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ABSTRACT. We show that an adequate quantitative measure for statistical in-
dependence of sequences is the so-called LZ2-discrepancy, whereas the usual ex-
tremal is not suitable for this purpose.

DEFINITION. Two sequences Zn, Yn in the unit interval U = [0,1] are called
statistically independent if

N
Jm (% Zf(zn (30) - N22f<xn2q( w)=0

n=1

for all continuous real functions f, g

This notion was studied extensively by several authors (cf. [C-L], [Li], [Ra]).
Obviously, two sequences x,, yn are statistically independent provided that the
two-dimensional sequence (Zn,¥yr) is uniformly distributed with respect to the
measure fiy X fio, where pq; and po are the distributions of z,,, y, respectively.
As a general reference for the theory of uniformly distributed sequences, we
give the classical monograph [K-N]. In this case, the limit relation (1) is also
true for characteristic functions. This motivates the definition of the extremal
discrepancy
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where the supremum is taken over all intervals I,J C U.

The following example shows that this discrepancy does not necessarily con-
verge to 0 if the sequences are statistically independent.

Example. Take u,, a sequence in I = [0, %) converging to —})— and
vy =1—1u, . Let
u for n =2k,
In =

v forn=2k-1,

and y,, any sequence with yo, > % and yo,_1 < = . Let f and g be con-

tinuous functions and ¢ > 0, arbitrary. Thus, for n > Ny = Ny(e) we have

‘f Tn) — (—;—)‘ < e. Hence,

ro|—

N

N N
1% > f@n)glyn) — ﬁ > flan) Zg(y )

<11l llgloc (N° +28) + 2l

Letting N — oo yields the statistical independence of z, and vy, .
Now we consider f =g = xr.

N
‘%Z f(@n)g(yn) — NQZfrn ) glyn)

Thus, Dy > %.
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As a quantitative measure for statistical independence we suggest the so-
called L2-discrepancy

DN(xTH yn)2
1 1 1 N X N N )
= //(N Z X[O,z)(xn)X[O,y)(yn) - N2 Z X[O,z)(xn) Z X[O.y)(yn)> drdy.
0 0 n=1 n=1 n=1

(3)
THEOREM. The sequences Ty, Yn are statistically independent if and only if

DN (Zn,Yn) — 0 for N — .

The proof is mainly based on the following proposition:
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PROPOSITION.

DN (:L"nw y”)Z
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N?

Proof. Weexpand the function f(z,y) = X[0,2)(Zn)X[0.y)(¥m) into its two-
dimensional Fourier series and obtain for the coefficients

1 1

P 1
aks = //f(ir,y) AT o dy = —

42kl

(1 _ e?kﬂ'imn) (1 o eleiym)

for k,1 # 0. Applying Parseval’s equation in (3) and observing that all terms
only depending on one variable cancel out yield the desired result.

The proof of the theorem follows immediately from the proposition applying
that any continuous function can be uniformly approximated by trigonometric
polynomials. This is essentially the crucial point for the proof of Weyl’s criterion
in the theory of uniformly distributed sequences. Of course, this criterion is also
true for statistical independence.

Remark 1. Obviously, two sequences are statistically independent if
I)N — 0.

Remark 2. The extremal discrepancy (2) satisfies a law of iterated loga-
rithm (for almost all sequences in the sense of product measure). This can be

shown, applying the general method of Philipp [Ph].

Problem. Define for 1 < p < oc the LP-discrepancy of two sequences by

D (e )P

!
= / /( ZX[M) (n)X[0.4) (Yn) — NQZX[OT) Tn ZX[(“ yn> dxdy.
0

n=1 n=1 n=1

Are the sequences r,,, y, statistically independent if and only if Dﬁ\’;) — 0 for
N s oc?
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