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Abstract

Let T be a periodic time scale. The purpose of this paper is to use a
modification of Krasnoselskii’s fixed point theorem due to Burton to prove
the existence of periodic solutions on time scale of the nonlinear dynamic
equation with variable delay = (t) = —a (t) h (z° (t))4c(t)z> (t — r (t))+
G(t,z(t),z(t—r(t)), t €T, where f® is the A-derivative on T and
f2 is the A-derivative on (id — r)(T). We invert the given equation to
obtain an equivalent integral equation from which we define a fixed point
mapping written as a sum of a large contraction and a compact map. We
show that such maps fit very nicely into the framework of Krasnoselskii—
Burton’s fixed point theorem so that the existence of periodic solutions is
concluded. The results obtained here extend the work of Yankson [15].

Key words: fixed point, large contraction, periodic solutions, time
scales, nonlinear neutral dynamic equations
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1 Introduction

Let T be a periodic time scale such that 0 € T. In this paper, we are interested
in the analysis of qualitative theory of periodic solutions of dynamic equations.
Motivated by the papers [1]-[4], [7]-[13], [15] and the references therein, we
consider the following totally nonlinear neutral dynamic equation with variable
delay

2 (t) = —a (t) h (27 (t)) + c(t)xﬁ t—r@)+Gtx@),xt—1r(®)),t 6(1'11‘1.)
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Throughout this paper we assume that r: T — R and that id —r: T — T is
strictly increasing so that the function x (¢t — r(t)) is well defined over T. Our
purpose here is to use a modification of Krasnoselskii’s fixed point theorem due
to Burton (see [7] Theorem 3) to show the existence of periodic solutions on
time scales for equation (1.1). Clearly, the present problem is totally nonlinear
so that the variation of parameters can not be applied directly. Then, we resort
to the idea of adding and subtracting a linear term. As noted by Burton in [7],
the added term destroys a contraction already present in part of the equation
but it replaces it with the so called a large contraction mapping which is suitable
for fixed point theory. During the process we have to transform (1.1) into an
integral equation written as a sum of two mapping; one is a large contraction
and the other is compact. After that, we use a variant of Krasnoselskii fixed
point theorem, to show the existence of a periodic solution for equation (1.1). In
the special case T = R, Yankson in [15] shows that (1.1) has a periodic solutions
by using Krasnoselskii-Burton’s fixed point theorem.

In Section 2, we present some preliminary material that we will need through
the remainder of the paper. We will state some facts about the exponential
function on a time scale as well as the modification of Krasnoselskii’s fixed
point theorem established by Burton (see ([7] Theorem 3) and [8]). For details
on Krasnoselskii’s theorem we refer the reader to [14]. We present our main
results on periodicity in Section 3. The results presented in this paper extend
the main results in [15].

2 Preliminaries

The concept of time scales analysis is a fairly new idea. In 1988, it was in-
troduced by the German mathematician Stefan Hilger in his Ph.D. thesis [11].
It combines the traditional areas of continuous and discrete analysis into one
theory. After the publication of two textbooks in this area (by Bohner and
Peterson, 2001, 2003, [5]-[6]), more and more researchers were getting involved
in this fast-growing field of mathematics.

The study of dynamic equations brings together the traditional research
areas of (ordinary and partial) differential and difference equations. It allows
one to handle these two research areas at the same time, hence shedding light
on the reasons for their seeming discrepancies. In fact, many new results for the
continuous and discrete cases have been obtained by studying the more general
time scales case (see [1]-[6], [12], [13] and the references therein).

The reader can find more details on the materials and basic properties used
here in the first chapter of Bohner and Peterson book [6, p. 1-50] and can find
good examples on dynamic equations in Chapter 2 of [7, p. 17-46].

We have studied dynamic nonlinear equations with functional delay on a
time scale and have obtained some interesting results concerning the existence
of periodic solutions (see [2]-[3]) and this work is a continuation. Here, we focus
on the nonlinear dynamic equation with variable delay (1.1) which is challenging
equation and, for our delight, have not yet been studied by mean of fixed point
technic on time scales.



Nonlinear neutral dynamic equations 7

We start by giving some definitions necessary for our work. The notion of
periodic time scales is introduced in Atici et al. [4] and Kaufmann and Raffoul
[12]. The following two definitions are borrowed from [4] and [12].

Definition 2.1 We say that a time scale T is periodic if there exist a p > 0
such that if ¢t € T then t + p € T. For T # R, the smallest positive p is called
the period of the time scale.

