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On Autogenerating Systems

P. FERST and P. SLACALEK
Department of Mathematics, Charles University, Prague*)

Received 19 January 1976

There is an interesting class of idempotent semigroups defined by the property that every
subset in them is closed under multiplication. Their algebraic structure is rather simple — they
are ordinal sums of left-zero and right-zero semigroups. There was a concrete question, how these
semigroups — we call them ‘“‘autogenerating systems” — are located in full transformation semi-
groups over finite sets. We have got a description of maximal autogenerating transformation
systems in terms of transformations, partitions and set systems.

HHuTepecHbI KJIACC MIEMHOTEHTHBIX IIOJIYTPYIIT ONPE/IEIISAETCST CBOMCTBOM, UTO BCE UX IO/~
MHO>KECTBa 3aMKHYTBI TIO OTHOIIEHHIO K OII€PallUM YMHOYKEHMA. AJre0panyecKas CTpyKTypa
OTHX IOJIYTPYIIT HECJIOYKHA, OHU SIBJISIIOTCSI NPSIMBIMU CYMMaMM IIpaBBbIX M JIEBBIX HYJIEBLIX IT0-
nyrpynn. Mbl pennuii KOHKPETHYIO 3ajjauy, KaK 9TH IOJIyTPyNIIbl — Mbl Ha3bIBaeM HX «CaMo-
00pa3yIOUIUECST CHUCTEMBI» — pa3MElIeHbl B CHMMETPUUECKUX ITOJIYTPYIIAX HaJ KOHEUHBLIMU
MHO)KECTBaMH. MbI Ja/in XapaKTepH3alMI0 MAaKCHUMaJIbHBIX CaMOOOpa3yIOUIMXCS CUCTEM B CHUM-
METPUYECKON TOJIYIPYINIE HAJ MAHHBLIM KOHEUHBLIM MHOMKECTBOM IIPM ITOMOILM CHCTEM IIOJMHO-
YKECTB M pa30HeHMi JaHHOrO MHOYKECTBa.

Zajimava tfida idempotentnich pologrup je definovana vlastnosti, Ze libovolnd podmnoZina
pologrupy patfici do této tfidy je uzaviena na ndsobeni. Algebraicka struktura téchto pologrup je
jednoduch4, jsou to direktni souéty levych nulovych a pravych nulovych pologrup. V tomto ¢ldnku
popisujeme, jak jsou tyto pologrupy — nazyvame je ,,autogeneralni systémy‘ — rozloZeny v sy-
metrickych pologrupéch nad koneénymi mnoZzinami. Podatilo se ndm charakterizovat maximalni
autogenera¢ni systémy transformaci v symetrické pologrupé nad danou kone¢nou mnoZinou pomoci
systémt podmnozin a rozkladd dané mnozZiny.

Part |I.

Definition. Let . be a non-void system of transformations of a finite set A.
We shall call the system ¥ autogenerating if for every natural number % and
every k-luple of transformations fi,fz,...,fkx €% we have fiofeo...0fx =f;
for some i€{l,2,..., k}.

In this paper we shall investigate some properties of autogenerating systems.

*) 186 00 Praha 8, Sokolovska 83.
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First we shall show simple characteristics of these systems. The notion “system
of transformations” will mean a system of transformations of a finite set A4.

Proposition 1. A system of transformations & is autogenerating iff for every
5g€S,{f,g} is an autogenerating system.

Proof. Evidently, if ¥ is an autogenerating system then for every f,g€ S,
{f, g} is autogenerating. On the contrary, let fi, ..., fx € % and let us assume that
fiofoo...ofk—i=fi for some ie{l,2,s.,k—1}, then fiofz0...0fk =
= fiofx €{fi,f} and therefore fiofeso...0fx =f; for some j€{1,2,...,k}.

Corollary 2. Every subsystem of the autogenerating system & is autogenerating.
Corollary 3. Every element of the autogenerating system & is an idempotent.

