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Abstract. The main purpose of the paper is to study, using the analytic method and
the property of the Ramanujan’s sum, the computational problem of the mean value of the
mixed exponential sums with Dirichlet characters and general Gauss sum. For integers m,
n, k, q, with k > 1 and ¢ > 3, and Dirichlet characters x, ¥ modulo ¢ we define a mixed
exponential sum

mak + nak )
b

q
!
Clm,mi ki X X%:0) = 3 x(a)Gi(a, X)e ("
a=1

with Dirichlet character x and general Gauss sum G (a, X) as coefficient, where Z/ denotes
the summation over all a such that (a,q) = 1, aa = 1 mod ¢ and e(y) = ¢*™¥. We mean

value of
ZZZIC(m,n;k;X;Y;Q)I4,
m x X

and give an exact computational formula for it.

Keywords: mixed exponential sum, mean value, Dirichlet character, general Gauss sum,
computational formula

MSC 2010: 11103, 11L05

1. INTRODUCTION

Let ¢ > 3 be a positive integer. For any integers m, n and k, and Dirichlet
character xy modulo g, we define exponential sums as follows:

(1) Silm,mq) = 3 e(TE),

1 q

a=
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q _
(1.2) Sa(m.mixig) = 3 (e "),
a=1
q
(1.3) Sz(m,n; k;q) = Z%(@)’
a=1
a k
(1.4) Sa(m,n; k; x;q) = le(a)e(mTW>,
a=1
. _
(1.5) Ss(m,n; k;q) = Z%(M)v
a=1
Ky ma® +nﬁ
(16) So(m.mikixiq) = Y x(a)e (=),

1 q

a

where 3’ denotes the summation over all a such that (a,q) = 1, aa = 1 mod ¢ and
e(y) = 2.

These summations are very important, because they are generalizations of the
classical Kloosterman sums (that is formula (1.1)) which were introduced in 1926 by
H. D.Kloosterman [9], and we have

S1(m,n;q) = Sa2(m,n; x0;q) = Ss(m,n; —1;q)
= S4(m,n; —1;x05q) = Ss(m, n; 1;q) = Se(m, n; 1; x0; 9),

where x( is the principal character mod ¢q. Many authors have obtained a lot of
well-known results. For example, some authors obtained the most famous estimate

(see [3], [5]),
(1.7) |S1(m, n;q)| < d(q)g"/*(m,n,q)*/?,

where d(q) is the divisor function, and (m,n, ¢) denotes the greatest common divisor
of m, n and q. W.P.Zhang [16], R. Evans [6] and K. Gong and D. Q. Wan [7] study
the power mean of (1.1) and give some exact computation formulas for them. Many
authors have investigated the summations (1.2)-(1.6) by various methods (see [4],
[8], [10], [11], [12], [13], [15], and [18]).

Recently, C.Calderon, M. J.De Velasco and M. J.Zarate [2] have defined a new
generalized Kloosterman sum

ma® + na)
)

(1.8) Sm,nix; %) = D (@Gl e (T

where x, x are Dirichlet characters modulo ¢ at the same time, the sum G(a, )

q
is a Gauss sum which is defined by G(a,x) = 3. ¥(uv)e(ua/q). Now we change
u=1
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the summation of (1.8), then we define the mixed exponential sum by general k-
Kloosterman sums as follows:

4, ma® + nﬁ
(1.9) C(m,n; k; x; X3 q) = Zx(a)Gk(a,Xk(?)v
a=1
with a Dirichlet character and a general Gauss sum Gg/(a, ) as coefficient, where
_ ’_ ua®
= > xwe(*).
u=1 q

In particular, if K = 1, ¢ is an odd prime and ¢ { n and g is the principal character
modulo ¢, then we have

q

C(m, n; 15 x0; X; ¢) = Z/Gl(aJZ)e(mTW),
where G1(a, x) = é{)‘((u)e(ua/q) Since
Grla. ) = Y Xwe () =3 e("-) = Gla.0) = (ala)G(1.0)
u=1 r=1

