejn)]
[
=y

[p(eiira), plegn)], pleira )] + [p(eiitn), [o(eir,5), wlejn)l]
(61 1,+1) (614_1 ”)]
= aiy1,n[p(€iit1), P(€it1,n)]

- aiJrl,n@(ein)

we have that a;; = aj+1,,. So all a;; are consistent. [l

By Lemma 2.6, we may assume that
(2.1) P(e1s) = rolers) + ap(ezn) (mod Z);

(2.2)  @len—2n) = 10(€n—2,0) + bp(€1,n—1) (mod Z);
(23) (,5(61‘]‘) T(p(eij) (mOd Z) for (Zaj) €N - {(17 S)a (TL - 2,71)}

Lemma 2.7. Let ¢ be a quasi-automorphism of .A". Then o(N1) = M.

Proof. The equations (2.1)—(2.3), together with Lemmas 2.1 and 2.2, show that
(¢t o p)(ei;) € M for all (i,j) € U. Furthermore, we have (¢! o ¢)(A7) C M,
and A = @(AM) C @(A7). A similar discussion on ¢! leads to A C @ 1 (A).
That is ¢(A41) C A7. Thus the required result follows. O

Theorem 2.8.
(i) If n = 2, then every invertible linear map on .4 is a quasi-automorphism of 4.
(ii) If n = 3, then each quasi-automorphism of 4 can be decomposed into the
product of a scalar multiplication map and an automorphism.
(iii) If n > 5 and 2 € R*, then each quasi-automorphism of .4 can be decomposed
into the product of a scalar multiplication map, an automorphism, a central
quasi-automorphism and two extremal quasi-automorphisms.

Proof. Let ¢ € QAut(4) with @ such that [p(x),¢(y)] = &(z,y]), for all
x,y € A . (i) is obvious. When n = 3, we may assume (by Lemmas 2.1-2.2) that

Ple13) =rplers), ¢ ews) = s~ (e13).
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Thus rs = 1, showing that r is invertible. Let ¢ = n,—1 o . Then we have
plers) =M1 o plens) = rrp(ers) = 1~ p(ers) = plers).
For any = = (745), y = (yi5) € A, [2,y] = (1223 — y12723)e13. Then

(= y) =

($12y23 - y12$23)30(613)
($12y23 - y12$23) (613)
= (z12123 — Y12723)[p(e12), p(e23)]

= (@), p(y)]-

This implies that ¢ is an automorphism of 4. So ¢ = 7, o ¢, as desired.

Now we consider the case that n > 5. Assume as before that P(e;3) =
ro(eis) + ap(ez,) (mod Z). First, we prove that r is invertible. The equation (2.1)
shows that (¢! o P)(e13) = reis + aez, (mod Z). By Lemma 2.7, we have
(7t o®) (M) = ¢ (M) = M. So there exists an element z in .47, written
as z = ) ; ;5o aijeqj, such that (=t o®)(2) = e13. Applying (2.1)—(2.3), we have
rZ 4+ aizaesn + an—2nbe1 n—1 = €13 (mod Z). This implies that ra13 = 1, and r is
invertible.

Denote 7,-1 o ¢ by 1. Then for (i,7) € 2 —{(1,3),(n —2,n)},

Pi(ei;) =M1 o P(eij)
= T-1(re(e;)) (mod Z)
=7"?rp(e;;) (mod Z)
r~Yp(ei;) (mod Z)
¢1(eij) (mod Z).

A similar discussion shows that

?i(e1s) = gi(e1s) + r'api(ezn) (mod Z);
Pi(en—o.n) = p1(en—a2n) + 7 bpi(e1n-1) (mod Z).

Denote ¢1 0 %q/(2r) © Xp/(2r) bY 2. Then we have

__ _ a
P2(e13) =71 (613 - 2_re2n)
_ a
=pi(e13) +r lasm(ezn) - 5301(62”) (mod Z)

= pi(e13) + %801(6271) (mod Z)
= po(e13) (mod Z).
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Similarly, we have
D2(en—2.n) = Y2(€n—2.,n) (mod 2).

Now we have
Pa2(eij) = pa(ei;) (mod Z) for (i,7) € Q.

Since Z can be spanned by ¢2(e1,,) (recalling Lemma 2.1), we may assume that
P2(eij) = wa(eij) + sijpa(ern) for (i,7) € V.

Now (g5 ' 0Bz)(e1n) = (14 81n)e1n. Since (p; ' 0%3)(Z) = Z we may suppose (o, ' o
Pz2)(te1n) = e1n. Then we obtain t(1 + s1,) = 1, showing that 1 + sy, is invertible.
Let f be the linear function defined in the way f: x = (25;) € A" = 32 ey TijSij-
Then 1+ f(e1n) = 1 + s15, is invertible, and Pz(z) = pa2(x) + f(z)p2(e1,). Using f
we define the central quasi-automorphism ;. Let ¢ = 2 0 8. Then we have that

?(z) = pa(z) + f(x)p2(en) = p(x), Yz e M.

