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On the exterior problem in 2D for stationary

flows of fluids with shear dependent viscosity

M. BILDHAUER, M. FucHS

Abstract. On the complement of the unit disk B we consider solutions of the
equations describing the stationary flow of an incompressible fluid with shear
dependent viscosity. We show that the velocity field u is equal to zero provided
ulgp = 0 and lim|;|_ o ||1/3|u(z)| = 0 uniformly. For slow flows the latter
condition can be replaced by lim|;| oo |u(z)| = 0 uniformly. In particular, these
results hold for the classical Navier-Stokes case.

Keywords: equations of Navier-Stokes type, stationary case, exterior problem
in 2D

Classification: 76D05, 35Q30

1. Introduction

In our note we investigate the following exterior problem for the stationary
flow of a generalized Newtonian fluid: let B denote the open unit disk in R? and
suppose that the velocity field u: R? \ B — R? and the pressure m: R?\ B — R
satisfy the equations

(1.1) —div[DH (£(u))] + u*0pu + V7 =0
and
(1.2) divu=0

on R?\ B together with the boundary condition
(1.3) u=0 on O0B.

Here £(u) denotes the symmetric gradient of the field u, u*0yu represents the
convective term (the convention of summation is used throughout this paper) and
we assume that the stress tensor T  is generated by a given potential H in the
sense that TP = DH, where TP is the deviatoric part of T

We further assume the structural condition

(1.4) H(e) = h(le))
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with prescribed function h : [0,00) — [0, 00) of class C2. From (1.4) it follows
DH(e) = p(lel) e

with viscosity function u(t) := h/t(t) and, together with (1.2), this means that we
consider stationary flows of incompressible generalized Newtonian fluids being of
shear thickening type if p is an increasing function, and of shear thinning type if
the viscosity decreases.

For further mathematical and also physical explanations the reader is referred
to the monographs of Ladyzhenskaya [La], Galdi [Gal],[Ga2] and M4lek, Necas,
Rokyta, Ruzicka [MNRR] (see also [FuSe]).

In the particular case h(t) = /2, the equations (1.1)—(1.3) reduce to the
exterior problem for the stationary Navier-Stokes equations, and it is a challenging
task to prove (or disprove) that

(1.5) O(R) := sup |u(z)] =0 as R — oo,
|z|>R

implies that the velocity field u is identically zero. Further details including
the historical background and related problems are presented in Chapter X.3 of
Galdi’s book [Ga2] and in his paper [Ga3].

Of course we will not give an answer to this open question: our goal is to
show that with the help of rather elementary energy estimates one can obtain the
following results.

Suppose that the fluid is shear thickening or shear thinning. Let u denote a
solution of (1.1)-(1.3). Then we have u = 0 if

(i)  (1.5) holds and the convective term is neglected ( “slow flows”)

or if

(ii)  (1.5) is replaced by the stronger condition

(1.6) lim RY?O(R) = 0.

R—o0

In order to make these statements precise, we first have to introduce a reason-
able class of solutions.

Definition 1.1. A function u € C*(R? \ B), i.e. u and Vu are continuous up
to 0B, is a solution of (1.1)—(1.3), if (1.2) and (1.3) hold in the classical sense and
if

(1.7) DH (e(u)) : e(p) dx —|—/ uFoputp’ de =0
R2\B R2\B

holds for all ¢ € C}(R? \ B) satisfying div ¢ = 0.
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Remark 1.1. Obviously (1.7) is the weak form of (1.1) and in the shear thickening
case we can replace Definition 1.1 just by the requirement that u is an element of
a suitable local energy space having finite energy on the annulus 1 < |z| < r.

In the shear thinning case the situation becomes more delicate and we decided
to work with Definition 1.1.

From the various hypotheses concerning h and the calculations presented below
the reader actually can deduce the minimal requirements concerning the field u
in the cases under investigation. However we emphasize that we do not assume
the validity of global energy bounds like fR2\E h(le(u)|) dx < oo for our class of
solutions.