Thus we derive

1/22 alq)e (ma—l—na)) g=1 (mod 4),
C(m,n;1;x0;X:q9) =

. 172 ‘. ma + na .
iq Z(a|q ( ) = 3 (mod 4),
a=1
q"/%S3(m, n; X,Q), q=1 (mod 4),
iq'/2S5(m, n; x; q), =3 (mod 4).
Finally, we obtain
(1.10) |C(m,m; 15 x05 X:.9)| = ¢'/2|Sa(m, 13 x: q)]-

463



By the formula (1.10) we can obtain many results about the summations (1.1)—(1.6)
(see [14] and [17]).
In this paper,we use the analytic method and the property of Ramanujan’s sum to

study the fourth power mean value of the mixed exponential sum > > >~ |C(m, n; k;
m X X

|* and give some explicit formulas. That is, we shall prove the following

X X3 q)
theorem and corollary.

Theorem 1.1. Let m, ¢ > 3 and k be positive integers with (k,q) = 1. Then for
any integer n with (n,q) =1 we have

DY D Cmns ki xs o)l
m X X

= @q[[kp—D@2p— (kp—1) = 1)(P* —p—1)

plla

< [ (k,p = D)p*™2(p = 1)((ap —p — a)(k,p — 1) + 2p),
p°llg
az?2
where ¢(q) is the Euler function, and [] denotes the product over all prime divisors
g
p of ¢ with p® | ¢ and p**1 4 q.
We immediately get the following corollaries.
Corollary 1.1. Let g be a square-free number and k a positive integer with
(k,q) = 1. Then for any integer n with (n,q) = 1 we have

DY ICm sk X q)l*
m. o x X

=@e[[kp—1)2p— (kp—1) = 1)(* —p—1).
plla

Corollary 1.2. Let q be a square-full number and k a positive integer with
(k,q) = 1. Then for any integer n with (n,q) =1 we get

YYD Cm sk v x o)l
m X X

=¥ @g [[ kp—1)p** (0= 1)((ap —p — @)(k,p — 1) + 2p).

p*|lq
az2
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2. SEVERAL LEMMAS

Before starting our proof of the theorem, the following lemmas will be useful.

Lemma 2.1. Let k, n, m, ¢1 and g2 be positive integers with (n,q1q2) = (q1,¢2) =
1. Then for any characters x modulo q1q> and ¥ modulo q1q- there exist integers ny
and ng with (n1,q1) = (n2,q2) = 1 such that n = n1q§+1 + ngqf‘H (mod ¢1¢2), and
for these integers we have

|C'(m,n; k; x5 X5 1g2)]

= |C(m(g2)* 1 nas ks xas X )| |C(m(qn)F

1 ngs ks x2; X2 q2)|

where x = x1x2 with x1 modulo q; and x2 modulo q2, and also X = x1X2 With X1
modulo ¢; and Y2 modulo ¢s.

Proof. From the property of reduced residue systems we get

q1 (I2/

B _ ma® + nak
Clm,ni ki x; X; 142) = ) x(a)Gil(a, X)e(7>
a=1

q192
q1 (I2/ q1q2 k

= 3@ DKoM YoMty

a1 u—1 qn1q2 192

Since (q1,q2) = 1, we have (¢"™', ¢5™!) = 1. Therefore there exist integers n; such

that

n1gs™ = n (mod ¢Ft1h),
and no such that

nagi ™ =n (mod g5 th).