This implies that the restriction of ¢ to .41 is consistent to . So

e[z, y]) = 2([z,y]) = [p(2), o(y)]-

This means that ¢ is an automorphism of .#". Finally, we have that

p=mnropob_froX_p/2r) °V_a/2r)-

3. COMMUTATIVITY PRESERVING MAPS ON A4/

Based on the characterization of quasi-automorphisms of .4, we can now describe
the commutativity preserving maps on 4.

Lemma 3.1. An invertible linear map o on .4 preserves commutativity in both
directions if and only if o is a quasi-automorphism of A, i.e., Inv.(.A") = Q Aut(A).

Proof. Obviously, @ Aut(.#) is a subgroup of Inv.(.4#"). Let ¢ be an invertible
linear map on .4 preserving commutativity in both directions. To show that ¢ is
a quasi-automorphism it is necessary to find an invertible linear map ¢: A1 — M
such that

@([z,y]) = [p(x), p(y)], VYa,ye€N.
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If n = 2 we can take ¢ to be the identity map on .#;. Now we consider the case
when n > 3. Naturally, we define @ on e;;, for (¢,7) € ¥, by
@leij) = [pleiiv1), pleivr;)]  for (i,7) € ¥,
and extend it linearly to the whole .#]. More definitely,
<P< Z aij%') = Z aijlp(eiit1), peiv1s)]-
(4,5)€¥ (i,5)€Ww
We now verify the following assertions.

Assertion 1. @([ei;, ext]) = [¢(eiz), (ert)] for (i,7), (k1) € .
If [e;j, ew]) = 0, the assertion obviously holds. Otherwise, if j = k, then by the
definition of @,

@([eij, ert]) = plear) = [pleiit1), p(eir1,1)]-

As [e; 541 — €45, €it1,1 + €1] = 0 we have
[p(eiit1) — @(eif), w(eir1) + w(ej)] = 0.
Since [p(ei,it1), p(e5i)] = [p(eis), p(eir1,)] = 0, we have

[p(eiit1), pleir1,1)] = [p(eiz), pleji)]-

Thus the assertion follows. If ¢ = [, by using the result just obtained, we have

P([eij, eril) = —@(leri, ei5] = —[p(eri), pleiz)] = [p(eis), p(exi)]-
The assertion also holds.

Assertion 2. @([x,y]) = [p(z), ¢(y)], for x,y € A

Express z,y € S asxz = > €, Yy= >, Yrek. LThen
1<i<j<n 1<k<I<n

P([z,y]) = Z Z iy P([eij, er))

1<i<j<n 1<k<i<n
Z Z Tijyrilp(eis), pler)]
1<i<j<n 1<k<ILn

= [p(x), o))

Hence, ¢ is a quasi-automorphism of 4. ([

Applying Lemma 3.1 and Theorem 2.7 we immediately obtain the main result of
this paper as follows.
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Theorem 3.2.

(i) If n = 2, then every invertible linear map on 4" preserves commutativity in
both directions.

(ii) If n = 3, then each invertible linear map on .4  preserving commutativity in
both directions can be decomposed into the product of a scalar multiplication
map and an automorphism.

(iii) If n > 5 and 2 € R*, then each invertible linear map on .4 preserving com-
mutativity in both directions can be decomposed into the product of a scalar
multiplication map, an automorphism, a central quasi-automorphism and two
extremal quasi-automorphisms.

Remark. Note that the automorphisms of 4" have been completely characterized
by Cao et al. in [3]. So the commutativity preserving maps on .4  are completely
characterized provides that n # 4.

In Theorem 3.2 the case that n = 4 is left unsolved. For this special case, we shall
directly characterize the mapping ¢ € Inv.(.4"), without using quasi-automorphisms.
In the sequel, n = 4 is always assumed. First, we introduce some standard mappings
on A .

(i) Let 2 be an invertible upper triangular matrix over R. The map o,: y +— zyz
is verified to be an automorphism of .4#". Thus o, € Inv (/).

(i) For s,t € R, we define g, on A by g5+ x = (xi;) — & + sT12e24 + txza€13.
Then it is easy to verify that g5, is an automorphism of .4". Thus, g, € Inv.(A).

(iii) Let r € R*. We define 7 on A by 7.1 © = (z;5) — = + (r — 1)(z13€13 +
Zoge24). It is verified that 7, € Inv.(.#") with the inverse 7,—1. Obviously, 7, is an

automorphism if and only if » = 1.
(iv) Let (Z 2) be an invertible 2 x 2 matrix over R and let (le le

Define Ay p,c,a on A by

) be its inverse.

