Czechoslovak Mathematical Journal

Zoltan Finta
Approximation by ¢-Bernstein type operators
Czechoslovak Mathematical Journal, Vol. 61 (2011), No. 2, 329-336

Persistent URL: http://dml.cz/dmlcz/141537

Terms of use:

© Institute of Mathematics AS CR, 2011

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/141537
http://dml.cz

Czechoslovak Mathematical Journal, 61 (136) (2011), 329-336

APPROXIMATION BY ¢-BERNSTEIN TYPE OPERATORS

ZOLTAN FINTA, Cluj

(Received November 20, 2009)

Abstract. Using the g-Bernstein basis, we construct a new sequence {Ln } of positive linear
operators in C[0, 1]. We study its approximation properties and the rate of convergence in
terms of modulus of continuity.
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1. INTRODUCTION

Let ¢ > 0. For each non-negative integer k, the g-integers [k] and the ¢-factorials
[k]! are defined by

" T+qg+...+¢1 ifk>1
1o if k=0

and
wﬂ_{mmuqm if k>1
1 if k=0.

For integers 0 < k < n, the g-binomial coeflicients are defined by

WGt

Following [4], the ¢g-Bernstein operators By, 4: C[0,1] — C[0, 1] are introduced by

(Bn,gf)(x) = By g(f, ) Zf(i)p"k (q,2),
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where n =1,2,..., z € [0,1] and

(1.1) Pnk(g, ) = [Z] QTk(l —z)(1—=2q)...(1— xq”_k_l),

k=0,1,...,n, are the ¢g-Bernstein basis polynomials (an empty product denotes 1).
For ¢ = 1, we recover the classical Bernstein operators.
Taking into account [4, (13)—(15)], we have

(1.2) By, 4(e0, ) =1,

(1.3) B, 4(e1,z) =z

and

(1.4) B q(ea,2) = 2% + [—Tll]x(l —x),

where e;(r) = 2%, x € [0,1] and i € {0,1,2}. Due to (1.4), it is worth mentioning
that for a fixed value of ¢ with 0 < ¢ < 1 we obtain
(1.5) lim B, 4(e2,2) = 2> + (1 — ¢)z(1 — ).
n—oo
Further, let ¢ = gy, satisfy 0 < g, < 1 and let ¢, — 1 as n — oo. Then B, 4(f, )

converges uniformly to f(z) on [0, 1] as n — oo (see [4, Theorem 2]). Moreover, due
to [4, (16)], we have

3 —
(1.6) 1Bnaf = £l < 5w(f, (0712,
where ||| is the uniform norm on C[0, 1] and the modulus of continuity of f € C[0, 1]
is defined by
(1.7) w(f;0) = sup{|f(u) = f(v)|: w0 € [0, 1], [u—v| < b}

We mention, that an estimation of the rate of convergence of the ¢-Bernstein opera-
tors By, 4 (0 < ¢ < 1) was also presented in [5, (17)]. The convergence properties of
B4 (0 < ¢ < 1) in the complex plane were studied in [3].

The goal of the paper is to construct a new non-trivial sequence {L,} of bounded
positive linear operators in C[0, 1] using the g-Bernstein basic polynomials (1.1), such
that L, has different properties from (1.3), (1.4) and (1.5), but L,(f,x) converges
uniformly to f(z) on [0, 1] as n — co. The rate of approximation ||L, f — f|| will be
also estimated by the modulus of continuity (1.7).
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2. THE CONSTRUCTION OF L,

Let us consider the following g-Bernstein type operators L,: C[0,1] — C]0,1]
defined by

n

(Lnf)(x) = Ln(f7 13) = Z /\n,k((b f) pn,k((bx)v

k=0
where ¢ € (0,1), € [0,1], f € C[0,1] and the bounded positive linear functionals
An.k(q,-) € C[0,1]* will be defined step by step as follows.
We set

[k —1]
[n]

)\n,k(Q; 60) = 1) /\n,k(fb el) =

fork=1,2,...,n—1, and

[K][k —1]
2.2 A (g, €2) = ~ae — 20
( ) ,k(q 62) [n][n 1
fork=1,2,...,n—1, where n > 2.
Furthermore, A\, x(¢,-), K = 0,1,...,n, will be defined on the normed subspace
Y = {aeg + Be1 +ye2: a,B,7 € R} of C[0,1] as follows. For P(z) = a + fz + vyz?,
z€]0,1],and k =0,1,...,n, we set

Ak (@, P) = adnk(q, €0) + BAnk(qe1) + Y nk(q, €2).