This implies

g nigh Tt + nagf Tt —n
and
a5t | nagt ™t + magh ™t — .
That is
n=n1g2" + nag ™ (mod qig2).
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It is clear that (q1,n1) = (ql,nlqg"’l) = (g1,n) = 1 and (g2,n2) = 1. For these
integers q1, g2, N1, no we derive

C(m,n; k; X5 X; q142)

q1 g2
=3 Z x1x2(bg2 + cq1)
b=1 c=1
(Y u(bgs + cq1)* + m(bge + cq1)* + n(bgs + cq1)*
x Z X(u
q142
q1 q2 q1 q2
= ZX1X2 (bgz +cq1) > ZX1X2 (uge +vq1)
b=1 c=1 u=1v=1

e( (ug2 +vq1)(aga + cq1)* + m(bga + cq1)* + n(bgs + cql)k)
4192
q1

= x1(g2)x2(q1) ZX1 (0)x1(g2)x2(q1)
b=1

xle ( qu) )e(mbk(qz)’“‘1+n1b_k)

q1

q2

Xf:lIXQ ng ( v(cq)® )e(mck((h)k_l—i—nzc_k)
= x1(¢2)x2(q1)x1(g2)x2(q1)

x g?m le ( ugq2 )bk)e(mbk((&)k_l +n1b_k)

q1
g, v k k k—1 Kk
17)cC mce”(qq —+ noc
sz ZXQ ( q ) )e< (Q)q2 )
c=1

= x1(g2)x2(q1)x1(g2)X2(q1)x1 (5 ) X2 (at)

L o k\pk k k1 N
X Z/X1(b) Z,X1(uq§)e<(uq;)b )e<mb (g2) +n1bk)
b=1 u=1

q1

q2 q2

Since (u,q1) = (¢2,¢1) = 1 and u runs through a reduced residue system modulo ¢y,
we have (¢5,q1) = 1, (ug5,q1) = 1 and ugh runs through a reduced residue system
modulo ¢; (analogously vgy runs through a reduced residue system modulo ¢z). Thus
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the above formula simplifies to

C(m,n;k; x5 X 01¢2)
= x1(g2)x2(q )Xl(qz)Xz(qﬁXl(q’g))Zg(q{“)

X bf:lIXl ZX1 (Ubk)e(mbk((p)k_l + nlb_k)

q1
2, / Ve mc* (g1t + nack
XZXQ(C)Z)_(Q(’U)G(—)€< (a1) )
p— o1 q2 q2

= xa(g2)x2(q)xa (a5 )x2(at ™)

x C(m(ga)* 1 nas ks xas xa; q1)C(m(qr) 1 nas ks x2; Yo g2)
= x1(q2)x2(q1)(x1(g2)x2(q1))* 1
x C(m(g2)* " 1y ks xa: X105 q1)C(m(q1)" 1 nas ks xas Xo; g2).

Then Lemma 2.1 follows from |x1(g2)x2(¢q1)| =1 and |x1(g2)Xx2(q1)| = 1. O

Lemma 2.2. Let k, n, m, p® be positive integers. Let C(m,n;k;x; X;p®) be the
first sum defined in (1.9) with Dirichlet character x, X modulo p®. Then we have
the identity

/. /

p” P
ZZ|Cmnkxxp ZZ|51|2,

u=1a=1

where

. ie(mbka — 1) + vbP(ua® — 1) + nbk(a* _1))

fe
v=1 b=1 p

P

Proof. From the property of reduced residue systems we have

/ _ mak—i—nﬁ 2
|C(m,n; k; x; X 0%)| x(a)Gr(a, X)e( ———
q
a=1
pa/_ PP mbk(ak — 1) + vbk (ua® — 1) + nbk(ak — 1
= S TS oA D el — 1) b~ 1)y,
u=1 v=1a=1b=1 p

Therefore by the orthogonality relation for characters [1]

— { p(p), m=mn (mod p),
0, m # n (mod p).