Convention. Let f be a transformation of 4. Put Im f = {f(a) | a € 4},
Ker f = {fXa) | a € Im f}. Evidently, if f is an idempotent it holds f(a) = a and
so a€fl(a) for every ae€lmf; we say that the decomposition of f is coarser
than the decomposition of g if for every a€Img there exists b €Imf such
that g(a) < f1(b), we shall write Ker f 1 Kerg. Let B be a set, then by |B|
is denoted the power of set B. Evidently, | Imf| = | Ker f| .

Lemma 1. Let f,g be idempotents. Then it holds
fog=f iff Ker g D Ker f,
fog=g iff ImgcImf.

Proof is easy.

Proposition 4. Let f,g be idempotents. {f, g} is an autogenerating system if
one of the following conditions is fulfilled.

) Imf=1Img

2) Kerf = Kerg

3) Imf cImg and Kerf1Kerg

4) Img <« Imf and Kerg 1 Ker f.

Proof. {f,g} is autogenerating iff either

1) fog=f and gof=g or

2) fog=¢g and gof=f or

3) fog=g and gof=f or

4) fog=g and gof=g.

Now we get the proposition by means of Lemma 1.

Corollary 5. Let f, g be idempotents such that | Im f| = | Im g |. Then {f, g} is an
autogenerating system iff either Imf = Im g or Ker f = Kerg .

Corollary 6. Let . be an autogenerating system, f, g € &. Then it holds
i) if |Imf|] <|Img| then ImfcImg and Kerf1Kerg,
@) if |Imf|=|Img| Img| theneither Imf=Img or Kerf= Kerg.

Proof. Proposition follows from Propositions 1 and 4.
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Definition. Let . be a system of transformations. Then %; is a subsystem of
& such that fe%; iff |Imf|=:.

Proposition 7. Let % be an autogenerating system and fe.%;. Then either
Img =Imf for every g€ ¥ or Kerg = Kerf for every ge ¥1i.

Proof. The proposition is evident if | &;| < 2. Let us assume that |&;]| > 2
and that there exist g1, g2€ & such that Img; % Imf and Ker g2 # Ker f.

Kergs or Imgi = Imgz. But then either Kergs = Kerf or Img; = Imf
and this is a contradiction.

Corollary 8. Let ¥ be an autogenerating system on an n-point set A. Then

n
S = & and for every i =1,...,n either Imf = Img whenever f,ge.¥1
i=1

or Ker f = Ker g whenever f,ge %7.

Convention. Denote by £ (A4) the set of all decompositions of the set A.
Evidently, (exp 4, <) and (#(A), J) are complete lattices. Let . be a system
of transformations. Put Ker #; = Inf {Ker f| f € %1}, Ker & = Sup {Ker f |
Ife %), Im S = Inf{Imf|feZ), ImSi=Sup{Imf|fe ). If & is
autogenerati_-ng then we have, in view of Corollary 8, for every 7 either Ker .¥%; =
Rer #1 or Im % =Tm #;. We shall write Ker #; = Ker & if Ker & =

— Rer % and Im & = Im & if Im %) = Im ;.

Proposition 9. Let ¥ be an autogenerating system and & # & # &5, 1 <].
Then Im & < Im %; and Ker #; 2 Ker ¥;.

Proof. Let fe %, g€ ¥ In view of Corollary 6 we have Imf < Img,

Ker f 2 Kerg and therefore

Im % = Sup {Imf|fe %} < Inf{Img|ge ¥} =Im ¥; and

Rer 1 = Sup {Ker f|fe 1} AInf {Kerg|ge #3} = Ker ;.

Theorem 1. Let ¥ be a system of transformations of an n-point set 4. Then
& is an autogenerating system iff

1) every fe & is an idempotent, L _

2) for every i = 1,...,n either Ker &; = Ker &7 or Im &; = Im %7,

3) for every #,je€{l,...,n}, ¢ <Z—._Vi # & Sy it holds Im & < Im & and
Rer &1 A Ker 7. T

Proof. If & is an autogenerating system then in view of Corollary 3 and
Propositions 7 and 9 the conditions 1), 2) and 3) are fulfilled. On the contrary,
if & fulfils these conditions and f, g are its arbitrary elements, there exist
i,7€{l,...,n} such that feSi,ge ;. If i =j we get either Kerf = Kerg
or Imf=1Img, if i<j we get ImfcImg and Kerf1Kerg, if 7 >7

37



we get Img < Imf and Kerg 2 Ker f and by Proposition 4 {f, g} is an auto-
generating system. Now we get, using Proposition 1, that & is an autogenerating
system.

