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Abstract. The main purpose of this paper is to study the mean value properties of a sum
analogous to character sums over short intervals by using the mean value theorems for the
Dirichlet L-functions, and to give some interesting asymptotic formulae.
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1. INTRODUCTION

Let ¢ > 3 be an integer, and x a Dirichlet character modulo ¢q. Over the past
several decades, many authors investigated various arithmetical properties of the

character sums
N+H

> xla).

a=N+1
Pélya [1] and Vinogradov [2] studied the character sums when the modulus ¢ is equal
to a prime p and obtained the following inequality

> x(a)

where ¢ is a constant. Actually, one can establish the above inequality with the

< ¢y/plup,

constant ¢ = 1. If x is a primitive character modulo ¢, A.V.Sokolovskil [3] proved

the existence of N with
8lng 1
>4 /11— -—— -/,
\/ RRENG, Va
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N<n<N+[g/2]
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where [y] denotes the greatest integer which less than or equal to y. For general non-
principal character, D. A. Burgess [4] obtained the mean value estimate of character

k | h
Z Zx(n+m)

where h is any positive integer. Xu Zhefeng and Zhang Wenpeng [5] gave the 2k-th

sums

2
<k-h,

power mean of the character sums over the interval [1, iq)

% 2k o\ 2k—2 2k—1
S| ] = MR- )

x(=1)=1"a<q/4 rlg P

1— C«k—l
H (1 _ p22k2> +0(¢").

pf2q

In this paper, we study the even power mean of analogous character sums over
the short intervals

5

x mod q

2k

and Z .

x mod q

> (=1)*x(a)

a<q/2

> (=1)*x(a)

a<q/4

First we transform the sum to L-functions. Then using the mean value theorems
for Dirichlet L-functions, we study the mean value properties of the sums over short
intervals, and obtain a sharper asymptotic formula for them. That is, we shall prove
the following:

Theorem 1. Letq > 8 be an odd integer. Then we have the following asymptotic

formulae:
. 2k
S (=1)x(a)
xmodgq 'a<q/2
x(—1)=1
J k 2k—2 1\ 2k—1 1—Ck1
I (P (1 1 (1 G o,
plq pi2g
and
. 2k
S 1D (=1)x(a)
xmodgq 'a<4¥
x(—1)=1
J(a)a* 2%—2 1\ 2k—1 1— k!
S RONS (S (R R
pla pi2g
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where Y. denotes the summation over all primitive characters modulo q such
x(—1)=1
that x(—1) = 1, e is any fixed positive number, J(q) denotes the number of all
primitive characters modulo ¢, [| denotes the product over all prime divisors p of q
plg

and CI = m!/nl(m — n)!.

Theorem 2. Let g > 8 be an odd integer. Then we have the two asymptotic

formulae:
4
* 3J(q)q? p? —1)3
S| S )| - ML 0 ),
xmodq 'a<gq/2 plg
x(=1)=-1
and
. : 15.] (p> —1)3
S| Z o] =BT
x mod q a<q/4 p
x(—1)=-1
3v2J(q)q? 2 41
Bk T 1+ 55) )
) H ( + p2—1 H (p +1)2 H
ptq ptq plg
p=1,7(mod 8) p=3,5(mod 8)
J(q)q? 2 p?—1 12
Tt 11 ( p2—1) 11 p2+1H(1_P)
plq plq plg
p=1,7(mod 8) p=3,5(mod 8)
J(9)q? 2 p? —1\3 12 s
=5 I (=) I () H0-5) +o@),
plq plq pla
p=1,7(mod 8) p=3,5(mod 8)

Taking £ = 2 in Theorem 1 and noting that

[0-5) T+ 5) - IO+ )T 0-5) T

plg q P plq
_ 4@ 7 P - 1)°
T 5((4) H pH(p*+1)

and ) ) *
Yoo= > o+ )
xmodgqg x(—-1)=1 x(-1)=-1

we may immediately get
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Corollary 1. Let ¢ > 8 be an odd integer. Then we have the following asymp-
totic formulas

