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Abstract. Let ¢ > 3 be a positive integer. For any integers m and n, the two-term
q

exponential sum C(m,n,k;q) is defined by C(m,n,k;q) = >, e((malC + na)/q), where
a=1

e(y) = e?™Y_ In this paper, we use the properties of Gauss sums and the estimate for

Dirichlet character of polynomials to study the mean value problem involving two-term
exponential sums and Dirichlet character of polynomials, and give an interesting asymptotic
formula for it.
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1. INTRODUCTION

Let ¢ > 3 be a positive integer. For any integers m and n, the two-term exponential
sum C(m,n, k; q) is defined by

mak + na)
- )

C(m,n,k;q)zz:e( .

a=1

where e(y) = €™,

Various properties of C'(m,n, k; ¢) were investigated by many authors (see [1], [3],
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[4], [5], [6], [7]). For example ‘Gauss’s classical work’ (referred in [1]) proved the
remarkable formula

NGE if ¢ =1 mod 4,

C(1,0.2: ) 1 1400 (—a/4)) 0, if ¢ =2 mod 4,
, U,y 43 =3 +1 +e(— =

¢ 2\/a 1 i\/q, if ¢ =3mod4,

(14+1)y/q, if ¢=0mod 4,

where i = —1.
In fact the exact value of |C(m,n,2;q)| is \/q, if (2m,q) = 1 (see e.g. Apostol’s
related work [1]). Cochrane and Zheng [5] show for the general sum that

|C(m,n, k; q)| < k' Dg'/2,

where w(q) denotes the number of distinct prime divisors of g.
The main purpose of this paper is to study the asymptotic properties of the hybrid

mean value

Y

(1) Z|Cmnkp

ZX ma+a

where y is any non-principal even character mod p, and a - a = 1 mod p.

In fact, if x is an odd character mod p, then we have the identity

p—1 p—1

p—1
Zx(ma—l—a ZX —ma+ —a) mea—l—a or mea—i—a)—o
a=1

So we only consider the case that x is an even character mod p in (1).
For any integer a with (a,p) = 1 we know from Euler’s theorem that a?=2 =
a mod p. So the sum

p—1
Z x(ma + a)
a=1
is a special case of a general polynomial character sums

N+M

(2) > x(f(a)),

a=N+1

where M and N are any positive integers, and f(x) is a polynomial.
It is a very important and difficult problem in analytic number theory to give
a sharper upper bound estimate for (2). But for some special cases, such as f(z) = z,
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Pélya and Vinogradov’s classical work (see Theorem 8.21 of [1]) proved that for any
non-principal character y mod ¢, we have

N+M

> x(a) <" Ing.
a=N+1

If ¢ = p is an odd prime, then Weil (see [10]) obtained the following result:
Let x be a gth-order character mod p. If f(z) is not a perfect gth power mod p,
then we have the estimate

N+M

(3) Z )<kp'2 > x(f(x) < kp'/Inp,

z=N+1

where k denotes the degree of the polynomial f(z). Some related results can also be
found in [2], [8], [11] and [12].

But for a hybrid mean value such as (1), it seems that no one has yet studied the
asymptotic properties of the hybrid mean value, at least we have not seen any related
result. This problem is significant, it can reflect the close relations between the two
sums. Although each of the two-term exponential sums and polynomial character
sums has no precise estimates, their mean value is well behaved. The main purpose
of this paper is to show this point. That is, we shall prove the following:

Theorem. Let p be an odd prime, k be any integer with k # 0,1. Then for any
non-principal even character x mod p and any integer n with (n,p) = 1, we have the
asymptotic formula

p—1 p—1

ma® “+ na 2
> (")
p

a=1 b=1
2p® + O(|k|p?),  if k is an even number,
o 2P+ O(|k|p?), if k is an odd number.

p—1

2
x(mb + E)‘

m=1

Taking £k = —1 in our theorem we may immediately deduce the following:
Corollary. Let p > 3 be a prime. Then for any non-principal even character
x mod p, we have the asymptotic formula
-1

Ze(map+ a)‘

a=1

-1

Z (mb + )

b=

2
=2p° + 0(p?).

p—1

bS]

m=1
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For a general integer q > 3, whether there exists an asymptotic formula for

2

q q
> lC(m,n ksq)l* | > x(mb+D)
m=1 =
(b?q)1=1

and
2

p—1 p—1
> 1C(m,n, kp)P | D x(mb +b)
m=1 b=1

where k, r > 3 are integers and (n,q) = (p,n) = 1, are two open problems.

2. SEVERAL LEMMAS

In this section, we shall give several lemmas, which are necessary in the proof of
our theorem.

Lemma 1. Let p be an odd prime, x be any non-principal even character mod p.
Then for any integer m with (m,p) = 1, we have the identity

:éx(mam)— xamr (a) )(1+( )(7()5 X)))Q),

(X

where T(x) = Z x(a)e($) denotes the classical Gauss sums, X = X3, (3) = xz

denotes the Legendre symbol.