Part 2.

Definition. Let & be an autogenerating system. We shall call &% maximal iff
for every autogenerating system &' such that & < &’ we have &' = & .
Now we are going to investigate the maximal autogenerating systems.

Definition. Let % be an autogenerating system on an n-point set 4. We
shall call non-void subsystems i, &; with 7 <j adjacent iff for every k such
that ¢ < k <j it holds &x = @. We shall call subsystem %y # @ the first
subsystem if for every 7 < k& it holds &;i = @ and subsystem &; # & the
inside subsystem if there exist non-void subsystems %;, %k such that &; &
and ¢, ¥x are adjacent.

Let &; be an inside subsystem. Then & is called maximal in &; iff for
every transformation f such that |Imf| =¢ and f¢.9,% U {f} is not auto-
generating.

Let &, ¥ be adjacent. Then & is called maximal between i, &; iff
for every transformation f such that ¢ < |Imf| <j,% U {f} is not autogenerat-
ing.

Proposition 10. Let & be an autogenerating system on an x-point set A.
Then & is maximal iff the following conditions are fulfilled:

1) & is maximal in all inside subsystems &,

2) & is maximal between all pairs of adjacent subsystems i, %,

3) if Py is the first subsystem and Sk, $m are adjacent then Ker & = Ker %y,

&x contains all idempotents f such that Ker f = Ker ¥ and Imf < Im ¥n
and either =1 or Im%x = &, -
4) Sn = {14}. _
Proof. If (1) or (2) does not hold then there exists a transformation f¢ &% such
that & | {f} is an autogenerating system and so & is not maximal.

Let &k be the first subsystem, %k, ¥m adjacent. If & =1 then it holds

obviously Ker &y = Ker $x = A. Suppose that %k > 1 and Im #x # o .
Then there exists an idempotent f such that Imf < Im &, Kerf :l_K_er Fx

thus by Propositions 1 and 4 and Theorem 1 & | {f} is an autogenerating system,
hence & 1is not maximal. So %k > 1 implies Im %x = & , but obviously

Im %x # @ and so in view of Theorem 1 Ker &x — Ker %k . Every fe %%
is an idempotent such that Kerf = Ker ¥x and Imf c Im ¥n. If there

exists an idempotent f with these properties such that f¢ &, ¥ | {f} is by
Theorem 1 an autogenerating system and & is not maximal. 14 is evidently the
only idempotent such that |Imf|=mn. If (4) does not hold then & | {la}
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is obviously autogenerating. We have proved that if % is maximal then the condi-
tions (1), (2), (3) and (4) are fulfilled.

If . is not maximal, then there exists an idempotent f such that f¢ .
and % | {f} is an autogenerating system. If |Imf| =#n then f= la and (4)
is not fulfilled. If |Imf| < & and %« is the first subsystem then £ > 1 while
in view of Theorem 1 Im %x # @ , thus (3) does not hold. If |Imf| =k,
then by Theorem 1 Kerf 1 Ker $m, Imf < Im ¥n (Fr, £m are adjacent).
If Ker %y # Ker S« then (3) does not hold, assume Ker ¥y == Ker %% . Then
either |¥x| =1 or Kerf= Ker ¥y, in the second case again (3) does not
hold. If |#x| = 1, #x = {A} then either & is constant and so, f is also constant,
thus Ker f = Ker #x and (3) does not hold, or % is not constant, then % >> 1
and Im#h = Im Sx # o and so again (3) does not hold. If 2 < |Imf| <n
then either there exists &%; 7 @ such that | Imf| = ¢ and so (1) does not hold
or there exist adjacent %;, &; such that ¢ -<|Imf| <j and so (2) does not
hold.
Proposition 11. Let &% be an autogenerating system on an r-point set A4, let
S &Li and L, Fx be adjacent with j <7 < k. Then &% is maximal in %;
iff the following are true:
1) If Ker &i = Ker &; then &; contains all idempotents f such that Ker f =
=Ker %; and Im #; « Imf < Im Fx.
2) If Im¥#; = Im &; then &; contains all idempotents f such that Imf =
=1Im ¢; and Ker &#; 2 Ker f 2 Ker ¥ .