4
* - 1
—1)@ _ 2 p O 24¢€
X | ¥ com| = o TG +0 )
xmodq 'a<q/2
and
. 4 21J (p* —1)3
-1 a
> | S| = H L
xmodq'a<¥
~3vV2J(9)¢° I (1 2 ) I pt+1 Hl B i)Q
s plq Pl piq (b +1)* plg P’
p=1,7(mod 8) p=3,5(mod 8)
J(a)d® 2 p?—1 112
L+ ) (1-5)
+ 4 g ( + p?—1 g p?+1 g p?
p=1,7(mod 8) p=3,5(mod 8)
J(0)q? 2 p2—1)3 ( 12 2
1- ) +e),
+ 8 g ( p2—1) lpg <p2—|—1 g p? +0(¢)
p=1,7(mod 8) p=3,5(mod 8)

2. SOME LEMMAS
To prove the theorem, we need the following lemmas.

Lemma 1. Let x be a primitive Dirichlet character modulo q with q > 3, then
for any real number X € [0,1] with X\ # r/q, we have

T(x) i X(n) sin(2rnA) iFy(=1) = 1;
Y. xn)= C o noo S
0<n<Aq Ti(:) <L Z COS m >, if x(—=1) = —1,

q .
where 7(x) = >_ x(a)e(a/q) is the Gauss sum, e(y) = ™Y, and L(s, x) denotes the

a=1
Dirichlet L-function corresponding to x.

Proof. See Section 3.1 of [6]. O
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Lemma 2.

Let ¢ > 8 be an odd integer and x a primitive Dirichlet character

modulo q. Then we have

(1) > x(a)=

0, ify(-1)=1,
X, i =1
Wra ., i =1
2RO X pax), iD= -1
T(;() [@L(l,fcm) + %L(l,;(xgl)}, ify(=1) =1,

L(1xxs,)], ifx(-1) = -1,

4 V2

where x4 is the primitive Dirichlet character modulo 4, and xs, and xs, are the two

primitive Dirichlet characters modulo 8 with xs,(3) = 1 and xs,(3) = —1 respec-

tively.

Proof. We only prove formula (5), the others can be obtained in the same way.

Since ¢ is an odd number, it is easily seen that r/q # %, and from Lemma 1 we can

have
[qz/é] 7(X) ~— )’((n)sin(inn)
x(a) == -

a=1 n=1
(0 (< )Z(Qn)sm ) = X(2n —1)sin((2n — 1))
T <n§=:1 " nz:: 2n —1
() [ X(2) o= Xxa . 2(n)x2(n)(~1)l=1/4]
T ( 2 zz: +n§::1 \/_n
f0) (%@ 1
= ( 5 L(17XX4)+\/§L(1;XX81))~

This proves formula (5). Similarly we can deduce the other formulas. O
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Lemma 3. Let g and r be integers with ¢ > 2 and (r,q) = 1, and x a Dirichlet
character modulo q. Then we have the identities

S = Y u(3)e@

x mod g d|(g,r—1)
and

0) =Y nld)e(3).

dlq

where >." denotes the summation over all primitive characters modulo ¢, and
x mod q
J(q) denotes the number of all primitive characters modulo q.

Proof. See Lemma 4 in the reference [7]. O

Lemma 4. Let g be any integer with ¢ > 2, let 7(n) denote the k-th divisor
function (i.e., the number of solutions of the equation nins...ny = n in positive
integers ni,na,...,ni) and let 7(n) be the divisor function. Then we have the
identity

i ) H (1 _ %)2’“1 H (1 1= 051;_12),

n=1 plg
q :

where ((s) is the Riemann zeta function.

Proof. See Lemma 3 in the reference [8]. O

Lemma 5. Let q > 8 be an odd integer, x be a Dirichlet character modulo g,
X4 be the primitive character modulo 4, xs, and xs, be the two primitive characters
modulo 8. Then we have the identities

Z |L(1a>_<X4)|2k

x(—1)=1
_ _ k=1
:@(%2)21@ 11_[(1_%)21@ 11_[(1_1 C;QkQ)_’_O(qe)’
pla pi2q p
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Z |L(1aXX81)|2k

plg p P2q
5t 2 1)3
X(—zl):=—1 L0 n14z£q> g p(f(p2 +>1) +0(d°),
" 4 s v
X(_El)::_l IL(1, xxs,)|* = 3n2;éQ) g p(f(pg ‘i)l) +0(¢°),
(o XL = e Il b= o)

and

* 4 (Bm+5)rtJ 2 _1)3 _
X;)_lx@m)m,xn _ @+ 97 o) H p(in +>1) +0(),

where >.° denotes the summation over all primitive characters modulo ¢, and
x mod g
J(q) denotes the number of all primitive characters modulo q.