0 z12 w13 714 0 ari2+cr3s awiz + crog T14

0 0 To3 T24 . 0 0 To3 dxog + bx13
0 0 0 234 0 0 0 dzss + bx12
0 O 0 0 0 0 0 0

Then it is not difficult to check that Ay pca € Inve(A4") with the inverse Mg, by,cq.d; -

Theorem 3.3. Let n = 4, and let ¢ be an invertible linear map on .4 preserving
commutativity in both directions. Then

Y = Aa,b,c,d 000 QPs,t0Tr©O 9f7
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v\ . . . .
where (‘Z ) is an invertible matrix over R, Ag b ¢,d, 0z, 0s,+ and 7, are maps defined

d
in (iv), (i), (ii) and (iil) above, respectively, and 6 is a central quasi-automorphism
(as defined in Section 2).

Proof. By Lemma 3.1, ¢ is a quasi-automorphism of .#". Lemma 2.7 says that
o(M) = A. Assume that

p(e13) = aerz +beay (mod 7)),  @(esq) = deay + cer3 (mod Z);
30_1(613) = aje13 + biegy (mod 7), 30_1(624) = djegq + c1e13 (mod Z).

It follows from (¢! o p)(e13) = e13 and (o~ ! 0 @)(ea4) = egq that

-6

This implies that (Zi Zi) is invertible. Using this matrix we define the mapping

Aa1,bi,cr,dis and denote Ag, py.c,.4; © ¢ by 1. Then
v1(e13) =e1s (mod Z) and p1(e2q) = €24 (mod Z).

Now we consider the action of ¢; on e; ;41 for i = 1,2, 3. Suppose that

3
pr(eiit) = az(f,)k+1€k7k+1 (mod 7).
k=1

Since

[p1(e12), p1(e13)] = [p1(esa), pr(e2s)] = [p1(e23), p1(e13)] = [p1(e23), p1(e24)] =0,

we have
1 3 2 2
Clg4) = GEQ) = Clg4) = ag2) =0.

Now, since ¢, is invertible, one can easily find that ag? is invertible. Now suppose

that ¢, (e12) = 6(112)612 + 6(213)623 (mod #) and ] ! (e23) = 6(223)623 (mod .4"). By
(o7t 0 ¢1)(e12) = e1a we have a%)c%) = 1, which implies that a%) is invertible.
Similarly, agi) is invertible. Now following from [¢1(e12),¥1(es4)] = 0, we have

ag)aé‘? = ag‘i)a%) = 0, which further leads to

3 1
aé?,) = aé?,) =0.
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Take x = diag(1, a(llz), a%)a%), agé)aé?agi)), then

(Ux o 301)(61‘7“_1) = €441 (mod </V1) for i = 1, 2, 3.
Now one must note that
(02 0 p1)(e13) = (afafy) 'ers (mod 2)

and
(2) (3)

(02 0 p1)(e24) = (ag5'azy) " e2q (mod Z).
Denote o, o 1 by @2, and assume

302(61',“_1) = e€4+1 T bg?elg + b(22624 (mod Z) fori=1,2,3,....

By [p2(e12), p2(e34)] = 0 we obtain b(zi) = —b(113). Taking

1 -2 0 o0

U b\ (02)
o 0o 1 2|
o 0 0 1

we have that

(Uy (¢] 802)(612) = €12 + b(2}1)€24 (mod Z), (O'y [e) @2)(623) = €923 (mod Z)’
(0y 0 p2)(e34) = €34 + b%)elg (mod 7).

Further, we find that
(0—s—t00y0ps) =e€;;41 (mod Z) fori=1,2,3,...,

where s = b&), t= b(l?. Denote o_,,_¢ 00y 02 by 3. Now, it has been proved that

w3(€iit1) = €iiq1 (mod Z) fori=1,2,3,....
One should note that

w3(e13) =re1z (mod Z) and  p3(ezs) = gezs (mod Z),

where r = (agag?)_l, q= (ag?a(i))_l. By [e13 + €12, €34 — €24] = 0 we have that

[p3(e13) + w3(e12), p3(ess) — w3(e2a)] = 0, which leads to 7 = ¢g. Denote 7,1 o @3
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by ¢a. Then we have @a(e;;) = e;; (mod Z) for all (¢,j) € & — {(1,n)}. Assume
that
paleis) = eij +rijein V(i) € .

A similar discussion (as in the proof of Lemma 2.8) shows that 1+ ry,, is invertible.
Let f be the linear function defined by f: z = (2i;) € A = > (; ;) cg TijTij- Then
1+ f(e1n) = 1 4 r1, is invertible, and p4(x) = x + f(x)er, for € A", This implies
that ¢4 is exactly the central quasi-automorphism ¢ of .#". Finally, we have that

Y = /\a,b,c,d ©0,00s5t0TrO efa where z = m_ly_l-

O
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