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Local Return Rates in Sturmian Subshifts

MICHAL KUPSA
Praha

Received 6. March 2003

The local return rates have been introduced by Hirata, Saussol and Vaienti [7] as a tool
for the study of the asymptotic distribution of the return times to cylinders. We give
formulas for these rates in Sturmian subshifts.

1. Introduction

The lower and upper local return rates have been introduced by Hirata, Saussol
and Vaienti in [7] as a tool for the study of the asympotic distribution of the return
times to cylinders in a class of non-uniformly hyperbolic dynamical systems. They
are functions Ry, R;: X — [0, o] defined for an arbitrary topological dynamical
system (X, F) and a finite partition ¢ of X. For a subshift £ = 4™ and the
canonical partition {[a]|a € A} we can reformulate the definition as

B.(x) = lim inf M

R(x) = lim sup M
Here x(n) = x¢x, ... X,_; is a prefix of x € T of length n, [ x(n)] is its cylinder and
1([x(n)]) is the Poincaré return time of [x(n)].
For an arbitrary dynamical system (X, F) the functions R, R; are subinvariant,
ie, ReOF < R; and R; O F < R;. Moreover, if p is an F-invariant Borel
probability measure and ¢ is a measurable partition of X, then R and R are
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invariant allmost everywhere. In particular, if (X, F, p) is ergodic, then by the
Birkhoff ergodic theorem there exist constants r,, r, € [0, 00 ] such that for almost
all x e X, R{x) = ro and R{x) = r,.

The ergodic case has been treated in several more papers. Saussol et al [9] (see
also [1]) show that if the entropy of u is positive, then r, > 1. Cassaigne et al [2]
show that this inequality is not satisfied for systems with zero entropy. In particular
for the Fibonacci shift obtaind from the golden angle rotation, the lower local rate
assumes the value ry = 3;2‘/—5 < 1. Afraimovich et al [1] show that ry, = 0 for some
rotations of the circle whose parameter has unbounded continued fraction expan-
sion. It follows that the same result holds for the corresponding Sturmian subshift.
Kiurka [8] treats the case of substitutive subshifts and obtains a formula for r, and
r,. In this case both r, and r; are positive and finite.

In this paper we will discuss completely the situation in the Sturmian shifts. One
can easy check that the result of Afraimovich et al considered for corresponding
Sturmian shifts and the result of Cassaigne et al for Fibonacci shift follows
immediately. We give formulas for r, and r, in terms of the convergents g,
obtained from the continued fraction expansion of the parameter a = [0, ay, a,, ... .
If a, are bounded, then r; and r, are positive and finite. If g, are unbounded, then
r, = 0 and r; = oo. This result, that r, = 0 iff ¥, = oo iff the continued fraction
expansion is unbounded, has been obtained by a different technique by Chazottes
and Durand in [3].

2. Sturmian shifts

A dynamical system is a pair (X, F), where X is a compact metric space and F is
a continuous function from X to X. The Poincaré return time of a subset M < X is
(M) = min{k > O|F{M)n M =+ Q)}

Let A be a finite alphabet, and AV the space of all infinite sequences of letters from
A with the product topology. The set A* consists of all words (finite sequences) over
A. For a word u = ugy, ... u,_, € A*, denote by |u| = n its length. The set A" consists
of all words of length n. The shift map o : AY — AN is defined by o(x) = x;,.

A subshift is any subsystem (Z, o) of (4", ), where = = A" is nonempty, closed
and o-invariant. For a subshift ¥ and for a word u = ugu, ... u,_, € A* we denote
by [u] = {xeZ|Vi < n:x; = u} the cylinder of u. The language of a subshift is
the set of words which have nonempty cylinders, ie., Z(Z) = {u e A*|[u] + 0}.
The set ,2”"(2) consists of all words of the language of length n. If we denote by
x(n) = x¢X; ... X,_; the prefix of x € Z of length n, then £"(Z) = {x(n)|x € Z}.