467



We obtain

D |Cmniks i i)t =3 S Rwx(w)

2

VAV ( mbk(ak—1)+vb’“(uak—1)+nb_’“(a_’“—1))
pa

X

2

AERNE AN mb*(a* — 1) 4 vb* (ua® — 1) + nb*(a* — 1)
(a)e
222X ( )

>< (e}
v=1a=1 p
P & mb¥(a* — 1) + vb¥(ua® — 1) + nbk(a* — 1) 2
= o(p) > X(a)e< o )
u=1"'v=1a=1b=1
Now by the same method we can easily obtain Lemma 2.2. O

Lemma 2.3. Let p be an odd prime number. For any positive integer o we

a

P
consider Ramanujan’s sum Cpe(n) = . e(nv/p®). Then we have the following
v=1
identities:
(i) Fora =1,
" p) Iif p|n,
Cylmy = Ye(M) = { ¥ 2P
- P -1 if ptn.

(ii) For a > 2,

o~ e(p*) if p*|n,
_ ! @ _ _no—1 . a—1
Co(n)—;e(pa)— D if p*=* || n,
0 if p*tn

where p® || ¢ denotes the divisor p of ¢ with p* | ¢ and p®** { q.

Proof. See Lemma 2.2 of [7]. O
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Lemma 2.4. Let p be an odd prime number and « any positive integer. If k is
a positive integer and (k,p) = 1, then we have the identity

P°, P°,
Z 1=o(p*)((a —1)d? +2d) — d*p*~ !,
a=1  b=1
p*[(a*=1) (b*-1)

where d = (k,p — 1).

Proof. Using the property of the k-th power congruences and primitive roots,

we obtain
pa/ pa/ pa/ pa/ a-l pa/ pa/ pa/ pa/
SREED S SEFS SH SAND SEFED Sl o
a=1 b=1 a=1 b=1 =1 a=1 b=1 a=1 b=1
p*|(a¥ 1) (b*~1) p*1(a*—1) (b* -1) a\((lk—l) (bF-1) p*1(a*—1) (b* -1)
pt(a®—1) T (ak-1) p*l(a*-1)
=F, + E> + Es.

Now we compute F1, E2 and E3 in the above formula. By Theorem 5.33 of [1] we

have
< ! < ! (e% So(pa) (e% 2, a—1
E, = L= (k,p(p ))(@(p ) — ( (kwp(p))) =dp(p”) —dp* .
a=1 b=1 »(p)
p¥|(a®—1) (b"-1)
pfak—1)

From the same property we can also deduce that

Q

a

a—1 P p ,
Rey YOS

i=1 a=1 b=1

p¥|(a®—1) (b*-1)
P (a®-1)
S el o(p*) o(p®)
= % —(k, pa—i AP pﬂ(—i-i-l
> 0 e (it 07 ~ S 4

a—1
=dY p*ld(p'd —p'd) = (a — Dd®e(p®).
i=1
Finally, we can easily get

Es = p(p®)(k, o(p*)) = dp(P?).

Combining F;, F» and E3 we immediately deduce Lemma 2.4. O
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Lemma 2.5. Let k, n, m, p* be positive integers. Let C(m,n;k; x; x;p*) be the
first sum defined in (1.9) with Dirichlet character x, Y modulo p®, then we have the
identity

> ZZ |C(m,n; k; x; x;p™)[*
_ { ¢ (p)pd(2¢(p) — d)(p(p?) — 1) ifa=1,
@ (p*)p*d(p(p®)((a = 1)d + 2) — dp*~1)p*(p**) if o >2,

where d = (k,p — 1).
Proof. By Lemma 2.3 we can obtain

(e

p
S>> Cmyni ks x; xp®)|*
m=1 x X
P pu W2 PP, mb¥(ak — 1) 4 vb* (ua® — 1) + nb*(aF — 1)\ |*
A e o )
m=1 u:la:l v=1 b=1
o o oo

" e(m b — sF)(ab — 1) + (vb* — ts¥)(uak — 1) + n(bF — sk)(ak — 1))
pa
LAV m(b* — s¥)(a* — 1) + n(b* — sF)(a* — 1
TSI 6( ( ) )a ( )( ))
u=1 s=1b=1 m=1 p