We prove that A\, x(q,-) € Y™ are bounded positive linear functionals, k¥ =
1,2,...,n — 1. Obviously A, x(q,-) are linear. Moreover, A, 1(g,-) are positive: if
P(z) > 0 for x € [0,1], then we distinguish the following two cases:

a) v = 0. Then A\, x(q, P) = P([k — 1]/[n]) = 0, because A\, x(q, e2) = [k — 1]*/[n]?

fork=1,2,....,n— 1.
b) v < 0. Then, by A x(g,e2) < [k —1])/[n], k=1,2,...,n— 1, we get

dr(@ P) > o+ gt k=1
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Further, A, x(g,-) are bounded on Y, & = 0,1,...,n. Indeed, by positivity of
An.k(q, ) and (2.1) we have for all P € Y that

[Ank (¢, P)| < Ani(q; [P]) < An(q, [|Plleo) = [IPl[An.k(q, €0) = [ P].

Finally, we define A\, x(q,-), k = 1,2,...,n — 1, on the whole space C[0,1]. The
real linear space C[0, 1] is an ordered Banach space with the uniform norm || - || and
the natural order relation: f < g if and ouly if f(z) < g(x), = € [0,1]. Using the
notation C[0,1]; = {f € C[0,1]: O¢,1] < [}, we have {f € C[0,1]: ||f —eo| <
1} € C[0,1]4. Thus int C[0,1]4 # 0 and eg € Y Nint C[0,1];. Now we can extend
An,k (g, -) onto the whole space C[0, 1] as bounded positive linear functionals, because
of the following Hahn-Banach type theorem: if (X, <) is an ordered normed space
with int{x € X: 0x <z} # 0 and Y is a normed subspace of X such that Y Nint{z €
X: 0x < z} # 0, then every bounded positive linear functional A: ¥ — R can be
extended to a bounded positive linear functional A\: X — R, i.e. A(z) = A(z) for all
2 € X. This result is a particular case of a more general theorem of [2, p. 82|, where
R is replaced by a complete vector lattice with identity element. We mention that
the extension of bounded positive linear functionals was studied first in [1].

Consequently, L,, are positive linear operators. Moreover, || L, f|| < || f]| for all
f € C[0,1], because the positivity of A, k(q,-), (2.1) and (1.2) imply for = € [0,1]
that

n n

|Ln(fa (E)| < Z p‘n,k(% f)|pn,k(% (E) < An,k(Qv |f|)pn,k(% :L')
k=0 k=0
< k(@ 1 lleo)pn (@ x) = 111D Ank(a, €0)pn.i (g, )

k=0

= /1) posla,z) = | f|Bug(eo. ) = I f]I.
k=0

el
I
o

Thus L,, are bounded operators, n > 2.

3. MAIN RESULTS
For the operators L,, introduced in Section 2 we have the following results.

Theorem 3.1. The operators L, (n > 2 and 0 < q < 1) verify:

a) Ln(COax) =1, z¢€ [07 1];
b) 0<z— Ln(elvx) < 1/[”]7 T e [Oa 1];
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¢) Ly(ea,z) =22 x € 0,1].
For a fixed value q € (0,1) we have

Q) Jim Lo(er,2) =2 — (1= )~ (1 —){1 - ﬁa—qu)},xe 0,1].

s=1

Proof. a) By (2.1) and (1.2), we have L, (eg,z) = By, 4(e0,x) = 1.
b) Taking into account (2.1) and (1.3), we obtain

n—1
k—1
Ln(elvx) = [ [n] ]pn k(q; )+pn n(Qa )
k=1
n—1
Kkl — qkfl
= Ul Pk (4, T) + Pnn(q, @)
—  [n
1 n—1 1 n—1
=B (elvx)_m qk pnk(% =T — Wqu 1pnk Q7
k=1 k=1
Hence, by (1.2),
1= 1 1
0<z—-L 61; = qu 1pnk CJ; mBn,q(emx): m
k:l

n—1
KR -
L (627 ) - — [TL] [TL — 1] pn,k(% (E) +pn,n(% (E)
- [n-2 k n—k—1 n
= k: 2x(1—x)(1—xq)...(1—xq )+
k=2 1
n—2
=2> ) pno2k(q,®) = 2*By_s4(e0, ) = 2°.
k=0

d) Using [k] =14 ¢g[k — 1], k > 1, we find

Ly(ey,z) = z_: [k[;] d Pnk(q, @) + pon(g, ) = 3 [kj[_] ! Pk (¢, ) + Pnn(q, )
k=1 k=1
= % P %pn,k(% (E) + (]- 1)pn n q; an k Q7
1 1
= an,q(el,J?) q[n]Bn (1(60’ )+ q[ ]pn O(qa )
1 1
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Hence, by (1.3) and (1.2),

1 1 1

(3.1) L,(e1,z) = Ex = o + m(l —z)(1—xzq)...(1—z¢" 1)
11,
+(1—5+m)$ .