A Sturmian shift is a coding of an irrational rotation of the unit circle (Hedlund
and Morse [6]). This is a dynamical system (T, Fa), where T = [O, 1[ is the circle
with the metric d(x, y) = min{|x — y|, 1 — |x — y|} and F(x) = x + « mod 1,
where « € R. We consider only irrational angles from the open interval ]0, 1[.
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There is the canonical partition # = {I, I} of T, where I, = [0,1 — of and
I, = [1 — o, 1[. For u € 2*, set
Juj—1

I, = () FHL,).
k=0

Any I, is either a semiopen interval or the empty set. The associated Sturmian
subshift (Z,, o) is defined by its language £(%,) = {u € 2*|I, + 0}. In other words,

Za = {fEZNIVHGN,IX(n) * 0}

If o € ]0, 1[ is irrational, both the rotation (T, F,) and the Sturmian subshift (Z,, 6),
are minimal and uniquely ergodic. Moreover, if u € £(%,), then

wlul) = 1L, o([u]) = (1),

where |I,| is the length of the interval I,. It follows that the local return rates can
be computed from the return times of intervals.

R(x) = lim inf L)

n—oo n

— I
R(x) = lim sup t(Tx("))

The description of the intervals I, is obtained from the continued fraction ex-
pansion of a. There exists the unique sequence {ak},‘f’:l of positive integers such that

o = [O, a, az,...] = 0 + 1

a1+

1
a, + ...

The convergents of o are the sequences {p}i> _1, {g.}i= 1 defined by p_, = 1,
g-1=0,py=0,¢90=1and
Qi+1 = Wr1qe + Gr-15 Pk+1 = @y Pk + P—1-
By the Klein theorem (see Hardy and Wright [5]), the closest returns of the iterates
F(0) to zero happen at times g,. We have d(0, F%(0)) = 5, = (—1)* (g« — p,) and
for g, < n < gy, d(0, F*(0)) > #. In particular n_, = 1, 7o = o and
Mi+1 = Qe — Mi—1-
The sequence {#, . _, is positive, decreasing and converges to zero. It follows that
if I = [a, b[ is a semiopen interval, then
Mesr < Il < e = 1(I) = Guy.

The return times of intervals from " are therefore convergents g,. We determine
times when return times jump from some g, to a higher g, (or g.,) and obtain
a formula for the local return rates.
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3. Jumps of the return time
Proposition 1. For xe X, k > —1, define the k-th jump of the return time as
r(x) = min {ne N|r(lp) > qiri}-
Then r_y(x) = 0 and the following equalities hold for x € Z,.
.. dk . rk(x)
R(x) = lim inf — = 1/lim sup —=
_( ) k— o0 rk(x) /1 k— o0 p qk

=, . Gk +1 . rk(x)
R(x) = lim sup —— = 1/lim inf —*
( ) k-0 P rk(X) /llk—ooo r+1

Proof. For x € Z,, denote S = {ke N|r,_,(x) < ri(x)}. The set is infinite and
we can order it into increasing sequence {k}2,. If ri(x) <n <r,, (x), then

qk qx; dk Ak; o
> 3 < —*L Thus
RX) = ) ) )

R(x) = lim inf W) _ lim inf< Y min T(Ix(n))>
ricfx

n—oo n i—00 sn<rk'_+l(x) n

1(I) = 4, and if k; < k < k;4, then

T P . [
B h?-l.:onf () — 1 - h?-l.:onf rox) h?l:onf ri(x)

— ) (I x(,,))> . Qi +1
R(x) =1 Bl : O
(x) = lim sup <rk,.(x) max im sup . 1)

i»o0 sn<ri ,(x) N k—o0

1 1

(13—1

a a;
Figure 1. The symbolic space X,
To compute the jumps of the return time, we construct another symbolic

description of Sturmian subshifts. The partition S" = {I,|u € £"(Z,)} consists of
semiopen intervals on the unit circle divided by cut points

