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ON A PROBLEM OF P. ERDOS

JOZEF SIRAN

1. Introduction

For a given real number a, 0 < a <2 and a positive integer n let G(n, a) denote
the graph whose vertices are points of the unit sphere S,_i=
{x=(x1, X2, ..., x,) e R"; x+ x3+ ... + x2=1} in the real n-dimensional space R",
and two points of S,_; are joined by an edge of G(n, «) if and only if their distance
is a.

P. Erdés (see, e.g., Problems of the Sixth Hungarian Colloquium on Com-
binatorics, Eger, July 1981) asked whether the chromatic number x(G(n, a)) of
the graph G(n, a) tends to infinity while n— . (Since each S,-; is a compact
metric space, x(G(n, a)) is always a finite number, in contrast to the fact that
G(n, a) has uncountably many vertices.)

Our aim is to show that the answer to the above question is affirmative for all a,
0<a<2.

Theorem 1. For any a, 0<a <2 we have lim x(G(n, a))= .
The proof of Theorem 1 will be given in Sections 2 and 3, where the cases

0<a=V2 and V2<a<2 are handled separately. While in the first case it is
relatively easy to prove that x(G(n, a)) 2 n, the second requires to use the Kneser
graphs K., for a suitable family of numbers r, k to prove that x(G(n, a))— « as
n— o, Recall that the Kneser graph K{” has the vertex set T, the set of all
r-subsets of a t-element set T, and two r-sets of T are joined in K{” if and only if
they are disjoint.

For all undefined concepts the reader is referred to Bollobds [1].

2. Thecase 0<a=V2

Proposition 1. If 0< a=V?2, then lim x(G(n, a))=oo.
Proof. Let T, be an n-dimensional simplex, n=1 such that the distance
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between any two of its n + 1 vertices is a, 0<a =V2. It is well known from the
elementary geometry that the circumscribed (n — 1)-sphere S(T.) of the simplex T,
has the radius r,, where

A
V2 V4t

Obviously r, <1 for each n and 0<a=V2.

Without loss of generality we may suppose that the centre of S(T.) is the point
0=(0,0, ...,0)e R". Thus, each vertex x; = (xi,1, Xi,2, ..., Xi,n) Of T, 1=Si=n+1
satisfies

x,—2_1+x,?,2+...+x.?,,.=r,2..
Now let us assign to each x; a point f(x;) € R™*", f(xi) = (Xi,1, Xi.25 -5 Xi,ns Yn+1)s

where yn.1= V1-7r2 1t is easily seen that f(x;)e S, for each i, 1=i=n+1.
Moreover, for i# j the distance between f(x;) and f(x;) in R"*' is the same as the
distance between x; and x; in R", namely, a. Therefore the set {f(x;); 1=i=n+1)
induces a complete subgraph on n+1 vertices of G(n+1, a). Consequently,
x(G(n+1, a))Zn+1, whence

lim %(G(n, o)) =<°

for 0<a= \/5, as desired.

3. The case V2<a <2

Lemma 1. Let V2<a<2. There is a positive rational number m and a real
number c such that

(a®*=2)c*+4c+a*(1+m)=2. 1)
Proof. Choose a positive rational m for which
(a*=2)ym=4-a?;
this is possible because V2 < a <2. For the discriminant of (1) with the unknown ¢
we then obtain
D =—-4a*[(a®*—2)m + a’*—4]=0.
Lemma 1 follows.
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Lemma 2. Let V2 < a <2. There are positive integers p, q and a real c such that
for each positive integer t there is a real b, satisfying both (2) and (3):

tbX(gc*+q+p)=1, (2)
2tgbi(c —1)*= o> 3)

Proof. Let m=p/q>0 and c satisfy (1). Then c# 1. Modifying (1) we easily
obtain

c+1+m_ 1
-

=17 "« )
From (4) for each positive integer ¢t we have
t(gc’+q+p) _ 1
2tq(c—1)* ~ a?’ )

It follows from (5) that putting

b'=Vt(qc*+ q +p)
we obtain the desired b, satisfying both (2) and (3).
Proposition 2. If V2<a<2, then lim x(G(n, a))=x.

Proof. Let p, q, c, t and b, be numbers as in Lemma 2 satisfying (2) and (3).
Put a,=cb,, tp =k, tq =r,and n =2r + k. Let M, be the set of all ordered n-tuples
composed of two numbers a,, b, such that a, occurs in each n-tuple exactly r times.

Clearly M, R" and |Mj| =(:')

Choose a point x = (xy, Xz, ..., X») € M;. Then, according to (2) and the above
relations,

xi+x3+...+x2=ral+(r+k)b?=th}(qc*+q+p)=1,
whence M, c S,.-i. Further, if y=(yi, y2, ..., y») € M, such that x; =aqa, implies
yi = b, 1 =i = n, then, following (3), the distance d(x, y) between x and y satisfies
d*(x, y)=(x1=y1)’ + (2= y2)* + ... + (xa — yu)* =
=2r(a,— b)*=2tq(c — 1)*b?}=a’.

Combining these facts we conclude that the subgraph H of G(n, a) induced by
the set M, contains a copy of the Kneser graph K{?.«. Since x (K%)= k + 2 (cf. [1,
p. 260, Theorem4.4]), it follows that x(G(n,a))Zx(H)Zk+2, or

x(G((2q + p)t, @)) = tp + 2 for each positive integer t and V2 < a <2. The proof
of Proposition 2 (as well as that of Theorem 1) is complete.
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4. Concluding remarks

Our proof of Theorem 1 yields the lower bound x(G(n, a))=c(a)n with
c(a)>0, c(a)=1 for 0<a=V2 and lirgl_ c¢(a)=0. Perhaps it is possible to show

that x(G(n, a))=cn for an absolute constant ¢ >0, but we did not succeed in
obtaining results along this line (i.e. bounds uniform in «a).

Added in proof: The same problem has been solved independently by V. Rodl
(to appear in Discrete Math.).
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OB OIIHOW INPOBJIEME II. 3PAEIIA
Jozef Siran
Pe3rome
ycts G(n, @) — rpad, BepwMHbBI KOTOPOTO CYTh TOYKM €NMHUYHOH cdepbl B €BKIMIOBOM

NPpOCTPAHCTBE Pa3MEPHOCTH n, U IB€ BEPIUHWHBI COCTUHECHbI p66p0M B TOM CJIydae, KOrjaa uX pacCToOssHUe
paBHO Q. B craTbe JOKa3aHOo, 4YTO

lim 1(G(n, @)= <=

ans Beex o, 0<a <2, roe x(G(n, a)) — xpomaTtudeckoe yucio rpacdpa G(n, a).
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