Proof. Since x is a non-principal even character mod p, we know that
x(=1) = 1. Therefore, there exists one and only one primitive character x; mod p
such that y = x?. Then from the properties of Gauss sums we have

b(ma + &))

ZX ma + a) 7_( ] )Z(b)e( ’

b(ma? + 1))

) e ( bma? )

p
2

b
P
D)o ( )
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p—1
where we have used the identities y = x% and . y1(a)e(ma/p) = x1(m)7(X1)-
a=1
This proves Lemma 1. U
Note. It is clear that for any non-principal even character y mod p, we have

|7(x)| = /P- So from Lemma 1 we can deduce the upper bound

p—1

Z x(ma + a)

a=1

(4)

< 24/

This estimate is interesting, because it immediately recovers the Weil bound.

Lemma 2. Let p be an odd prime, x be any non-principal even character mod p.
Then for any integer m with (m,p) = 1, we have the identity

2 p—1 p—1

=2+ () Do x(@) (2= ”ff%_ ),

a=1 b=1

p—1

Z x(ma + a)

a=1

where () denotes the Legendre symbol.

Proof. Let am+ @ = u. Then for any (m,p) = 1, we have

p—1 p—1 p—1 p—1 p—1
(3) Y x(mata)=> x(u 1 =) x(u 1
a=1 u=1 a=1 u=1 a=1
am+a=u mod p a?m?—amu+m=0 mod p
p—1 p—1 p—1 p—1
=2 xw > 1 =X xw o >t
u=1 a=0 u=1 a=0
(2am—u)?=u?—4m mod p a?=u?—4m mod p
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Note that for any fixed integer u? — 4m, the number of solutions of the congruent
equation 2% = u? — 4m mod p is 1 + ((u? — 4m)/p), so from (5) we have

(6) p}jx(ma—i—d) = pz_:lx(u)(l-i- (M))

p
p—1 2
u® —4m uw?—m
= ZX(U)(i) Zx ( )
u=1 p u=1
Now from (6) and the properties of reduced residue systems mod p we have
L, uw?—m
o [ Srmaraf =[Sxe (=]
a=1 u=1
p—lp-l 2 2
—ra*—m\ /b*—m
= 23 e (=) ()
a=1b=1 p p
p—1 p=l 959 2
a‘b® —my\ /b°—m
= > x(@) (——)
a=1 b=1 p p
P— p—1

OIE=SIES

Il
g
=
&
g
— — —

a=1 b=1
B I N Gt DAY
_;X”; ; )

" (%) a=1x(a)bz=:l ((a b— 1;b(b— 1))

Knowing that x(—1) = 1, from the properties of the complete residue system mod p
we also have

p—1

pORC) DY (ELLEL NS ) py{CIAELL st
(;x bzl( ) az::lx()bz%( » )
- S ¥ (Y
a=1 b=0

and

() Z(a:—:n) _{—17 %f (n,p) =1

et p—1, if (n,p)=0p.

(This formula can be found in Hua’s book [9], §7.8, Theorem 8.2).
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Combining (8) and (9) we can deduce the identity

p—1 2 . . p—2
(10) Zx )3 (PN ZDY 1) - 3 x(a) = 20
Now Lemma 2 follows from (7) and (10). O

Lemma 3. Let p be an odd prime. Then for any non-principal even character
x mod p, we have the estimate

Proof. For any character x mod p, from the properties of the Gauss sums
7(x) we know that [7(x)| < y/p. Then from (4) and Lemma 2 we may immediately
obtaine the estimate

p—1 p—1

a’b—1)(b—1
RCINC - ~| <2
a=1 b=1
This proves Lemma 3. O

3. PROOF OF THE THEOREM

In this section, we shall use the lemmas from Section 2 to complete the proof of
our theorem. For any non-principal character y mod p and any integer (n,p) = 1,
note that

p—1p—1

(11) |C(m,n, k;p)| Zze<ma —b¥) +n(a—b))

a=1b=1 p

—p—1+

kg le mb¥ (a —1)+nb(a—1))

a=2 b=1 p

99



Let x2 = (%) denote the Legendre symbol. If k # 0 is an even number, then from
(11), (3), Lemma 2, Lemma 3 and the properties of Gauss sums we have

. fiie(mak;na) "éxmm
-1 5SS (A Sl )
. 1)% () 1x<>§ (A==
(Sl (=)

] <%)e(md (ck —1)+nd(c—1))>

P
p—1
=2p(p— 1> +2p(p—2) -2 D 1

a=2
k

a”=1 mod p
L b —1)(a?h - 1)
+(;X(a)b=1( , ))
IS A (F = 1)y nd(e—1)
(2 (F5()

— 2p* + O(|k[p?).

If k is an odd number and k # 1, since

S (L=t emly 5 L) i
01( )( ) c—l( )<<k\/13, fk>1,
and
§<c p—l)(c;l)_i:i( (clkl—;)( —1))<< kI, if k<0,
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from the process of proving (12) we have

(13) e(ma p—i— na)‘ Sx(mlﬂ— b)
m=1!a=1 b=1
Rl ek =1y B2 sdy nd(c—1)
> (SHX (G(5))

=2p° + O(|k[p"/?).

Now our theorem follows from (12) and (13).
Note that if we take k = —1 in (13), then

SO (=]

c=1

-1

”Z<5;1)<c—1)‘

c=1

from (13) we can also deduce the asymptotic formula

p=l et ma—+a ! 2
(e Z (mb +5)
m=1"'a=1 b=
Kl e—1y/c—1
=2t o) 0| X () (7))
c=1 p p
=2p> + O(p?).
This completes the proof of our corollary. O
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