Below are examples of periodic time scales taken from [12].

Example 2.2 The following time scales are periodic.

(1) T=U;s=_ [2(i — 1)h,2ih], h > 0 has period p = 2h.
(2) T = hZ has period p = h.
3) T
(4) T={t=k—q™: k€Z, m € Ny}, where 0 < ¢ < 1 has period p = 1.

Remark 2.3 [12] All periodic time scales are unbounded above and below.

Definition 2.4 Let T # R be a periodic time scales with the period p. We say
that the function f: T — R is periodic with period T if there exists a natural
number n such that T =np, f(t £ T) = f(¢) for all t € T and T is the smallest
number such that f(t +T) = f(t). If T = R, we say that f is periodic with
period T' > 0 if T is the smallest positive number such that f(t £7) = f(t) for
all t € T.

Remark 2.5 [12] If T is a periodic time scale with period p, then o(t + np) =
o(t) &£ np. Consequently, the graininess function u satisfies

p(t £np) = ot £np) — (t£np) =o(t) —t = p(t)
and so, is a periodic function with period p.

Our first two theorems concern the composition of two functions. The first
theorem is the chain rule on time scales ([5, Theorem 1.93]).

Theorem 2.6 (Chain Rule) Assume v: T — R is strictly mcreasmg and

T := v(T) is a time scale. Let w: T — R. If v2(t) and w™ (v (t)) emist
fort € TF, then

(wo 1/)A = (wﬁ o l/> e,

In the sequel we will need to differentiate and integrate functions of the
form f(t —r(t)) = f(v(t)), where v(t) :== ¢t — r(t). Our second theorem is the
substitution rule ([5, Theorem 1.98]).
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Theorem 2.7 (Substitution) Assume v: T — R is strictly increasing and
T := v (T) is a time scale. If f: T — R is rd-continuous function and v is
differentiable with rd-continuous derivative, then for a,b € T,

b v(b) .
/ FOr2 () At = / (for™)(s)As.
a v(a)

A function p: T — R is said to be regressive provided 1 + pu(t)p(t) # 0 for
all t € T*. The set of all regressive rd-continuous function f: T — R is denoted
by R while the set

RT={feR:1+u(t)f(t)>0foralltecT}.

Let p € R and u(t) # 0 for all ¢ € T. The exponential function on T is
defined by

e, (t,5) = exp (/t ﬁ log (1 + u()p(2)) Az) .

It is well known that if p € R™, then ey(t,s) > 0 for all ¢ € T. Also, the
exponential function y(t) = e,(t, s) is the solution to the initial value problem
y® = p(t)y, y(s) = 1. Other properties of the exponential function are given in
the following lemma.
Lemma 2.8 [5] Let p,q € R. Then

(i) eo(t,s) =1 and ey(t,t) =1;

(1i) ep(a(t),s) = (1+ p(t)p(t)) ep(t, s);

(iit) ep(—lts) = egyp(t, s), where

_ p(t) .
AR EITOTON
(w) ep<t78) = ep(—ls,t) = e@p(87t);

(v) ep(t,s)ep(s,r) =ep(t,r);

(vi) epA(.,s) = pep(.,s) and

<ep<{s>>A B _e;;((f)s)'

Lemma 2.9 [1] If p e RT, then

¢
0 < ep(t,s) <exp (/ p(u)Au) , vteT.

Corollary 2.10 [1] If p € R* and p(t) < 0 for all t € T, then for all s € T
with s < t we have

0 <ep(t,s) <exp </:p(u) Au) < 1.
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Krasnoselskii (see [7] or [14]) combined the contraction mapping theorem and
Shauder’s theorem and formulated the following hybrid and attractive result.

Theorem 2.11 Let M be a closed convex nonempty subset of a Banach space
(S, |I.1l)- Suppose that A and B map M into S such that

(i) Ve,y € M = Az + By € M,
(i) A is continuous and AM is contained in a compact set,

(i4i) B is a contraction with constant a < 1.
Then there is a z € M with z = Az + Bz.

This is a captivating result and has a number of interesting applications. In
recent year much attention has been paid to this theorem. Burton [7] observed
that Krasnoselskii result can be more interesting in applications with certain
changes and formulated in Theorem 2.14 below (see [7] for the proof).