Proof. Evidently, if there exists an idempotent f such that |Imf| =i, f¢ &
and f fulfils the conditions of the proposition then & {J {f} is an autogenerating
system, but f¢.%; implies f¢ %, thus & is not maximal.

Conversely, suppose that & is not maximal in %; and &, contains all idem-
potents fulfilling the conditions of the proposition. Then there exists a trans-
formation f such that |Imf| =14,f¢ % and & U {f} is autogenerating.

By Theorem 1 IE.S’; cImf < Im $x, RE.S”,- J Ker f Dﬁr_yk and either
Ker (1 U {f}) = Rer (iU {f) or Im(#UH=Im(&:U{f}. If

| #i]>2 then Ker#; = Ker#; implies Ker iU {f}) = Ker (#: U {f}),
hence Kerf = Ker &; and so fe%; — this is a contradiction. Similarly if

Im¥i=Im&; then Imf=Im¥; and feSLi. If &= {h} then either
Imf=1Imh or Kerf= Kerh, thus f&%; and this is a contradiction.

Lemma 2. Let & be an autogenerating system and %, &; adjacent. Then &
is maximal between &, &; iff i) &; is maximal between %y, &;.

Proof. Evidently, if & is not maximal between &;, &; then &;l|J) &; is not
maximal between &, &;. On the contrary, if &; ) &; is not maximal between
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&5, ¥ then there exists an idempotent f such that 7 < |Imf| <j (thus
f¢&) and &1 U &5 U {f} is an autogenerating system. By Theorem 1 we get
Im¥% < ImfcIm%; and Ker ¥ AKerfdKer¥;. Now let k<1,
S, then InFx c ImF; < ImP; < Imf

and Ker ¥ A Ker &; 1Ker &; A Ker f .

Similarly Imf < Im Sx and Ker f 1 Ker ¥ for every k > j, Px 7+ & thus
in view of Theoregl, L U{f} is autog—e;erating and so & is not maximal.

Definition. Let A4 be a set, Xeexp 4, ReZ#(A)(#(A4) is the set of all
decompositions of set 4). We shall write

X< R ifforevery UeR, | XNU/<1
X> R ifforevery UeR, | XN U|[>1
X—=R ifforevery UeR, | XN U|=1

Lemma 3. Let Re#Z(A), X eexp A. Then there exists an idempotent f such
that Kerf=R, Imf=X if X=—R.

Proof is easy.

Lemmad4. Let X, Xocexp A, ReEZ(A). If Xi<cXo and Xi<R<Xp
then there exists X eexp A4 such that X; «c X < X2 and X =R.

Proof. Denote by R={UeR|U(\ X1 = @} and for every UeR choose
as €U X2 (it is possible because R < Xp). Put X = X1 {av| UeR}.
As Xi <R wehave X=R. Evidently X1 c X < X5

Lemmas5. Let R, ReeZ(A),XecexpA. If RiAI R and RiI<X<Re
then there exists Re % (A) such that Ry ARJ1R: and R=X.

Proof. For every U€R;, denote by Us={VeR |V UVNX=g}
and U1={V€U,VﬂX—75®}. As RI<X<R,Ui# @ and Vel
implies -| V(1 X /= 1. For every U€eR; choose VyeU;. Now define R
as follows:

R=R\ U WU VHU{ U VyVy|UeRi}
UER, Veu,
Evidently Ry ARAR; and R— X.

Lemma 6. Let Ry, Ree Z(A), X1, Xoeexp A. Then
(i) if X1 cXe, Xe=—R1 and R AR: then X1 < Rs,
(i) if RRAR,Re=X; and X1 <« Xo then Ri < X».

Proof. (i) As R; D Rs we have for every UeRs, U X2 <« V() X2 where
VeR and U c V. Becauseof |V Xe| =1 weget |UN X2/ < 1. From
X1« Xp follows UNXe c UN X1 andso |[UNX1/ < 1.