Cut(n) = {<id|i =0,1,..., n},
where i) = F,{(0) = (i) mod 1. The structure of 4" is described by the Three
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length theorem (Sés [10]) which says that #” contains intervals of at most three
lengths. For some n, however 4" contains only intervals of two lengths. This
happens in particular at times n=gq,— 1, when the intervals of 4" have
lengths n,_, and 1,_; + 1. To describe the partitions #%~! we consider a new
symbolic space X, which consists of paths in the infinite graph in Figure 1. It looks
like Bratelli diagram ([4]), but the dynamics on X, is far more complicated. The
main reason for introducing the space X, is to obtain a simple formula for r,(x) in
Proposition 3.

Definition 1. For an irrational o = [0, a,, a,, ... ] set

th = {xe H{O, 1, ceey ak}|x1 %+ 0, (xk+1 =0 = Xk ak)
k=1

|
LX) = {uek]i[l{o,l,..., a|uy #0, (1 =0 = u = ak)}
2(x,) = J2x.).

n>1

We construct a system of intervals {Ju | ue (X ,l)} If1 < u; < a set

J = {[(u&, Sy — Y[ if wy < ay
“ [<O),<ay — Y[ if uy = a

Ifu € gk(Xa), k > 1, Ju(k—l) = (—l)k_2 [<a>,<b>[, and l:fuk_l < Q_, Set

J = {(_l)k_l (<1 + a), (e — gy + @[ if 1 S < a — 1
T U= [ (@ = 1) @i + @[ if w, = a

If ey = ar_, set

— (_l)k_l [l + 1> gy + ad, (hgu—s + ad[ f 1 <y < a, — 1
SRt

—1)k_1 [<b), <(uqu—1 + ay[ if we=a
J2 Jl
<0> I, 1) I
I Ja J2 . Jas Ju Ji2 . Ji3

<(’)>1001010 <'2>1010010 <‘l1>1010100<6l> 1010101 <1> 1100101<£5>1101001<5I> 1101010

Figure 2. Partitions of the circle

Here (—1) [b, a[ = [a, b[, where 0 < a < b < 1, is a semiopen interval of the
circle. We identify also [a,0[ = [a, 1[ = (—1)[0, a[. If x € X,, we denote by
x(n) = x; ... x, the prefix of x of length n. Figure 2 we can see the partitions of
the circle for o = [0, 2, 3, ...].
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Proposition 2. If ue £XX,), k > 1, then

IJI___{nk—l lfuk<ak
“ Mk—1 + Mk if w,=a
and

st = (J, lue LHX)}

= {(—1)(_1 [<i + qi-1), <i>[|i =0,1,.., @k — Q-1 — 1} v
{(—1"_1 [<l>, <l + qr — qk—1>[ |l = 0, 1, vees Jk—1 — 1}
Moreover, ¢, = {J,|ve L**(X,)| v(k) = u} is a partition of J, and

Fak+1—1 - U L.
ue LX)

Proof. If ue £XX,), k > 1, u, < a;, then J, is an image of (—1)*~' [{g.—1>, O[
in a rotation. By the Klein theorem, |I,| = #;_;.

Wehave 1 > (1) > (2)> ... {a = 1> > 0,50 {J, |l <, < a,}=s2"!
and |J,| =1 —(a, — 1) 1o = 1o + 1. Assume that the first part of the proposition
holds for k > 1. Let u € £¥X,). Intervals from M = {J, |j < a,,,} coincide and
we have proved that its length is #,. Denote J = (JM. If u, < a, then
|J| = (ak+1 — 1) N, and if u, = a, then |J| = a;,.m. In both cases, |J| < |/,
iy = —J and |y, | = My — (ak+1 - 1) M = M + Miyr. Thus g, is
a partition of J,. Because {J, | u € £¥X,)} is a partition of T, then also