Definition 2.12 Let (M, d) be a metric space and B: M — M. B is said to
be a large contraction if v, 9 € M, with ¢ # ¢ then d(By, By) < d(¢,%) and
if for all £ > 0 there exists § < 1 such that

[p, v € M, d(p,v) > €] = d(Byp, BY) < dd(p, ).

Theorem 2.13 Let (M,d) be a complete metric space and B be a large con-
traction. Suppose there is an x € M and L > 0, such that d (x, B"x) < L for
alln > 1. Then B has a unique fized point in M.

Theorem 2.14 (Krasnoselskii—-Burton) Let M be a closed bounded convex
non-empty subset of a Banach space (S, ||.||). Suppose that A, B map M into
M and that

(i) Yx,y € M = Az + By € M,
(1) A is continuous and AM is contained in a compact subset of M,

(iti) B is a large contraction.
Then there is a z € M with z = Az + Bz.

It is obvious that if we want to apply the above theorem we need to construct
two mappings, one is large contraction and the other is compact.

3 Existence of periodic solutions

We will state and prove our main result in this section. After we provide an ex-
ample to illustrate our results. Let T'> 0, T € T be fixed and if T # R, T' = np
for some n € N. By the notation [a,b] we mean [a,b] = {t € T: a <t < b},
unless otherwise specified. The intervals [a,b), (a,b] and (a,b) are defined simi-
larly.
Define
Cr={p:T—>R|peCand pt+T)=¢()}
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where C is the space of continuous real-valued functions on T. Then (Cr, ||.||)
is a Banach space with the supremum norm

|l = sup [¢(t)] = sup [p(t)].
teT t€[0,T)

We will need the following lemma whose proof can be found in [12].
Lemma 3.1 Let x € Cp. Then ||z7| = ||z o 0| exists and ||z7| = ||z|| .

In this paper we assume that h is continuous, a € R is continuous, a (t) > 0
for all t € T and

at+T)=a(t), ct+T)=c(t), (d—r)t+T)=>Gd—7r)(), (3.1)

with ¢ continuously delta-differentiable, r twice continuously delta-differentiable
and ¢d the identity function on T. Since we are searching for periodic solutions,
it is natural to ask that G(¢,x,y) is continuous and periodic in ¢ and Lipschitz
continuous in x and y. That is

Git+T, z,y) =G(t,z,y), (3.2)
and there are positive constants kq, ko such that
Gt 2,9) — Glt, 5, w) < o llz — 2l + Ea Jly — wll, for 2,9, 5w R, (3.3)
Also, we assume that for all ¢t € [0, T,

o (t) # 1. (3.4)

Lemma 3.2 Suppose (8.1), (3.2) and (3.4) hold. If x € Cr, then x is a solution
of equation (1.1) if and only if
t

z(t) = (1 — egqalt, t — T))71A a(s)H (x(s)) ecalt, s)As

-7
+ %x (t—r(t))
— (1 —egqlt,t — T))fl/t_/T R(s)x? (s — r(s)) eca (t,8) As
+ (1 —egql(t,t — T))fl/t_/TG (s,2(s),x (s —1(s))) ecalt,s) As, (3.5)

where
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Proof Let xz € Cr be a solution of (1.1). First we write this equation as

2 t)+a(t)z? (t) = H (z(t)) + c(t)xﬁ t—r@)+Gtx(t),xz(t—r()).

Multiply both sides of the above equation by e, (¢,0) and then integrate from
t — T to t to obtain

/ (ea(s, 0)a(s))2 As
t—T

= /ti a(s)H (x(s)) ea(s,O)As—i—/ti c(s)xg (s —1r(s)) eq(s,0)As

T T
+ /th G (s,z(s),x (s —1(s))) eqa(s,0)As.

As a consequence, we arrive at

ea(t,0)x(t) —eo(t —T,0)x(t —T)

= [_ a(s)H (x(s)) ea(s,O)As—i—/t; c(s)z® (s — () eqls,0)As

T T
t
—|—/ G (s,z(s),x (s —1(s))) eqa(s,0)As.
t—T
Divide both sides of the above equation by e, (t,0). Since x € Cr, we have
x(t) (1 —egq (t,t —T))

:/ti a(s)H ((s)) o (s,O)As—&-/ti c(s)x

T

>

(s —1(s)) ecalt, s)As

+ /t_T G (s,2(s),x (s —1(5))) ecalt, s)As. (3.8)

Here we have used Lemma 2.8 to simplify the exponentials. We want to pull
the factor (s — r(s)) from under the integral in (3.8). Clearly

[_T c(S)a:A (s —7(5)) ecalt, s)As

= t _TA S ZCE S —T(s 70(8) (& S S
[ =) s (o) A et ).