Proof. Using the method from the proof of Lemma 5 in the reference [5], we

can deduce the results. O

Lemma 6. Let g > 8 be any odd integer, and x the Dirichlet character modulo
q, m = 0. Then we have the following asymptotic formulae:

S @MLALOLL X)L, xxs)
x(=1)=-1

-9 > (2 ) 3 s, (1) + O(d)

tin

T X@MLA(L )L )L, Kxs,)
x(=1)=-1

= 2']"52 Z/n_QT(n) > xs () + O(g°),
n=1

t‘an

S @M1 DL (L) = D §TEIINS()T() ey
n=1

2m+ n?
x(=1)=-1
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S XML DPILL, Xxs)

x(—1)=-1
~ 20 S S w0 a0+ 06
t|]2mn tln
Z X(2m)L2(17X)L2(1ﬂ>_CX82)
x(=1)=-1
J(q) ~'7(n)xs, (2™n)7(2™n) c
= omt1 Z n2 +0(g°),

S R@MLAL )L X)L, xxs,)
x(=1)=-1

_ 2{}2 Z’n*%(n) 3 e () + O(47)

t|2mn

S R@MLAL X)L, DL Xxs,)
x(—1)=-1

e S Y )+ 0

tin

Z X(2m)L(1aX)L(1aXX82)L (1’>_<X82)
x(—1)=-1

J(q) =" _
= 277(L'q|‘)1 Z 2 Z X82

n=1 t|2mn
* = 2m L2 1 = L2 1 . X82 2m ) (2mn) O £
> @M1, X)L (1, xxs,) 2m+1 Z +0(¢),
x(=1)=-1 n=1

x(=1)=-1

LI Y 0T w0+ 00

t|2mn tin

Z* )_((2m)L2(17X)L2(1;>_(X82) _ ZJm—qH Z T an)X82 (n)T(n) + O(qe)’

2
x(Ch=—1 "

3T X@™MLL DL Xxs) LA (L xxs,)

= ;ngz)l ZIH‘QX& (n)r(n) > xs,(t) + O(¢)
n=1

t|2mn
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3T X@™)LL )L xxs) LA (L Xxs,)

x(—1)=-1
J m
2m+1 Zn XSz 2 n 2 ZX& +O( )
tin
> X@™ML, 0L, Xxs,) L (1, Xxs,)
x(—1)=-1
_ZW(L+1 Zn X8 (27 0)7(27n) D s, (1) q°);
tin

o0
where >’ denotes the summation over all positive integers n with (n,q) = 1.
n=1

Proof. We only prove the first formula, the others can be obtained by the same

method.
For convenience, we put

A= Y xwrm), and  Br)= Y xm) Y xe)

2m N<n<y N<n<y tln
where N is a parameter with ¢ < N < ¢3. Then from Abel’s identity we have
= X(m)r(n) X(n)r(n) [ Aly,x)
Sy Ay ) T A,
n n om N Yy
n=1 1<nL2mN

and

L(1, X)L(1, xxs,) = Zn xX(n) Y xs, (1)

tin

B(y,
= > () xs.lt / (52X) dy.

1<n<N tin

Hence, we can have

T X@MLAL L X)L, yxs,)

x(—=1)=-1
T e X(n)7(n < Aly.x
- ¥ X(z)( 3 %JF/ (Q)dy)
x(=1)=-1 1<n1 <2mN 1 omN Y
B(y, x
( Z TL2 X 712 ZX82 / (y )dy>
1<n2 <N t|ns y?
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(5, ) 5 wtom )

1<n 1 <2™N 1<na <N tlng

Bl B e

(CD=—1 1<n<2m N
= Ay, x)
+ Z > n'x(na) Y xs. () ——dy
X(—l)——l 1<na <N tIna N Y
* m < Ay, x B(y, x
+ ) x@ )(/ 7(2)dy></ 7(2)01@/
(D=1 omN Y N )

(7) = My + My + Mz + M,.