S ={lves X = U 4
ue L4X,)

is. It is not difficult to prove that the endpoints of intervals from # belong to
{<id|0 < i < 44y — 1}. The partitions # and S#%+1~! contain intervals of two
lengths 7, and 1, + #,,,, hence # = S%+1~1 For the partition

fl = {(—1)‘ [(l + qk>7 <l>[|l = 05 1, cees ey — Gk — 1} U
{(—1)‘ [<i>,<i + qisr — Qk>[ | i=01,..,q — 1}
we prove the equality S%+1~! = #' similarly. O
For each k > 1 we have thus an one-to-one map y; : £%~Y(Z,) - £XX,) given
by J,w = 1. For the corresponding symbolic spaces we get a homeomorphism
7:Zy = X, given by y(x) (k) = yi(x(qx — 1)). The local return rates, as well as the
functions of the return jumps are carried over to the space X,. By the abuse of

notation we keep for them the same symbols R, R: X, — [0, 0], 7, : X, = N.
We now obtain a recursive formula for 7,.

Proposition 3. For x € X, we have r_,(x) = 0 and

k
"k(x) = Xp 1k + re_g(x) = ij+1q1'-
j=0
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Proof. Assume yeX, x = y(y) € X, and k > 0. We show first that if J) =
(— 1)1 [Kad,<b)[, then ry_y(x) = b + gx_y1. If x; < @y, then Ju = I, Since
Loy * Iyap Uyaon) > My and r_y(x) = a = b + g4_,. Let x, = . Since the
form of partition {J, | u € **(X,), u(k) = x(k)} of J.w) we get Jyy = I; U I, where

I, = (_l)k_l [<a),<a + q[, L =(-1"[Ka+ g, <a+ a — q-D[,

I, I, € 5°7% |I)| = my, || = Mi—y and Iyg g, 1) = Jy and either Iy, .y = I, or
Iya+q) = Io. Hence aranl < M1, |Iy(a+qk—1)| > -y and rk—l(x) =a+ q=
b+ g

Assume now that Jy,qy = (—1)*[c),<dD[, so ri(x) = d + g Put j =1 if
Xy =@, j =0 otherwise. It follows d = a + (xy4; — 1) g + jgx and a =
b+ k-1 _]qk Thus

rk(x) - T‘k-l(x) = (d + qi) — (b + qk—l) = (a + X419k +f‘1k) —a +ij) = X419k -

O
Proposition 4. For every x € X, we have g, < r(x) < qiyy + @ — 1.

Proof. Clearly g_; =0=r_4(x)=0=¢q+q_,— L gg=1<n(x)<a =
g, + qo — 1. Assume that the statement holds for all integers less that k. Then

r(X) = Xes1de + 1oa(X) < GG + Gerr — 1 = @ + Goyr — 1
If x4 = 1, then ri(x) = X 11qx + 7ei(X) = gi. If x4 = O, then x, = g, and
rdX) = re-i(X) = @gior + 1e-oX) = Bdior + dior = 4k O
Proposition 5. Define the points b, c,d € X, by
b = (a;, a5 as, ...), ¢ =(1,a50,a,0,a,...), d=(a,0,a0,as,...)
Then

min R = R(b) = lim inf L

M _r
- ko Qrp1 + g — 1 0

BB . Gic+1
min R = R(b) = lim sup ————
2 N T |

max R = max (R(c), R(d)) = lim sup Tert _

k— o0 qk

Proof. It is easy to see that for ke N,
k
rdb) = 241 = Gusr + @ — 1
j=0

k
ra—i(c) = rafc) = 1 + Yaydy—1 = qu
j=1
k
r2k(d) = r2k+1(d) = Za2j+lq2j = GQok+1-
j=0
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By Proposition 4 we obtain the bounds for the limits in the right hand sides. The
following formulas complete the proof.