Next we formulate our hypotheses imposed on the density h occurring in the
structural condition (1.4). We suppose that h satisfies:

h(t
(A1) h is strictly increasing and convex; we have A”(0) > 0 and }in% —i ) = 0.
—

(A2) There is a constant a > 0 such that h(2t) < ah(t) for all t > 0
(doubling property).

n(t
(A3y) In the shear thickening case we have # < h'(t) for all t > 0.
. " W(t)
(A3) In the shear thinning case we have h"(t) < " for all ¢ > 0.
Remark 1.2. (i) From (Al) it immediately follows that h(0) = A/(0) and

h'(t) > 0 for any ¢t > 0.

(ii) By considering %@ it is immediate that (A3;) and (A3jr) express the
fact that the fluid is shear thickening and shear thinning, respectively.

(iii) (A1) together with (A2) implies the balancing condition
(1.8) cth'(t) < h(t) < th'(t) forall t>0

and for a suitable positive constant ¢. In fact, 0 = h(0) > h(t) — th'(¢)
holds by convexity, whereas by (A2) and the monotonicity of h’
o = then = L [ s 2 [ weds > Lo
> - =2 s)ds > ~ t s)ds > — .
(iv) It is easy to see that from (A2) it follows

h(t) < h(1)t*  forall t > 1,
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thus

(1.9) h(t) <c[t*+1] forall ¢>0.

R’ (t)
t

> liIns—)O h iS) =

(v) If we are in the shear thickening case (A3j), then
R"(0) gives

1
(1.10) h(t) > 5h"(O)lt2 for all t >0,

and (A1) implies on account of h”(0) > 0 that our energy is of at least
quadratic growth.
(vi) In the shear thinning case we have

(1.11) h(t) < %h”(O)tz
and
(1.12) B (t)? < ch(t)

for any ¢t > 0. For (1.12) we observe h/(t) < th”(0), which is an immediate
consequence of 1/(t)/t < lims_,o h'(s)/s, thus

B ()% < th”(0)A(t) (158) ch” (0)h(t).

Note that according to (1.11) the condition (A3y) implies that the energy
has subquadratic growth.

Actually, even the case of linear growth is covered, which means that
we can easily give examples of densities h satisfying (A1)—(A3y;) for which
lims_, oo h(t)/t € (0, 00).

(vii) It is not hard to show that (A1) and (A3rr) already imply (A2), we refer
to the Appendix of [BF].

After these preparations we can state our main theorem:

Theorem 1.1. Suppose that u is a solution of (1.1)—(1.3) in the sense of Defi-
nition 1.1 with H from (1.4), where h satisfies (A1,2), (A31) or (Al,2), (A3).
Then wu is identically zero, if
(i) |u(z)| — 0 uniformly as |z| — oo, i.e. (1.5) holds, and if u*Oyu is neglected
(ii) or if |z|*/3|u(x)| — O uniformly as |z| — oo, i.e. we have (1.6).

In the subsequent sections we will present the proof of Theorem 1.1 distin-
guishing the cases of increasing and decreasing viscosity.

However, in both cases we apply energy estimates originating in the papers
[Fu] and [FuZha] dealing with entire solutions of equations (1.1) and (1.2).

We finally remark that our arguments immediately extend to the exterior prob-
lem in R™ leading to appropriate bounds in part a) and b) of Theorem 1.1. The
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details are left to the reader. Moreover, it should be noted that Theorem 1.1 in-
cludes the exterior problem for the stationary Navier-Stokes equations as a special
case.

2. Some technical preliminaries

Our first tool is a slight extension (presented in [FuZhal) of the “c-Lemma”
due to Giaquinta and Modica (see Lemma 0.5 in [GM]):

Lemma 2.1. Let Q := Qgr(z) := {z € R? : |z; — z;] < R, i = 1,2} denote an
arbitrary square. Suppose that we are given non-negative functions f, fi, ..., fi
from the space L'(Q) and exponents a1, ..., ay > 0. Then we can find a number
g0 > 0 depending on s, ..., oy as follows: if for € € (0,e9) it is possible to
calculate a constant c¢(e) > 0 such that the inequality

/ fda:gfs/ fdx—l—c(s)Zr_o‘j/ fidx
Qr(y) Q2r(y) 1 Q2r(y)

Jj=1

holds for all squares Q2,(y) € Q, then there is a constant ¢ > 0 (independent
of Q) with the property

1
fdx <c r_af/ fidx
/Qr(y) ; Quw)

again for all squares Qo,(y) € Q.