Now we shall calculate each term in the expression (7)

(i) From Lemma 3 we have

My, = Z* X(zm)( Z X(7>( Z ny 'x(na ZXSQ(t))
(-1)=—1 1<n1<2m N 1<n2 <N tlna

Z Z (ning)~ (ni)ngz(t) Z ﬂ(%)sﬁ(d)

ting d|(g,2mnmine—1)

o= X

1€<n1 <2 N 1< <N

1 Z Z (ning)~ (m) ZX82 (1) Z M(%)gp(d)

d|(g,2mnina+1)

1< <2m N 1<na KN tIno

1 q
=33 (B D ST uny) ) D xs 0
dlq 1<n1 <2m N 1<na <N t|no
2Mmny=n1(modd)

S Y S oD
1<n1 <2 N 1<n2 <N tlna
2Mmny=—ni(modd)

(8)

dlg

where " denotes the summation over n from 1 to N such that (n,q) =1
1<n<N

For simplicity, we split the sum over nq or ng into four cases: i) 2™d < ny < 2™N

and d <ng < N;ii) 2Md < np < 2™N and 1 < ny <d—15iil) 1 <np <2M™d -1

and d <ne < N;iv) 1< np <2™d—1and 1 < np <d—1. So we have
q ! !

TCECIED DEND ST ARNIND pheRt

dlq 2md<n, K2M N d<nas <N t|ns

2Mmny=ni(mod d)

- 1 & 1 Tld—f—ll T(’I“Qd—l-lg)

<Y oed) Y > ZZ (rid + 1) (rad + 12)

1<'r‘z<% ll 1l
lo= ll(modd)

d|q 2m Ly <27”
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[(rid + 1) (rad + L))
<Xl > (rd+ 1)(rad + 1)

<> e(d) [(rid + 1)1(:2265 + 1) < ¢,

q ! /
Su@e0 XY o) Sl
dlg 2md<n1<2mN  1<n2<d—1 t|ng
2Mmny=ni(modd)

<D ed) > > (mned)T <

dlg 2m <y 20N 1<no<d—1

and

q ! /
IO ECID SENEED SRRy et
d|g 1<n1<2md—1 d<na<N tina
na=n1(modd)

<D eld) > > (mrd) Tt <

dlq 1< <2md—1 1< < Y

where we have used the estimate 7(n) < n°.
For the case 1 < n; < 2M™d—1, 1 < no < d— 1, the solution of the congruence
2™ngy = nq(mod d) is 2™ne = n1. Hence,

q / /
Su@e0 Y Y o et
dlq 1<ni<2md—1  1<na<d—1 t|na
2Mmny=ni(modd)

:Zu(%)w(d) Z Z*mnz_QT(anz)ZX&(t)

!

d‘q 1<na<d—1 t|n2
o0
q -
=Y u(3)e@ Y 27y r(2n0) Y xs () + O(a).
d‘q no=1 t"nz
(n2,9)=1

So we have

1 q
(9) s (D@ Y na) ) Y ()
dlq 1<n1 <2m N 1<no KN ting
2mny=ni(modd)

SIS ) S ) + 0

tln

Ul

(n,q)=1
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Similarly, we can also get the estimate

1 q
10) S u(DHe@ 33 mne) ) Y s t) < o
dlq 1<n1 <2m N 1<na <N tins
2Mmny=—nj(modd)

Then from (8), (9) and (10), we have

o0

(1) - 24 Z “27(2n) 3 v, (1) + O(c°).

n=1 tin
,q)=1

(if) From Lemma 2 of [9], we have the estimate

S IAW P <y ) and ) B0 <y'Te3(g),
XF#Xo XF#Xo0

where x( denotes the principal character modulo ¢. Then from the Cauchy inequality
we can easily get

Do AW < Y AW 0] <y g
x(—1)=-1 XFX0

and

> Bl < Y By, x)| < ytPreg
x(=1)=-1 X#X0

Using these estimates we have

o e (L ([ )

x(—1)=—1 *1<n1<2™N

[T
« ¥ oot [To(% B
1< <2mN L S
co 3/2,1/24¢; 3/2
<<N€/ TV gy« L.
N Nz7¢

(iii) Similar by to (ii), we can also get

q
13 M3 <
(13) )<
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(iv) By the same argument as in (ii), and noting the absolute convergence of the
integrals, we can write

o= 3 (/L%dy)(/f%dy)

x(—1)=

<[ ) B enime e
2mN x(= 1)