Using the integration by parts formula

/ FA(8)9() 8 = (f9) (8) — (fg) (t—T) - / £ ()92 (5) s,
t—T t—T

and by Theorems 2.6 and 2.7 we obtain
t .
/th c(s)z” (s —1(s)) ecq(t, s) As = 1_67(2(25):17 (t—7r(t) (1 —ecalt,t —T))

— /th R(s)x? (s — r(s)) ecalt, s)As, (3.9)
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where R is given by (3.7). We obtain (3.5) by substituting (3.9) in (3.8). Since
each step is reversible, the converse follows easily. This completes the proof. O

To apply Theorem 2.14, we need to define a Banach space B, a closed
bounded convex subset M; of B and construct two mappings, one is a large
contraction and the other is compact. So, we let (B,].]|) = (Cr,|.]]) and
M, = {p € B: ||| < L, ¢* is bounded}, where L is positive constant. We
express equation (3.5) as

¢ (t) = (Bp) (t) + (Ap) (t) = (Co) (1),
where A, B: M — B are defined by

(49) () = T3k (e = (1)

(= cealtt =T [ R (s () ccultis) s
+(1—epa(t,t—T)) " /f_T G (s,0(5),0 (s —1(s))) ecalt,s)As, (3.10)
and

(Be) ()= (1 =ccaltst =)™ [l (o) ecults) s (311

We need the following assumptions

(k1 + ko) L+ |G(t,0,0)| < BLa(t), (3.12)
|R(t)| < 6La(t), (3.13)
ct) | _
te[&};’] W’ =% (3.14)
J(a+p+96) <1, (3.15)
(J-1)L

max (|H (=L)|, |H (L)]) < (3.16)

J )
where «, 3, 6 and J are constants with J > 3.

We begin with the following proposition (see [1]) and for convenience we
present, below, its proof. In the next proposition we prove that, for a well
chosen function h, the mapping H in (3.6) is a large contraction on My,. So, let
us make the following assumptions on the function 2: R — R.

(H1) h is continuous on Ur, = [—L, L] and differentiable on (—L, L).

(H2) h is strictly increasing on Uy,.

(H3) supye(—p,) M'(s) < 1.

Proposition 3.3 Let h: R — R be a function satisfying (H1)-(H3). Then the
mapping H in (5.6) is a large contraction on the set M, .
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Proof Let ¢, € My with ¢7 # ¢°. Then ¢7(t) # ¢°(t) for some ¢ € T.
Define the set

D(¢,p) ={t € T: ¢7(t) # " (1)} -
Note that ¢7(t) € U for all t € T whenever ¢ € M. Since h is strictly

increasing
h(p?(t) —h(¢7(t) _ h(¢7(t) = h(p7(t))
@7 (t) — ¢7(t) 97 (t) — @7 (1)
holds for all t € D(¢, ). On the other hand, for all t € D(¢, ), we have

> 0, (3.17)

[(Ho)(t) — (He)(t)| = [¢7(t) — h(¢7(t) — @7 () + h(£7(1))]
|¢>"(t)<p"(t)l‘1 <(¢;2§ (p((t)( D)‘. (3.18)

For each fixed ¢t € D(¢, ), define the set U; C Uy, by

_ (@@, w), i 67(1) > (1),
V= { (67 (1), 07 (1)), if @7 (t) > ¢7(t), for t € D(¢, ).

The mean value theorem implies that for each fixed t € D(¢, ) there exists a
real number ¢; € U; such that

B () —h(e"(1)
TOEO R

ct) .