In order to construct solenoidal testfunctions, we will make use of the following
basic lemma (see, e.g. [Gal, Chapter III, Section 3]).

Lemma 2.2. Suppose that we are given numbers 1 < p; < p < py < co. Then
there is a constant ¢ = ¢(p1, p2) with the following property: if f € LP(Bg(xo)),
Br(zo) == {x € R? : |2 — 20| < R}, satisfies fBR(m) fda =0, then there exists a

field v in the Sobolev class I/f/})(BR(xo)) such that dive = f on the disk Br(zo)
together with the estimate

(2.1) / [Vo|* do < c/ |f]° dz
BR(mQ) BR(zO)

for any exponent s € [p1,p]. The same is true if the disk is replaced by a square
Qr(zo) or an annulus Bar(xo) \ Br(xo).

For handling the shear thickening case we need the following result stated in
Lemma 2.5 of [Fu] and being a consequence of (1.8) and (1.9).

Lemma 2.3. Let h satisfy (Al), (A2) and (A3;). Then there exists a number
7 € (1,2] such that

(2.2) W () < e (h(t)l/T + t) for all t >0,
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where ¢ denotes a suitable positive constant.

3. Shear thinning case

Let h satisfy (A1), (A2), (A311) and suppose that we have a solution u in the
sense of Definition 1.1 satisfying at least (1.5). Note that in this case u is an
element of the space L>°(R?). We fix a square @ having positive distance to the
unit disk B and consider subsquares Q2.(z) € Q.

Our first goal is to obtain an estimate (see (3.8)) for the energy
er(Z) h(le(u)]) dz. To this purpose we let in equation (1.7) ¢ = n?u — v, where
n € C3(Q2r(2)), 0 < <1, n=1onQ(2), [V < c/r.

The field v is defined according to Lemma 2.2 with the choices s = p; = ps = 2,
f = div(n®u) (L2 Vn? - u and with Bgr(zo) replaced by Qa2.(z). We obtain
from (1.7)

/ n?DH (¢(u)) : e(u) dz
Q2r(2)

+ 2/ oH (e(u)) Dannu’ da — / DH (g(u)) : e(v) dz
Qar(2) OFia Q20 (2)

—|—/ ukﬁkuiuinz dz —/ uFOputvt dz
Q2r(2) Q2r(2)

=T +T, —T3+ T, —T5=0.

From (1.4) and (1.8) it follows

G2 Ti=[ (et
Q2r(2)
By Young’s inequality and again (1.8) we have

Tl < o (@) nlValllds
Q2r(2)

- M% ulnlh’ (le(u OIZ dz
B /QW)[ e (w)] ] IValluln [ (le(u)]) [e(u)]]* d

2 u x C M 2u2 "
< 9 o h(le(u)]) da + (5)/%(2) sy VP da

If § is chosen sufficiently small, we deduce from the above estimate in combination
with (3.1) and (3.2) and by recalling the inequality stated after (1.12)

(3.3) / °h(le(u)]) de < c [7"2/ [ul* do + T3] + |Tu] + |T5]
Q2T(z) QZT(Z)
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For any § > 0 it holds on account of (2.1) and (1.12)

T3]

IN

) W (le(w)))? dz 4071 IVo|? dz
Q2r(2) Q2r(2)

c [5/ h(le(u)|) dz +5717”72/ |ul? dx] ,
Q2r(2) Q2r(2)

and if we replace cd by 0 we get from this estimate in combination with (3.3)

IN

(3.4) /Q IRICRIEE

<4 h(le(w)]) do + ¢

6717“72/ |u|? dz + |Ty| + |Ts|
Q2r(2) Q2 (2)

We further have
1 . 1
Ty = —/ ub O [ul*n? dx (L2 ——/ u - Vn?lul|? dr,
hence
1 3
(3.5) Ty < - uf* da,
r QZT(Z)
moreover it holds

(12)
|T5| "=

/ uFul oo’ da
QZT(Z)
1
2
< / lu|* da / |Vo|? da
Q2r(2) Q2r(2)
@ 4 2
< ecr / |l dx/ |u|® da
Q2T('Z) Q2T('Z)