LAY /((vbk—tsk)(uak—l))
E

ot

DL vk — sFY(aR — 1) + n(OF — sF)(ak — 1)
D 3 3 oLt E )
u=1s=1b=1 m=1
P T sk — 1) (@b — 1) + nbFsFaR (B — 1)(a* — 1)
DI IPIPIL( g )
u=1 s=1 b=1 m=1 p
« « pa ! pu/
=(P*)p 1
a=1 b=1
p™[(a®—1) (b*—1)

470



By Lemma 2.4 we immediately deduce that

Ey = o(p®)p*(e(p™)((a — 1)d* + 2d) — d*p*~1),
where d = (k,p — 1).

For computing the E5 we can use the definition of Ramanujan’s sum and get

a (e

1,

i/e( (vb* — ts

t=

)

v=

) (uak — )

pe

_

1
p°

(Z/e( b* (ua® — 1) ))(i ( L_U))

= 8 S
H o |l 2
—

v=1 =

Since (b,p®) = 1 and r runs through a reduced residue system modulo p®, we have
(b¥,p*) = 1 and b*v runs through a reduced system modulo p*

, (analogously s*t
runs through a reduced residue system modulo p®). Thus

(e

/4

Z Cpo (ua® — 1)Cpe (uak — 1) = Z,|Cpa (ua® —1)|2.

u=1 u=1

From Lemma 2.3 we have

z 2+ 31 it a=1,
b pl(ua* —1) w(ffakl—;i
Z/ o2 (p®) + Sopesh) i o> 2
p*|(uak 1) p*ua 1)
©*(p) + ¢(p) — 1 if a=1,
- {sOQ(p") +p* e Vo(p) if a>2,

{ga(pQ)—l if a=1,

O2(p?®)  if a>=2.
Combining the above formulas we immediately deduce the computational formula
SN IC(m sk x; xsp®)[
moX X

_ { ¢* (P)pd(2¢(p) — d)(p(p®) — 1) if a=1,
O3 (pM)p@d((p®)((a — 1)d + 2) — dp*~ 12 (p?*) if a > 2.

This completes the proof of Lemma 2.5.
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3. PROOF OF MAIN THEOREM

Proof. Now we prove the theorem. First for any integer n with (n,q) =1 let

g and m be written as ¢ = H p;t and m = Z m;q/p;" respectively. Furthermore, if
= i=
m; (i =1,2,...,r) pass through a complete re51due system modulo p;”, then m runs

through a reduced residue system modulo ¢. Finally, by Lemma 2.1 and Lemma 2.5
in the previous section we obtain

q

>oodT Y Gkl

m=1x mod g x modgq

Il
ﬂ‘ 3
7N
M}?
g
g
oy
E
SQ

q \k-1 RN
ey pT) ,ni;k;Xi;Xi;Pi")‘
1 1

S X Gkl )

m;=1 y; modp;? x; modp;?

r p; q 4
= < > > ‘C<mi;niTi§k;Xi§)_(i§p?i)‘ >
1 my pi

2 X: mod pjt

<p§: > > ‘C(mi,nil%;k;xi%;p?")‘4)

mi=1 y; modp;? x; modp;?

= [[#* @)k, p — 1)(2e(p) — (k,p — 1)) (0(p*) — 1))
pllq
X

I ®™)p* (k,p — D (™) (e = 1) (k,p — 1) +2) = (k,p — 1)p*~)p*(p*))

p°llq
az>2
=% (q)q [ [((k.p — 1)(20(p) — (k,p — 1)) ((p*) — 1))
pllq
< TT ((k,p = D (™) (e = 1)(k,p — 1) +2) = (k,p — 1)p*~)p*(p>))
p°llq
az>2
= (Qq[[(k,p—1)@2p— (kip—1) = D)(P* —p—1)
pllq
< [ (k,p=1)p**2(p = 1)((ap — p — @) (k,p — 1) + 2p).
v
This completes the proof of the theorem. O
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