By (H2) and (H3), we have

1> sup A'(t)>suph/(t) >R (¢;) > inf W'(s)> inf H'(t) >0.

te(—L,L) teU, seUy te(—L,L)
(3.19)
Consequently, by (3.17)—(3.19), we obtain
HOO — (HOI < [1= it Wallom@=e W], (320)

forallt € D(¢, ). Hence, the mapping H is a large contraction in the supremum
norm. Indeed, fix € € (0,1) and assume that ¢ and ¢ are two functions in M,
satisfying

¢ —ell= sup [o(t) —pt)] >
teD(d,p)

If |97 (t) — 7 (t)| < €/2 for some t € D(¢, ), then from (3.19) and (3.20), we
get

[(Ho)(t) — (He) ()] < [¢7(t) — @7 (t)] < Lo - ell- (3.21)

Since h is continuous and strictly increasing, the function h (u—l— %) — h(uw)
attains its minimum on the closed and bounded interval [—L, L]. Thus, if

% < |97 (t) — ¢ (t)| for some t € D(¢,p),
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then from (H2) and (H3) we conclude that

h(6° (1)) — h(g” (1)
A O

>\,

where,
1 . €
A= imm{h (u+ 5) — h(u), u € [fL,L]} > 0.
Therefore, from (3.18), we have

(HO)(t) = (He) ()] < (L= A) [l = ¢l (3.22)
Consequently, it follows from (3.21) and (3.22) that

[(He)(t) = (He)®) <nll¢ — ¢,
where )
n:max{§71—)\} <1
The proof is complete. O

We shall prove that the mapping C has a fixed point which solves (1.1),
whenever its derivative exists.

Lemma 3.4 For A defined in (3.10), suppose that (3.1)-(3.4) and (3.12)-
(8.15) hold. Then A: M — My, is continuous in the supremum norm and
maps My, into a compact subset of My,.

Proof We first show that A: My — M. Clearly, if ¢ is continuous, then Ay
is. Evaluating (3.10) at t + T gives

c(t+1)

(Ap)(t+T) = T2+ 1)

ot+T —rit+1T))

t+T
- (1—e@a(t+T,t))_1/t R(5)67 (5 — 1(5))eca(t + T, 5)As

t+T
+<1—e@a<t+T,t>>*1t G(s,9(s),0(s — 1(s))eca(t + T, 5)As.  (3.23)

Use Theorem 2.7 with u = s — T" and conditions (3.1) and (3.2) to get

(t) olt=r(0)

(Ap)(t+T) = o)

t

—(1—ega(t+T, t))*l/t_Th(u + 1) (u+T —r(u+T))eaq(t + T,u+T)Au

+(1—ecat+T,t)""

¢
X / Gu+T,pu+T),p(u+T —r(u+T)))eca(t +T,u+T)Au.
t—T
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From Theorem 2.7, we have
oclu+T—r(u+T))=c(lu—ru)+T, eca(t+ T, u+T) = ecult,u),
e@a(t + T7 t) = e@a(tv t— T)

Thus (3.23) becomes
(Ap)(t+T) = msﬂ(t —r(t))
L (1= emn(tt—T) " / R(u)e” (1 — r(u))ea (1 u) Au
t—T

(1= eealtt =)™ [ Gl o= r(u)eca(tn) S = (A2)(0).

That is, A: Cr — Crp. In view of (3.3) we arrive at
G(t.y)| < |G(t,2,y) — G(E,0,0)] + [G(E,0,0) < ksllz] + kallyll + G (t, 0,0)]
Note that from Corollary 2.10, we have

1 —egq(t,t —T) > 0.

So, for any ¢ € My, we have

O e ()]
et =) [ RO (0= () ecalt. )5

t

+%1—69Att—1w_1/' |G(s,0(s), (s —7(s))) €calt, s) As

t—T

t
gaL—i—(l—e@a(t,t—T))_l/ Sa(s) Leoa (t, 5)0s
t—T

+(1—epa(t,t—T)) " /th ((k1 + k2) L+ |G(5,0,0)|) ecalt, s)As

t

< QL+ 0L (1 —eon(t,t — T)) / a(5)con(t, 5) s
t—T

4 BL(1— emu(tt—T))" /FT a(5)coa(t, 5)As

=(a+B+86)L<=<L.

<l

Thus, Ap € M;,. Consequently, we have A: M; — M.
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We show that A is continuous in the supremum norm. Toward this, let
p, Y € My, and let

' = 1—eqa(t,t—T)) ",
! é‘}?’%}( el )
!

max {egq(t,s)},

te[t—T,t]
p= tglax |G(t7 0, 0)|a
7= max {a(®)}, (3.24)
R I O
tefo.7) |1 =72 (o(t))]’
' — e i
~ ielo.T) r& (a(t) ]’
o~ e rA2 (He(t) ’
tefo,1] | (1 —r2(1)) (1 —r2 (o(t))

)
Note that from a(t) > 0 we have maxse[t 7.4 {eca(t,s)} < 1. So,

(AQ)(t) — (A ><>|_] L ]| (i — (1)

