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Abstract. An axiomatic characterization of the distance function of a connected graph is
given in this note. The triangle inequality is not contained in this characterization.
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1. INTRODUCTION

By a graph is meant here a finite or infinite undirected graph with no loops or
multiple edges. Obviously, if GG is a connected graph, then the distance function of
G is a mapping of V(G) x V(@) into the set of all non-negative integers.

In the present note, we assume that V is a nonempty set and f is a mapping of
V x V into the set of all non-negative real numbers. By the well-known definition,
f is a metric on V' if it satisfies the following axioms:

(A) f(u,v) = f(v,u) for all u,v € V;
(B) f(u,v) =0 if and only if u = v, for all u,v € V;
(T) [the triangle inequality] f(u,v) < f(u,w) + f(w,v) for all u,v,w € V.

It is easy to see that if f is the distance function of a connected graph G with
V(@) =V, then fisametricon V. D. C. Kay and G. Chartrand [1] found a necessary
and sufficient condition for a metric f on V to be the distance function of a connected
graph G with V(G) = V. In their theorem, the following axioms were used:

(C) f(u,v) is an integer for all u,v € V;
(D) if f(u,v) > 1, then there exists w € V such that u # w # v and f(u,v) =
flu,w) + f(w,v) for all u,v € V(G).
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Theorem A (D.C.Kay and G. Chartrand [1]). Let f be a metric on V. Then
f is the distance function of a connected graph G with V(G) =V if and only if f
satisfies the axioms (C) and (D).

Remark 1. Kay and Chartrand have considered only finite graphs in [1] but their
theorem also holds if V' is infinite.

If f satisfies axioms (A) and (B), then we denote by Gy the graph such that

V(Gy) =V and
the vertices u and v are adjacent in G if and only if f(u,v) =1

for all u,v € V.

Proposition 1. Let f satisfy the axioms (A) and (B). If f is the distance function
of a connected graph G with V(G) = G, then G = Gy.

The proof is obvious.

Proposition 2. If f satisfies the axioms (A), (B), (C), and (D), then there exists
an u — v walk of length f(u,v) in Gy for all u,v € V(G).

The proof is easy.

Proposition 3. Let f satisfy the axioms (A), (B), (C), and (D). Then Gy is
connected. If d denotes the distance function of Gy, then

d(u,v) < f(u,v) for all u,v € V.

Proof. The proposition immediately follows from Proposition 2. O

The next theorem is a reformulation of a theorem of D. C. Kay and G. Chartrand
[1]. We will present an explicit proof of it.

Theorem B. Let f satisfy the axioms (A), (B), (C), (D), and let d denote the
distance function of Gy. Then f = d if and only if f satisfies the axiom (T).

Proof. Aswe know, if f = d, then f satisfies axiom (T).

Conversely, assume that f satisfies (T). Consider arbitrary u,v € V. Put n =
d(u,v). We will prove that f(u,v) = n. We proceed by induction on n. The case
when n < 1 is obvious. Let n > 2. Obviously, there exists w € V such that
d(u,w) = 1 and d(w,v) = n — 1. By the induction hypothesis, f(w,v) = n —1
and, moreover, f(u,w) = 1. Axiom (T) implies that f(u,v) < n. As follows from
Proposition 3, f(u,v) > n. Thus f(u,v) = n, which completes the proof. O
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Obviously, the following axiom is stronger than the axiom (D):
(E) if f(u,v) > 1, then there exists w € V such that f(u,v) = f(u,w)+ f(w,v) and
(flu,w) =1or f(w,v) =1) for all u,v € V(G).
In the present note, we will prove that if the axiom (D) is replaced by the axiom (E)
in Theorem B, then the triangle inequality can be replaced by an axiom containing
equalities only. The new axiom is inspired by some results of the present author.

2. NEwW AXIOM

We will be interested in the following axiom (S):

(S) if f(u,v) =1= f(z,y) and f(u,z) =1+ f(v,z), then f(u,x) =1+ f(u,y) or
flu,y) =14+ f(v,y) or f(v,y) =1+ f(v,x), for all u,v,z,y € V.

Lemma 1. Let f satisfy the axioms (A), (C), and (T). Then f satisfies the
axiom (S).