<ecr ! [/ |u\4dx+/ |u2dx] .
Q2T('Z) Q2T('Z)

From (3.4)—(3.6) we finally obtain

2

=

/ h(le(w)]) dz <o h(le(w)]) dz + ¢
Qr(2) Q2r(2)

5_1r_2/ lu|? dz
Q2r(2)

(3.7)
+ ril/ (Jul® + |uf® + |u|*) dx]
Q2r(2)
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being valid for any § > 0 and all squares Q2,(z) C Q. Inequality (3.7) shows that
we can apply Lemma 2.1 with the result

(3.8) /Q ( )h(|£(u)|) dx

<c [7“2/ \u|2 dx + ril/ (|u\2 + |u\3 + \u|4) dz |,
Q2r(2) 2

r(2)

which holds for all squares Q2,(z) C @. Let us consider a square Q = Qr(zo)
with side length R > 1. Choosing r = R/4, z = x¢ in (3.8) and recalling the
boundedness of u we get

(3.9) / h(le(u)]) dz < R~ luf? dz.
Q%(wo) Qg(l‘o)

With (3.9) we return to the derivation of (3.7) with the choices r = R/8, 2z = x,
but this time we estimate |T5| through the quantity

cr‘l[fQ%(z) lul* da Jou () |u|? dz]'/? (compare (3.6)) and again we make use of
the boundedness of u, which means that in (3.5) we replace |u|®> by const|u|?.
This yields for any § > 0:

/ he@)) de < e 53—1/ luf2dz + 5 R (uf? dz
Q%(ro) Qg(ro) Q%(zo)

2

+Rr! / \u|4d:13/ lu|? dz
Q g (z0) Qg (z0)

If we choose § = R~'/2, this inequality implies

/ h(le(u)]) dz < e R_%/ lu|? dz:
Q%(zo) Q%(ro)

2

+RrR! / |u\4dx/ |u|? dz
Qg (zo) Qg (z0)

Next we fix an annulus T := Bar(0) \ Br(0) of very large radius R and cover
its closure with a finite number N of squares Q (7;) having centers x; in Tk.
Note that N can be chosen independent of the radius R. We apply (3.10) to these
squares and estimate |u| on Q%(ajl) just through ©(R/4) being defined in (1.5).

(3.10)
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After summation with respect to i we deduce

. (R\? R\*
R@<Z> +R@<Z)

Note that assumption (1.6) immediately implies the vanishing of fTR h(le(w)]) dz
passing to the limit R — oo.

In the absence of the convective term this is already true under the weaker
hypothesis (1.5): under the assumption u*9xu = 0 inequality (3.8) reduces to

/ h(|e(u)|)dxgcr*2/ luf? dz,
Q@r(2) Q2 (2)

and (3.11) has to be replaced by

(3.11) h(le(w)]) dz < ¢
Tr

R\ 2
h(le(w)]) dz < c© (—) .
Tr 4
In a next step we show that (1.6) implies
(3.12) / h(le(w)]) dz = 0,
|z|>1

which forces u to be a rigid motion, hence u = 0 on account of the boundary
condition (1.3).
For proving (3.12) it just remains to verify the validity of

(3.13) lim h(le(u)]) dz =0
R—oo Jiciz|<R

under the hypothesis (1.6) (or (1.5) in case u*dpu = 0).
To this purpose we fix a radius R > 1 and choose

) if 1<z|<R,
L nu—v if R<|z|<2R

as testfunction in equation (1.7) with n = lon 1 < |z < R, 0 < np < 1l in
1< |z| € 2R, n =0 outside of |x| < 2R and |V7| < ¢/R.