R(b) = lim inf % =1,

= . Gk +1 . 9k+1
R(b) = lim su =limsup ————
( ) k—~oop rk(b) k—»oop Qr+1 + Qi — 1

- . Qouc+1 . d(2k—1)+1
R(c), R(d 1 =
max (—(c), ( )) > max < Hl{ljz])‘lp r2k(C), hT—»i})lp r2k_1(d)>

> max <1im sup ‘bk“, lim sup Dok )

k— o0 Yoy k=0  Top_q

> lim sup et
k— 00 Qk

=Tp. O

We have not been able to obtain a formula for min R. Our results, however are
sufficient to get formulas for r, and r;,. Now, put some bounds for the values r,
and r;.

Proposition 6. Let o = [0, a,, ay, ... | be irrational, M = lim sup a;, y = 32“.

If the continued fraction expansion of o is unbounded, then ry = 0 and r, = oo.

Otherwise, r; = % — 1 and

<r,<y?’<y<r<M+1
M+2—1'0—V y<r€ +

Moreover, v, = 7y (resp. vy = y7%) ifand only if M = 1.

Proof. Let o = [0, aj, a,, ...] be irrational, M = limsup a;, y = 3% Denote

B, = %=1 Then ay < B, < ay,; + 1 and r; = lim sup B,.

1
ro = liminf ————— = lim inf

B, +1——
gk

1
B, +1

If the continued fraction expansion of « is unbounded, then also {BJ, is.
Hence ry, =0 and r; = oo.
Let MeN.Then M <r, <M+ 1L.IfM=>2,theny<M<r,. If M =1,
then there exists ny € N, such that for every n > ny, a, = 1. Hence
1 1

liminf B, =1 +

li Bi=1+——, S
1 sUp i + lim inf B, lim sup B,

It implies that ry =1 + m This equality have just one positive solution
r, = 7. All properties of r, is given by the equality r, = # O
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4. The measure

We are going to show that the constants ry and r, are assumed by R and R
almost everywhere. The unique invariant measure yu on X, is carried over to the
space X, using the length of associated intervals. If u € #%X,), then the measure
of the cylinder of u is u{xe X, | x(k) = u} = |J,|. Define the projections W, : X, —
{0,1,..., @} by Wi(x) = x;. Then W; are random variables and (W), is a non-
stationary Markov chain. Using Proposition 2 we get the transition probabilities.

W =jl=n=ua for 1 <j<a
WWi=jl=n+mn for j=a

“[Wc+1—J|Wk<ak]—"_ for 1 <j=a
k—1

. + .
/‘[VVkH =] | W < ak] = % for j = aryy

k—1

. " .
u[Wm=J|Wk=ak]=m_1—:m for 0<j<a

. m+n .
Wi = | W= a] = L= for j = gy

Theorem 7. If the continued fraction expansion is unbounded, then R(x) = 0,
R(x) = oo almost everywhere.

Proof. For every x € X, we have

Xp+1qx + rk—l(x) _ rk(x)
9k qx
Given m > 1 then C,,= {k> 1|a, > m}is an infinite set. Assume that k + 1€ Cy, ;.

We have 1
mny mn m
Wi <m|W.<a|= = < <=z
MWy | W g M1 Geprtle + Meyr  Gegr 2
(m + 1) m o m+1 _1
k-1 + Mk ak+1+1_2
It follows that u[W;,, < m| W,' =i] <jforanyj <kandanyi€{0,1,.., a}.
Given ky > 0 let ky < k; < ... k, be a sequence of integers from C,,, . Then
u[Wk. < , Wi, < m] =
U Wi, <m]- u[We, <m| Wi, <m].. u[Wk <m|W, <m,...,W,,_, <m]<27"*!