Proof. Suppose, to the contrary, that there exist uw,v,z,y € V such that
Flu,0) = 1= f(z,y), fu,) = 1+ £(0,2), () £ 1+ £ (0,9), f(u,y) £ 1+ F0,p),
and f(v,y) # 1+ f(v,z). Combining the axioms (A) and (T), we get f(u,z) <
1+ flu,y), flu,y) <1+ f(v,y), and f(v,y) <1+ f(v,z). By virtue of axiom (C),
f(u,z) < f(v,x). This is a contradiction with the fact that f(u,z) =14 f(v,z). O

Remark 2. Axiom (S) can be compared to Axiom VIII of the characterization
of the set of all shortest paths in a connected graph in [3], to Axiom VIII of the
characterization of the interval function of a finite connected graph in [4], to Axiom Y
of the characterization of the interval function of an infinite connected graph in [6],
and to Axiom G of the characterization of the set all steps in a finite connected
graph in [5]. (By the interval function of a graph is meant the interval function in
the sense of H. M. Mulder [2]. By a step in a connected graph G is meant an ordered
triple (u, v, w) of vertices u, v, w in G such that d(u,v) =1 and d(v,w) = d(u,v) —1,
where d denotes the distance function of G).

Lemma 2. Let f satisfy the axioms (A), and (S), and let u,v,z,y € V. Assume
that f(u,v) = 1= f(z,y), f(u,y) 23, f(w,2) = f(u,y)—1, and f(v,z) = f(u,z)-1.
Then f(vay) = f(uvy) -1

Proof. Obviously, f(u,x)# 1+ f(u,y). Thus, by the axiom (S),
fluy) =14 f(v,y) or f(v,y) =1+ f(v,z).
Since f(v,x) :f(uvx)_]-:f(uvy)_Qa we get f(vay) :f(uay)_]' U
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By an f-path we mean a sequence (ug, ..., uy), where ug,...,u, € V and n > 0,
such that

f(us,uj) =j —1i for all integers ¢ and j such that 0 < ¢ < j < n.

Assume that f satisfies the axioms (A) and (B). Obviously, if (ug,...,u,) is an
f-path, then (uy, ..., up) is an f-path as well. Moreover, it is clear that every f-path
is a path in Gy.

Lemma 3. Let f satisfy the axioms (A) and (S). Consider uo, ..., Up—1,Un € V
such that n > 3, (ug,...,un—1) is an f-path, f(uop,u,) =n, and f(up—1,u,) = 1.
Then (ug,...,Un—1,Uy,) Is an f-path as well.

Proof. As follows from the definition of an f-path, it is sufficient to prove that
(1) f(ui,un) =n —1 for all integers ¢ such that 0 < i <n— 2.

We proceed by induction on ¢. The case when ¢ = 0 is obvious. Assume that
1 < i < n—2. By the induction hypothesis, f(u;—1,u,) =n—i+1. Put v = u;_1,
V= Ui, T = Up_1, and y = u,. By Lemma 2, f(u;,un) = f(ui—1,un) — 1 =n—1.
Thus (1) is proved. O

Lemma 4. Let f satisfy the axioms (A), (B), (C), (E), (S), and let u,v € V(G).
Then there exists an u — v path « in Gy such that o is an f-path.

Proof. Consider arbitrary u,v € V. Put n = f(u,v). We wish to prove that
there exists a u — v path o in Gy such that a is an f-path. We proceed by induction
on n. The case when n = 0 or 1 is obvious. If n = 2, then the result immediately
follows from Axiom (E). Let n > 3. By Axiom (E), there exists w € V such that
flu,v) = f(u,w) + f(w,v) and (f(u,w) =1 or f(w,v) =1).

We first assume that f(w,v) = 1. Then f(u,w) = n — 1. The induction hy-

pothesis implies that there exist ug,...,u,_1 € V such that ug = u, u,_1 = w, and
(ug,...,un—1)is an f-path. Since f(up,v) =n and f(u,—1,v) = 1, Lemma 3 implies
that (uo,...,un—1,v) is an f-path as well.

We now assume that f(u,w) = 1. By Axiom (A), f(v,w) =n—1and f(w,u) = 1.
Then we can prove analogously that there exist vg,...,v,—1 € V such that vy = v,
Up—1 = w and (vo,...,Un_1,u) is an f-path. Hence (u,vn—1,...,v9) is an f-path,
which completes the proof. O
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3. MAIN RESULT

The next theorem gives a new characterization of the distance function of a con-
nected graph.

Theorem 1. Let f satisfy the axioms (A), (B), and (C), and let d denote the
distance function of Gy. Then f = d if and only if f satisfies the axioms (E) and (8S).

Proof. If f = d, then f satisfies the axioms (E) and (T). By Lemma 1, f
satisfies the axiom (S).