<</ P / < > Ay )( > |B(z,X)|2>;dydz

X7#X0 X#X0

Loa(mm) o [ 25 )

X#X0 X#X0

< /°° f/(z)ed X/N"" ©(q) ds < (9)

o2
- 23/2—¢ Ni-¢"

Now taking N = ¢* and € < 3, combining (7) and (11)—(14) we obtain the asymptotic
formula

S XML 9L X)L, yxs,) W Z 72™n) Y xsa(t) + O(¢°).

x(—1)=-1 tin

This completes the proof of the first formula of Lemma 6. O

Lemma 7. Let g > 8 be any odd integer, and x the Dirichlet character modulo
q,m > 0. Then we have the following asymptotic formulae:

Zn T(2™n ZX82

tln
(3m + 4)n? ( 2 pt 41
oL o-g)
144 11 T 11 p+12H
plq plq
p=1,7(mod 8) p=3,5(mod 8)

oo ,T(n) t|22m: X82 (t)
>

n=1
i 2 p +1 2
s I () T ()
ptq pla plg
p=1,7(mod 8) p=3,5(mod 8)
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Zn Xs,(n Z Xs, (t

n=1 t]2mn
m 2 p +1
BT () o5
S ( M A7
plq plq plg
p=1,7(mod 8) p=3,5(mod 8)

i T(2™n XSQ n)7(n)

M I (%) 0 G0

piq piq plq P
p=1,7(mod 8) p=3,5(mod 8)
>
Z n_2 Z X382 (t) Z X382 (t)
n=1 t|2mn tin
mt 2 p? -1 12
Sl = hay
48 H ( + p2 -1 H p2 +1 H p2
piq piq plq
p=1,7(mod 8) p=3,5(mod 8)
>
Z n_2X82 (n)T(QmTL) Z X82 (t)
n=1 tln
(m+ 1)n? H ( 2 p +1
SR T S )
64 21 1) (p2 +1)2
piq P piq (v +
p=1,7(mod 8) p=3,5(mod 8)

Proof. Noting that 7(n) is a multiplicative function, we can write

(15) Zn 2r(2mn) > X, (t)

tln
=7(2™) Zlnsz(n) Z Xs, (t) + Z n"2r(2™n Z Xs, (t
z’m th 2|n b
[ee] oo i
=(m+1) Zn T(n )ZXSZ(t)—I-Z Zr 29)~ (2m+3r)ZXg2(t)
2}[ tin T’: j=1 t|29r
:(m+1+zm+J+1>Z" T(n) Y xsa(1):
tin

2fn
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By using the Euler product formula we can write

S0 ) S ves (1)

= tln
2fn
1
= H (1 + —QT(p)ZX82(t) ZX& )
p
plq tlp t|p?
p#2
22 32 3 ) 7
= H (1+—2+—4+...) H (1+—4+—8+3+...)
ol p p p p p
q plq
p=1,7(mod 8) p=3,5(mod 8)
1\—2 2 1\-2 1
= I 0-5) (=) I 0-5) ()
piq piq
p=1,7(mod 8) p=3,5(mod 8)

9 , 2 14 1/p* 1\2
S5 T (et T Tl )
16C( ) H +p2_1 H (1+1/p2)2H p2

piq plq plq
p=1,7(mod 8) p=3,5(mod 8)

So from (15), (16) we have

S 2mn) Y X (8)

tln
(3m + 4)r ( 2 ) pt+1 ( 1 )
= - 1 —_— _— — .
144 1;[ T gl (P2 +1)2 P2
q q
p=1,7(mod 8) p=3,5(mod 8)

This proves the first formula. By the same method, one can obtain the other formu-
lae. O

3. PROOF OF THE THEOREM

In this section, we will complete the proof of the theorem. From Lemma 2, we can

write
(3] (3] (3] (4] (3]
(17) (=1)*x(a) =2 x(a) = ) x(a) =2x(2) ) x(a) =} x(a)
a=1 a=1,2|a a=1 a=1 a=1
@™ Wi p) ifxn =1,
ox@ - Wi, ifx(-1=-1
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and

£l 19 19
18 D@ =2 3 v@-> x()
a=1 a=1,2|a a=1
(3] (4]
= 2x(2) x(a) — x(a)
a=1 a=1
ﬁx(Z)yL(Lm&) (1) = 1,
%((ZX(Q) —1)L(1,%) — \/EX(Z)L(LXX&)) if x(—1) = —1.