+ (1 — 69a(t
x /t_T [h(s)[1Q7 (o(s —7(s))) = Q7 (¢(s — r(s)))| ecalt, s) As

+(1—epa(t,t—T)) "

></ G(s,0(s), (s = 7(5))) = G(s,9(s),¥(s — r(s)))| ecalt, s) As
t—=T
< allp = ¢l +6llp — ) (1~ ecalt,t = 1)~ /th a(s)eea(t, s)As

t
(kR o — 6] (1 eoaltst —T)) " /t_Teea(t’S)AS

<(a+6+ (k1 + k)T B) |l — ¢

Let € > 0 be arbitrary. Define § = ¢/K with K = o+ + (k1 + k2)To’ 5, where
k1 and ko are given by (3.3). Then, for ||¢ — | < 6 we obtain

[Ap — AY|| < Kllp — o[ <e.
This proves that A is continuous.

It remains to show that A is compact. Let ¢,, € My, where n is a positive
integer. Then, as above, we see that

[Agn|| < L.
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Moreover, a direct calculation shows that

(Apn)™ (1) =

A Men(t —r(t) + "Mt —r(t) | 22 (Bct)ent — (1))
t

= [— 2 (o)) A0 - A )

— R)py(t =) + G (& @n(t), pult — (1))

ra)[ 0 —eealtt =) [ RO~ r)ecalt )]

— )| (1= conltt =) [ Glosanlohonls — rieD)ecalts]

Let L’ be the norm bound of ¢*. By invoking (3.3), (3.24) and Lemma 3.1 we
obtain

’(A‘Pn)A (t)’ <uL+ p@'L'+vL+6vyL + (k1 + ko)L +p

+ Y2 TOB' L+~ T [(ky + ko)L + p] B
< (L+d'B'T) [(kr + k2) L + p]
+pt+v+dy(Q1+4/B'T)| L+ u'L' <D,
for some positive constant D. Hence the sequence (Ayp,,) is uniformly bounded
and equicontinuous. The Ascoli-Arzela theorem implies that a subsequence

(A, ) of (Ap,) converges uniformly to a continuous T-periodic function. Thus
A is continuous and AM/, is contained in a compact subset of M. O

Lemma 3.5 Let B be defined by (3.11) and that (H1)-(H3), (3.1) and (3.16)
hold. Then B: My — My, is a large contraction.

Proof We first show that B: My — M. Clearly, if ¢ is continuous, then By
is. Evaluate (3.11) at ¢t + 7" to have

4T
(Bo)(t+T)=(1—eca(t+T, t))fl/ a(s)H(p(s))esa(t+ T, s)As. (3.25)

¢
Use Theorem 2.7 with u = s — T and condition (3.1) to get
(Be)(t+T) =

t

C (1= emn(t+T,0))" / a(u) H(p(u + T))eoa(t + T, u + T) Au.

t—T

From Theorem 2.7, we have o(u+T) = o(u) + T, ego(t + T,u+T) = egq(t, u)
and egqe(t +7T,t) = egq(t,t —T). Thus (3.25) becomes

(Be)(t+T) =

= (1-eaa(t,t=T))"" /th a(u)H(p(u))eea(t, v) Au = (Bp)(t).
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That is, B: Cpr — Cp. Note that from Corollary 2.10, we have
1-— e@a(t,t — T) > 0.

So, for any ¢ € My, we get by (3.11) that
t
[(Be)(t)] < (1 — ealt,t — T))fl/ ; a(s) [H(p(s))| ecalt, s)As
t—

t
< max ([H(-L)[,|H(L)|) (1 — ecalt,t - T))fl/ a(s)eca(t, s)As
t—T
< (J—1)L
- J
Thus By € My,. Consequently, we have B: My — M.

It remains to show that B is large contraction with a unique fixed point in
Mp,. Form the proof of Proposition 3.3 we have for ¢, p € My, with ¢ # ¢

[(Bo)(t) — (Be)(1)]

< (1— conltit—T))"" / o) [H(0(3) = Hg(s) ecalt.5) s

< L.

t
<6 — ¢l (1 esalt,t =T)) " /t_T a(s)esa(t; s) s = [lo — |-

Then ||B¢ — By|| < ||¢ — ¢||. Now, let € € (0,1) be given and let ¢, € M,
with ||¢ — ¢|| > €. From the proof of the proposition 3.3, we have found a n < 1,
such that

[(Be)(t) = (BY)(?)]