Conversely, let f satisfy the axioms (E) and (S). Suppose, to the contrary, that
f # d. Then there exist r,s € V such that f(r,s) # d(r,s) and

(2) f(ro, s0) = d(ro, s0) for all rg,s9 € V such that d(rg, sg) < d(r, s).

Put j = d(r,s) and k = f(r,s). Then j # k and therefore, by Proposition 3,
j < k. As follows from Lemma 4, there exist to,t1,..., tx € V such that tq = r,
ty = s and (to,t1,...,tx) is an f-path. Moreover, there exist txy1,...,th4; € V
such that ¢xy; = to and (tx+j,...,tk+1,tx) is a shortest » — s path in Gy. Put
thajr1 =t1,. .. thgo; =15,

Assume that (tj,tj41,...,tj+x) is an f-path. By the definition of an f-path,
f(tj, tjyr) = k. Clearly, tj1r = to and (to,t1,...,t;) is also an f-path. We get
f(to,t;) = j # k; a contradiction. Thus (¢;,¢j41,...,tj4%) is not an f-path.

Recall that (¢g,t1,...,tk) is an f-path. We see that there exists i, 0 < i < j, such
that

(tirtit1,. .. titk) is an f-path

and

a =gf (tiy1,tiye,. .. tiyry1) is not an f-path.

As follows from the definition, (¢;41,...,%;4%) is an f-path.
Put u =t;, v =ti41, * = titk, and y = t;iyg+1. Obviously, f(u,z) = k,

(3) f(u,v)zl:f(x,y) andf(u,x)zl—l—f(v,x).

Since « is not an f-path, Lemma 3 implies that

(4) flvy) # 1+ f(v,z).

Note that t;4x4; = t;. It is clear that 8 =45 (fithtj,-- -, titht1,bitr) IS a0 U —
walk in G¢. Hence d(u,z) < j. If d(u,z) < j, then, by (2), k = f(u,z) = d(u,z) < j
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and therefore k < j, which is a contradiction. Thus d(u,z) = j. We see that g is
a shortest u — « path in Gy. Since f(u,z) = k, B is not an f-path. Recall that
Yy = titk+1. Since d(u,y) = j — 1, it follows from (2) that f(u,y) = j — 1 and
therefore (titi+j, ..., titht2, titkt1) is an f-path. Lemma 3 implies that

(5) flu,z) # 1+ f(u,y).

Combining (3), (4), and (5) with Axiom (E), we get

(6) f(uvy) = 1+f(vay)'

Since d(u,y) = j — 1, (2) implies that f(u,y) = j — 1. By (6), f(v,y) = j — 2.
As follows from Proposition 3, d(v,y) < j — 2. Hence d(v,z) < j — 1. By (2),
flu,z) =d(v,z) < j— 1. As follows from (3), f(v,x) =k — 1. We get k < j, which
is a contradiction. Thus the theorem is proved. ([

Corollary 1. Let f satisfy axioms the (A), (B), and (C). Then f satisfies the
axioms (D) and (T) if and only if f satisfies the axioms (E) and (S).

Remark 3. Let |[V]| =4, let V = {r,s,t,u}, and let f satisfy the axioms (A)
and (B). Assume that f(r,u) = f(s,u) = f(t,u) = 1, f(r,s) = f(s,t) = 2, and
f(r,t) = 4. Clearly, Gy is a star. It is easy to see that f satisfies Axioms (D) and
(S) but f is not the distance of Gy. Thus Axiom (E) cannot be replaced by Axiom
(D) in Theorem 1.

References

[1] D.C. Kay and G. Chartrand: A characterization of certain ptolemaic graphs. Canad. J.
Math. 17 (1965), 342-346.

[2] H. M. Mulder: The interval function of a graph. Math. Centre Tracts 132, Math. Centre,
Amsterdam, 1980.

[3] L. Nebesky: A characterization of the set of all shortest paths in a connected graph.
Math. Bohem. 119 (1994), 15-20.

[4] L. Nebesky: A characterization of the interval function of a connected graph. Czech.
Math. J. 44 (1994), 173-178.

[5] L. Nebesky: Geodesics and steps in a connected graph. Czech. Math. J. 47 (1997),
149-161.

[6] L. Nebesky: A characterization of the interval function of a (finite or infinite) connected
graph. Czech. Math. J. 51 (2001), 635-642.

Author’s address: Ladislav Nebesky, Univerzita Karlova v Praze, Filozofickd
fakulta, ndm. J. Palacha 2, 116 38 Praha 1, Czech Republic.

1106



		webmaster@dml.cz
	2020-07-03T17:42:54+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