First we prove Theorem 2. Noting that x is a primitive character modulo ¢, we
can get |7(x)| = /¢. So from (17) and Lemma 5, we can obtain

-4 ST I2x@) - 1AL )

=L ST (334 4x(4) + 4x(4) — 20x(2) — 20(2)) |L(1, ¥)*

x(—=1)=-1

_3J(q)q? (p*—1)° 24e
~ 16 H P2+ 1) O (¢7).

By formula (18) we can also write

4
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+ 53T B 2@ - S @)L 0L s,
x(=1)=-1
2 *
+4 (8 + 2%(4) — 8%(2)L3(L, ) L2(L, xXx,)
x(=1)=-1
- z*ﬁq S (12— 9x(2) — 4x(2) + 2x(4) L3 (1L, x)L(1, Xxs,) L1, X)
x(=1)=-1
- qu S (12— 9%(2) — 4x(2) + 2¢(4) L3 (L 0L (L, xxs,)L(L,X)
x(=1)=-1
8¢° > —\(2 N
+ (5= 2¢(2) — (@)L D PIL(L XX, )
2 *
x(=1)=-1
—”jq ST @ x@)L(L LA, Xxs) L1 xxs,)
x(=1)=-1
S )l
x(=1)=-1

By Lemma 5, Lemma 6 and Lemma 7, we can obtain

5

4
Z(—l)“x(a)‘ 1524 H (v” —1)°

1)
x(—1)=—1"a<2 p +
3v2J(q)q> 2 pi+1 1
BEE T (152 -2
e (R | G [
plq plq plq
p=1,7(mod 8) p=3,5(mod 8)
J(9)q* 2 P -1 12
+ I ( ) 1 (1-3)
4 2 _1 2 2
plq p plq Pl pla p
p=1,7(mod 8) p=3,5(mod 8)
J(9)¢* 2 p>—1\3 112 i
SAOT T 2 T () T 5) + o,
8 p?—1 p*+1 p
plq plq pla
p=1,7(mod 8) p=3,5(mod 8)

Thus we complete the proof of Theorem 2. Similarly, combining (17), (18) and
Lemma 5, we can use the same method to deduce Theorem 1.

667



Acknowledgments. The authors express their gratitude to the referee for his
very helpful comments and valuable suggestions, which greatly improved this paper.

References

[1] G.Polya: Uber die Verteilung der quadratische Reste und Nichtreste. Gottingen
Nachrichten, 1918, pp. 21-29.

[2] I. M. Vinogradov: On the distribution of residues and non-residues of powers. Journal of
the Physico-Mathematical society of Perm 1 (1918), 94-96.

[3] A. V. Sokolovskii: On a theorem of Sarkozy. Acta Arithmetica 41 (1982), 27-31.

[4] D. A. Burgess: On a conjecture of Norton. Acta Arithmetica 27 (1975), 265-267.

[5] Zhefeng Xu and Wenpeng Zhang: On the 2kth power mean of the character sums over
short intervals. Acta Arithmetica 121 (2006), 149-160.

[6] Juan C. Peral: Character sums and explicit estimates for L-functions. Contemporary
Mathematics 189 (1995), 449-459.

[7] Wenpeng Zhang: On a Cochrane sum and its hybrid mean value formula (II). Journal
of Mathematical Analysis and Applications 276 (2002), 446-457.

[8] Wenpeng Zhang, Yuan Yi and Xiali He: On the 2k-th power mean of Dirichlet
L-functions with the weight of general Kloosterman sums. Journal of Number Theory
84 (2000), 199-213.

[9] Xiali He and Wenpeng Zhang: On the mean value of Dedekind sums. Acta Mathematica
15 (1999), 245-254.

Authors’ addresses: Ren Ganglian, Department of Mathematics, Xianyang nor-
mal university, Xianyang , Shaanxi,712000,China, e-mail: rgl70718@sina.com; rgl70819
@hotmail.com Zhang Wenpeng, Department of Mathematics, Northwest University,
Xi’an, Shaanxi, P.R. China, e-mail: wpzhang@nwu.edu.cn.

668



		webmaster@dml.cz
	2020-07-03T17:28:36+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