The field v is defined according to Lemma 2.2 with the choices s = p; = ps = 2,
f = div(n®u) and for the domain Tg, i.e. v €W L(Tg), divv = f on Tk and v
satisfies (2.1). Note (recall (1.3)) that ¢ vanishes on |z| = 1, moreover we have

(3.14) fdx =0,
Tr
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which justifies the application of Lemma 2.2: in fact, by the choice of 7 it holds

fdz = / n*uNp,dH! = —/ u- NoppdH!
Tr

OBRr

(1.3) / 1
= - U - 7 dH
O(Br\T) o(Br\B)

= —/ divudz =0
Br\B

and (3.14) follows. Here N denotes the exterior normal of the domains under
consideration and H! denotes the one-dimensional Hausdorff measure.
Equation (1.7) then yields

Tr

0 :/ DH (s(u)) : e(w) de + | DH (c(w)) : () d
1<|z|<R

Tr
- DH (e(u)) : e(v)dz —|—/ uFopu'y’ de

Tr 1<|z|<2R

or equivalently
/ n*DH(e(u)) : e(u) dz
1<|z|<2R

(3.15) =— | DH(e(w): (Vn*®u) dz

Tr

+ DH (e(u)) : e(v)dz — / uFopuip’ du.

Tr 1<|z|<2R

We have
DH (c(w)) : (Vi @) dz| < / 1 (|e(@)]) |Vl de
TR TR
< ¢ [/ B (|e(uw)])? dz + R~2 |ul? dx}
TR TR
(1.12)
< ¢ / h(le(u)]) de+ R™? |ul? dx}
Tr Tr
as well as
DH (e(u)) :e(v)dx| < / B (le(u)]) le(v)| dz
TR TR

A\
o
| —
5
>
o
£
o
=
_l’_
3
[ V]
=
=
o
o
5
—_
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where we used Young’s inequality and the definition of v. Returning to (3.15) we
find (recall (1.8))

JRIC T [/TRhu(u)) doer? [ upars s1]

S = / uFopul e’ da.
1<|z|<2R

With (3.11) we immediately see that (3.16) implies our claim (3.13), i.e. finishes
the proof in the presence of the convective term, as soon as we can show that

(3.16)

(3.17) lim S =0.

R— o0

It holds

S = —/ ukui(?kgoi dx
1<|z|<2R

(3.18) = —/ ukuiak(nQui)dx—l—/ uFulopv’ dx
1<|z|<2R Tr
= _Tl + T27
and for T> we have
To] < / lu|?|Vo| dz
Tr
1 1
2 2
< [/ |u4dx} [/ |Vv2dx}
Tr Tr
3 3
< cR7! [/ |u4dx] [/ |ul? dx] < cRO(R)?,
Tr Tr
thus by (1.6)
(3.19) lim Tp = 0.

R—o0

For Ty we observe the identity (recalling (1.3))

n = / 6k(ukul772ul)dx—/ O (uFut)n?ut dx
<|z|<2R <|z|<2R

1
—/ O (uFu)nPut dz = ——/ uk oy |ul?n? dz
1<|z|<2R 2 1<|z|<2R
1

_/ uk‘u|23k772 d.’IJ,
2 1<|z|<2R
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and this immediately shows
(3.20) lim 77 = 0.
R—oco

With (3.19) and (3.20) we obtain (3.17), and as outlined before this completes
the proof of Theorem 1.1 in the shear thinning case. O

4. Shear thickening case

With h satisfying (A1), (A2) and (A3;1) we consider a solution u of the exterior
problem (1.1)—(1.3) as explained in Definition 1.1. We further assume the validity
of (1.6) (or of (1.5) in the case that u*Oxu = 0). The calculations follow the same
ideas as in the previous section, for the necessary adjustments we benefit from
[Fu, Section 4].

Let p := %5 > 2 with exponent 7 being defined in Lemma 2.3. For [ € N
sufficiently large we let ¢ := n*'u—v with 7 as introduced in front of equation (3.1),

but now we choose v GT/?/},(Q%(Z)) such that dive = div(n?u)(= V1% - u) on
Q2r(2) together with

(4.1) IV o (Qar(2)) < €IV - ull Lo(@s0(2)) and

V0l L2(@an (2)) < VI - ull L2(Qsr (2))-

Replacing n? by 7% in (3.1) we obtain for the terms T;, i =1,...,5

Tize [ h(ew) do
Q2r(2)

mal<e [ (@) Vallulda
Q2r(2)

(2.2) 1
4.2 < c 2=117n||ul |k (le(w)]) " u)|| do
(4.2) < /Qw)n Vnllul [ (e + ()]

<5 VTR () dr + e(6) / VP uf? de
Q27’('2) Q2T(Z)

o[ () de + o(6) / IVl da,
Q2r(2) Q2r(2)

where we have used Young’s inequality with arbitrary § > 0. Observing (1.10)
and selecting [ so large that (21 — 1)7 > 2I, we see that after suitable choice of §