(ii) As Ri1 ARz, for every V eR; there exists UeRs with U < V. Then
VNXeo VN X12 UNX: (as X2 Xi) and |UNX1]=1, thus |V Xz |
[>1.
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Proposition 12. Let & be an autogenerating system on an n-point set A,
1, & adjacent. Then & is maximal between &, ¥; iff at least one of the
following conditions holds:

1) |&#i| =1 and either Ker #; = Ker &; or Im¥; =Im ¥;.

2) | ;| =1 and either Ker &; = Ker #; or Im &; — Im &; .

3) There exists U eKer &; such that U NIm¥Fj= 3.

4) There exists UeKer &; such that | U () Im & | >2.

5) j—i=1. T

Proof. Suppose that there exists an idempotent f such that i < |Imf| <j
and &; U &; U {f} is an autogenerating system. Then we have by Theorem 1.
Im%i c Imf cIm&; and Ker % A Kerf 2 Ker.#;. If it holds (1) we get
the contradiction |Imf| =7, if it holds (2) we get |Imf|=j.

By lemma 6 we have Im#;<Ker#; and Ker#;<Im¥; contradicting

(3) and (4). If it holds (5) then £ is evidently maximal between %, &; .
Suppose now that none of the conditions is fulfilled. Put k& = min {j — 1,
| Im &5, | Ker #j|} . Suppose now k =1¢. Then either |Im%;/ =17 or

| Ker #5| =i. If |Im.%;| =i then from Im¥; < Im.%; we get

| ﬁ—yi | =17, hence _I;ny’i =Tm.%;. As (4) does not hold we have
I?e?%glmy; and so |@5’1| < i, thus also Ker.%; = Ker%;. We
get | S| —1 , but as (1) does not hold it contradicts Im Fi=Im¥5. We
arrive at a similar contradiction when | Ker #;| =1, thus_k > 1.

Now we shall prove that there exist X ecexp 4 and Re# (A) such that
|X|=|R|=k, X=R,Ker¥;2RIKer ¥, Im¥ <« X =« Im.#;. Then
by Lemma 3there exists an idempotent f ‘such that Ker f=R, I_m f=2X and
as i < k<j—1, & is not maximal between %, .%;.

If k=|Im&;| put X=Im¥;. We have Im.¥; #Im.%; and so
Ker &; — Rer #;. Then obviously Ker ;> X. As (3) does not hold we
have X >Rer &;. By Lemma 5 there exists R € 2 (4) such that Ker % 2 R
dKer#; and R= X . Evidently Im%; c¢ X « Im%; .

TIf k= | Ker &5/ put R = Ker ;. Similarly_;e have
Im#; >R _->__I--—nTyi and by Lemma 4 there exists X € exp A such that
m¥% cXcIm¥ and X—=R. Evidently Ker#; 1R 2 Ker ¥; .

If k=j—1 and |Ker ;| >k, |Im¥;| >k then Ker¥; = Ker &
and Im¥; = Im ;. Th?lyj | =1 and as (2) does not hold we get
EE.?T# Ker ¥, Im%; £Im&;. If it holds Ker ¥ = Ker &1, choose
aelm ¥y, a¢m5f’i, let aeVeKer¥;. Ob\msly Ker&”;ﬁ?n% N
hence there exists b eV () Im%; and b #a. Let ae U eKer ¥,
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beUyeKer.s, put X =Im&;\ {a}, R=Ker L\ {Ua, Up} U
U{UaU Ub}. If Im¥; =ImP, choose VeKeri, |V(\Im¥;|>2
(it is possible because of (Ker &; # Ker #;). Obviously Im¥; < Ker &,
hence there exist a,beV \Im¥;, a¢Im¥i. Let ae U,eKer ¥;,

be UpeKer&;, put again X = Im &5\ {a},

R = Ker £\ {Us ;Un} U } U {Ua U Us} . _

In both these cases we have evidently X =R, Im%; <« X <« Im.%; and

Ker '(/)i R jKCI\(/j . *
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