On the other hand, due to [6, (2.8)], we have

o0

=) —wg).. (1 =g ") - £[0<1 — 2q")
—(1-2)1—2q)...(1 —xq"_l)‘l - E(l —2¢°)
< ﬁlnﬁ
for z € [0,1]. Hence
(3.2) Jim (1—2)(1 —wq)...(1- zg" ) = f[ou — zq%).

Now combining (3.1), (3.2) and lim [n] = 1/(1 — g), we obtain

n—oo

11— 1—q1q
lim L,(e,z) = -z — -—q4,-74 H(l —xzq°)

n—oo q q q

which was to be proved. O

Theorem 3.2. Let ¢ = g, € (0,1) satisfy ¢, — 1 as n — oo. Then for each
f € C[0,1], the sequence {L,(f,x)} converges uniformly to f(x) on [0,1] as n — oo.
Moreover, for each f € C[0,1] and n > 2 we have

(33) 1nf = fll< (V3 + 2 )l [n]772)

Proof. For any fixed positive integer k, we have [n] > [k] =1+q+... + ¢!
when n > k. But ¢ = ¢, — 1 as n — oo, therefore liminf[n| > lim [k] = k. Since k
n—oo n—oo

has been chosen arbitrarily, it follows that [n] — oo as n — oo. Then (3.3) implies
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that {L,(f,z)} converges uniformly to f(z) on [0,1] as n — co. Thus it remains to
prove (3.3).
Let = € [0,1] and n > 2. Then (2.1) and (1.6) imply that

(3'4) |Ln(f7x)_f( )l n(fa )_ nq(fa )
n—1

|+|Bnq(fa z) — f(z)]

A (1] - f(%) o) a) + 2 (. 772,

pnk q,T + W(f [ ]71/2)

3 =
Il
O

VA
=

Further, using the property w(f,ad) < (a + 1)w(f,d), a > 0, we obtain

‘f(t) —f(%)‘ <w(f, ‘t— ED
]
]

Then, by positivity of A, k(q,-), we find

69 ol s(E)e)
< {2 nna e er = B ) 1ot )72,

Because A, x(g, ) are bounded linear functionals, we have A, (g, f) = /. fdun .
for some positive measures i, . Applying the Holder inequality, (2. ) and (2.2), w
get

I e U R R G R R
o™ (s (- E )
- (o)
= (g R
<V2[n] V2
Hence, for k =1,2,...,n — 1 we have
(3.6) A (4 ]e1 %eo‘) < V2[n] 12,
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Now combining (3.4), (3.5), (3.6) and (1.2), we obtain

Lnf0) = J)] < (VB2 )l [ 12),

which completes the proof of our theorem. O
References
[1] M. G. Krein, M. A. Rutman: Linear operators leaving invariant a cone in a Banach space.

[2]
3]

[4]

[5]

[6]

Usp. Mat. Nauk (N.S.) 3 (1948), 3-95 (In Russian.); English translation: Amer. Math.
Soc. Translation 1950 (1950), 128 pp.

G. Marinescu: Normed Linear Spaces. Academic Press, Bucharest, 1956. (In Romanian.)
S. Ostrovska: The convergence of g-Bernstein polynomials (0 < ¢ < 1) in the complex
plane. Math. Nachr. 282 (2009), 243-252.

G. M. Phillips: Bernstein polynomials based on the g-integers. Ann. Numer. Math. /
(1997), 511-518.

V. S. Videnskii: On the polynomials with respect to the generalized Bernstein basis.
In: Problems of modern mathematics and mathematical education, Hertzen readings.
St-Petersburg, 2005, pp. 130-134. (In Russian.)

H. Wang, F. Meng: The rate of convergence of g-Bernstein polynomials for 0 < ¢ < 1.
J. Approx. Theory 156 (2005), 151-158.

Author’s address: Zoltan Finta, Babeg-Bolyai University, Department of Math-

ematics, 1, M. Kogalniceanu st., 400084 Cluj-Napoca, Romania, e-mail: fzoltan@math.
ubbcluj.ro.

336



		webmaster@dml.cz
	2020-07-03T19:15:08+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