On the exterior problem in 2D for stationary flows of fluids 233

it follows from (4.2)

/ b (|e(w)]) dz < ¢ [rp/ luf? dz
Q2r(2) Q2r(2)

2 / ful? da + [Ty + |Ta] + |T5|
Q2T(Z)

(4.3)

From (2.2) and Young’s inequality we get
7l < ef W (WD) do
Q2r(z)

< e /Q [t +ie] el s

< 5 h (le(u)]) dx—l—cél_p/ ()
Q2r(2) Q2r(2)
+0 le(u)|? dz + 6~ le(v)]? da,
Q2r(2) Q2r(2)

and if we use (4.1) and (1.10) we have shown

T5] <6 h(le(u)]) dz
Q2r(2)

51*1’7"*”/ |u\pdx+5*1r*2/ lu? dz | .
Q2r(2) Qar(2)

Returning to (4.3) and using (4.4) we obtain in place of (3.4)

51_7"7‘_”/ |u|? dz
Q2r(2)

+(5—1r—2/ lu|? dzz + |Ty| + |Ts|
Q2r(2)

(4.4)
+c

/ h(e@)) dz < 6 h(le(w)]) dz +
Qr(2) Q2r(2)

)

and since the estimates for Ty and T5 remain unchanged we deduce in place of (3.7)

/ W@ de<s [ h(e()]) de
Qr(2) Qa2r(2)

(51_”7"_”/ |u|P dz 4+ 5_17"_2/ lu|? dz
Q2r(2) Q2r(2)

4+t / (Jul® + |u® + Jul*) dx] )
Q2r(2)

(4.5) tc
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Inequality (4.5) enables us to use Lemma 2.1, hence

/ h(le(u)]) dz < ¢ [7‘_”/ lufP dz —|—7‘_2/ luf? dz
Qr(2) Q2 (2) Q2r(2)
—|—r_1/ (\u|2 + \u|3 + |u\4) dx] )
Q2r(2)

With the notation introduced after (3.8) we see that (4.6) implies in a first step
the inequality (3.9), that is we obtain

(4.6)

(4.7) / h(le(u)|) de < cR™! lu|? dz.
Q%(zo) Q%(ro)

With the help of (4.7) we then proceed exactly as done after (3.9) and get (for
any 6 > 0)

/ h(le(w)]) de < ¢ (5R_1/ |u\2dx+(51_pR_p/ |u|P da
Qg(ro) Qg(ro) Q%(ro)

+61R2 u|? dz
Qg (z0)

+R™! / |u\4dx/ u|? dz
Q%(wo) Q%(GJO)

Let § = R~'/2. The above inequality implies (3.10) with the additional term

=

1

Rfffg/ |u|? dz
Qg(%)

on the right-hand side. Therefore we get in place of (3.11)

. (R\? R\* s . [R\’
wo (%) no (%) snito ()],

but on account of p > 2 and the vanishing of © it clearly holds

. [R\? s o (R\?
b - > 373 -
wie (2) s ent-vo (£

and as in Section 3 we obtain

/ h(le(u)|) dz <c¢
T

lim h(le(u)]) dz =0
R—o00 Tr
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under the assumption (1.6) (or (1.5) for slow flows).
It remains to verify (3.13). We use the same testfunction ¢ as introduced after
(3.13) observing that v satisfies

(4.8) IVollLe(rm) < ellV0? - ull Loz

for s =2 and s = p.
Passing to (3.15) the first two terms on the right-hand side are now estimated
as follows:

[ ey (vt ouy s S e [ (1 e+ () (Tl d
< c:/TRh(|E(u)|)dx+Rp/TR|updx

+/§ le(u)|® dz + R™2 . u|2dx}
(1%0) c_/TRh(|E(u)|) dz+ R? . u|2dx}

on account of p > 2 and the boundedness of u. With (4.8) the same bound is
seen to be true for fTR DH (e(u)) : e(v)dz, hence we get (3.16) with S being
defined there. Clearly (3.17) remains valid, thus we get (3.13), and the proof of
Theorem 1.1 is complete. O
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