< (1—egalt,t = 1)) /th a(s) [H(d(s)) — H(e(s))] ecalt, s)As

t
<nllé =l (1~ ecalt,t =17)) 7" /f_T a(s)esa(t; 8)Ds = nllp — |-

Then ||B¢ — By|| < nll¢ — ¢||. Consequently, B is a large contraction on Mf,.
|

Theorem 3.6 Let (Cr,|.||) be the Banach space of continuous T-periodic real
valued functions on T and My, = {¢ € Cr: ||| < L,¢* is bounded}, where L
is positive constant. Suppose (H1)-(HS3), (3.1)-(3.4) and (3.12)-(3.16) hold.
Then equation (1.1) has a T-periodic solution ¢ in the subset My,.

Proof By Lemma 3.4, A: My — M is continuous and AM7, is contained in
a compact set. Also, from Lemma 3.5, the mapping B: My — My is a large
contraction. Next, note that if ¢, € My, we have

(J-1)L

= L.
J

L
146 + Bell < |A¢ll + [|Bell < 5 +
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Thus A¢p + By € My,. Clearly, all the hypotheses of the Krasnoselskii-Burton’s
theorem (Theorem 2.14) are satisfied. Thus there exists a fixed point ¢ € My,
such that ¢ = Ap + Bp. Hence the equation (1.1) has a T-periodic solution in

My,. O
References
[1] Adwar, M., Raffoul, Y. N.: Ezistence of periodic solutions in totally nonlinear delay

2]

[6]
[7]

(8]

(10]

(11]
(12]

(13]

(14]

(15]

dynamic equations. Electronic Journal of Qualitative Theory of Differential Equations
2009, 1 (2009), 1-20.

Ardjouni, A., Djoudi, A.: Ezxistence of periodic solutions for nonlinear neutral dynamic
equations with variable delay on a time scale. Commun Nonlinear Sci Numer Simulat 17
(2012), 3061-3069.

Ardjouni, A., Djoudi, A.: Periodic solutions in totally nonlinear dynamic equations with
functional delay on a time scale. Rend. Sem. Mat. Univ. Politec. Torino 68, 4 (2010),
349-359.

Atici, F. M., Guseinov, G. Sh., Kaymakcalan, B.: Stability criteria for dynamic equations
on time scales with periodic coefficients. In: Proceedings of the International Confernce
on Dynamic Systems and Applications 3, 3 (1999), 43-48.

Bohner, M., Peterson, A.: Dynamic Equations on Time Scales, An Introduction with
Applications. Birkhduser, Boston, 2001.

Bohner, M., Peterson, A.: Advances in Dynamic Equations on Time Scales. Birkhduser,
Boston, 2003.

Burton, T. A.: Liapunov functionals, fized points and stability by Krasnoselskii’s theo-
rem. Nonlinear Stud. 9, 2 (2002), 181-190.

Burton, T. A.: Stability by Fixed Point Theory for Functional Differential Equations.
Dover, New York, 2006.

Deham, H., Djoudi, A.: Periodic solutions for nonlinear differential equation with func-
tional delay. Georgian Mathematical Journal 15, 4 (2008), 635-642.

Deham, H., Djoudi, A.: Ezistence of periodic solutions for neutral nonlinear differential
equations with variable delay. Electronic Journal of Differential Equations 127, (2010),
1-8.

Hilger, S.: Ein Mapkettenkalkil mit Anwendung auf Zentrumsmannigfaltigkeiten. Ph. D.
thesis, Universitat Wiirzburg, Wiirzburg, 1988.

Kaufmann, E. R., Raffoul, Y. N.: Periodic solutions for a neutral nonlinear dynamical
equation on a time scale. J. Math. Anal. Appl. 319 32, 1 (2006), 315-325.

Kaufmann, E. R., Raffoul, Y. N.: Periodicity and stability in neutral nonlinear dynamic
equation with functional delay on a time scale. Electronic Journal of Differential Equa-
tions 27 (2007), 1-12.

Smart, D. R.: Fized point theorems. Cambridge Tracts in Mathematics 66, Cambridge
University Press, London—New York, 1974.

Yankson, E.: Ezistence of periodic solutions for totally nonlinear neutral differential
equations with functional delay. Opuscula Mathematica 32, 3 (2012), 617-627.



		webmaster@dml.cz
	2014-07-30T13:08:27+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