It follows

Xk+1 S

Wi <m| W =q] =

{xeX',q()<m1<l<n}<u{xeX|xk1$m1<1<n}<2"‘“
ki
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so u(x € X, | R(x) > -} = 0 and R(x) = 0 almost everywhere. We prove now the
statement for R. Given &€ ]0, 1[, let m be an integer with 1 — ¢ + 3 = < L.
Assume that k + 1€ C,, and let x € X, be such that r,(x)/q,,; > . Then

Xke1 + Te—alx X + qr + qi— Xep1 + 2
< k+1 k 1( ) < k+19k T qx T qr—1 < k+1

19k + Gy A4 19k y 41
Xkl = EQgyy — 2 = g

The probability of this event is bounded away from one. For any j < a, we have

(1 = &) ares + 3)mi + M

U Wit = & | W =j] <

Nie—1
< (1 =& ar + Yme <5
e +1Mk
It follows that u[ Wiy > &1 | W, = i] = 6 whenever j < k and i€ {0,..., a;}.
Given ko > 0, let ky < k; < ky < ... < k, be an incresing sequence of indices

from C,. Then p[ Wi, > &, ..., Wi, = &, ] < 0" It follows

u{xeXJMZs,lsiSn}s,u[xeXAxkEZs,,i,l <i<n]<o

ki1
so u{xe X,:R(x) < %} = 0 and R(x) = co almost everywhere. O

Proposition 8. If a have bounded coeficients in its continued fraction, then
R(x) = ro, R(x) = r, almost everywhere.

Proof. Proposition 5 says that min R = R(b), where b = (a,, ay, as, ...). We are
going to prove that

u{xeX{hmsup ()<11msup (b)}zl.

k- gk k- (i

Fix m > 1. There exists an integer sequence {nk},‘?:o such that ny < m, n, — n,_y > m,

for k > 1 and
le) = lim _r,,k(e).

lim sup
n—oo qn k— o0 an
For ke N, set
Dy = {x€X,| X = buy Xue_, = De_i> s Xmemms1 = Doy}

and D = ()2, (Ji2; Dv. We show (D) = 1. Let M be a bound for the continued
fraction expansion, so a, < M for every k. Then for any i < a,j < a;,, we have

> >t o1
71k+11k+1 G +2 M+ 2

Wi =j|W=i] =
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If follows p(X,\D;) < 1 — Gy and

0

uD )—1—u<y 6_(Xu\Dk)>=1—0=1.

Given x € D, there exists an increasing integer sequence {k}2, such that x € D,,
For each j, we have

rnk](b) - rnk,(x) = Z:biﬂqx' - Anz:xi+lqi = mfgﬂbinqz‘ - mfg)mxinqs'

= rnkj—m(b) - rnkj—m(x) S anj—m+1 + anj—m - 1 - anj—m S anj—m+1 .
Since gny2 = GpyoGni1 + Gn = 29, We get

r"kj(b) - r,,kj(x) < Griy—m+1 < 2—L(m—l)/2ankj = 2-lm-1)2]

anj anj anj anj

and

lim sup _rk(x) > lim sup —Lk'(b) — 271m=12] = lim sup ib) — 2-lm=1)2)
k— o0 dk j—oo ds, k—o (g

It follows

u{xeX lhm sup —— ( ) > lim sup ——* (b) - 2‘L(”“1)/2J} =1

ks g k=0 gk

s0 R(x) = r, almost everywhere. The proof for R is similar using the points ¢ or
d instead of b. O

Corrolary 9. Given an irrational o.= [0, ay, ay, ... | with convergents gy, y L
set

dr+1

.. dx :
ro = liminf ——, r, = lim su
° ko Qg1 + @ — 1 : k—wop 9k
Then 1o < R(x) < R(x) < r, for every xe X, and R(x) = ro, R(x) = r, almost
everywhere.
If {a i is unbounded, then r, = 0 and r, = co. In the case of bounded {a ),

M 2Sro<y_2<y<r,<M+1

where M = lim sup a;. Moreover, r, = y (resp. ¥y = y~ %) ifand only if M = 1.
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