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A NECESSITY MEASURE OPTIMIZATION APPROACH
TO LINEAR PROGRAMMING PROBLEMS
WITH OBLIQUE FUZZY VECTORS

MASAHIRO INUIGUCHI

In this paper, a necessity measure optimization model of linear programming problems
with fuzzy oblique vectors is discussed. It is shown that the problems are reduced to linear
fractional programming problems. Utilizing a special structure of the reduced problem, we
propose a solution algorithm based on Bender’s decomposition. A numerical example is
given.

Keywords: fuzzy linear programming, oblique fuzzy vector, necessity measure, Bender’s
decomposition
AMS Subject Classification: 90C70, 90C05, 49M27

1. INTRODUCTION

Fuzzy linear programming has been developed under an implicit assumption that
all uncertain coefficients are non-interactive one another. This assumption makes
the reduced problem very tractable. The tractability can be seen as one of advan-
tages of fuzzy linear programming approaches. However, it is observed that in a
simple problem, such as a portfolio selection problem, solutions of models are of-
ten intuitively unacceptable because of the implicit assumption (see Inuiguchi and
Tanino [5]). This implies that the non-interaction assumption is not sufficient to
model all real world problems.

From this point of view, it is an open problem to solve fuzzy linear program-
ming problems with interactive uncertain variables. However, generally, the reduced
problem becomes intractable because it often loses the linearity and sometimes even
the convexity. In order to overcome such intractableness, we restrict our consid-
erations into special models of interaction so that the reduced problems preserve
the tractability which is the advantage of fuzzy programming approach. Several
attempts [1, 3, 4, 6, 9] have been done. Among them, the results of linear pro-
gramming (LP) problems with fuzzy polytopes are arranged in Table 1. Results in
oblique fuzzy vector and general fuzzy polytope cases of Table 1 are obtained when
necessity measures are adopted.
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Table 1. Results in linear programming with fuzzy polytopes.

Fractile Optimization Modality Optimization

— linear fractional program-
ming problem

— LP problem under L-L fuzzy numbers

— LP + bisection method in
general cases

non-interactive
fuzzy numbers

oblique fuzzy || — LP problem .
vectors — Bender’s decomposition open proviem
— semi-infinite program-
general fuzzy — semi-infinite LP problem ming problem
polytope — relaxation procedure — relaxation procedure +

bisection method

A general fuzzy polytope is a fuzzy set whose h-level sets are all polytopes. An
oblique fuzzy vector is a fuzzy vector which is expressed by an obliquity matrix
and non-interactive fuzzy numbers. Those models of interactive fuzzy numbers were
proposed by Inuiguchi et al. [1, 3, 7]. Inuiguchi et al. [3] proposed oblique fuzzy
vectors to treat the interaction among uncertain variables. They showed that the
necessity fractile optimization models of LP problems with oblique fuzzy vectors
can be reduced to LP problems with dual block angular structures. A solution
algorithm based on Bender’s decomposition method was proposed. Inuiguchi and
Tanino [7] extended the results to LP problems with general fuzzy polytopes. They
showed that the necessity fractile optimization models can be reduced to semi-infinite
LP problems. A solution algorithm based on a relaxation procedure is proposed.
Inuiguchi [1] has discussed the necessity measure optimization models of LP problems
with general fuzzy polytopes. He has shown that the problem can be reduced to
semi-infinite programming problems. A solution algorithm based on a bisection
method and a relaxation procedure has been proposed. In the algorithm, a bisection
method and a relaxation procedure converge simultaneously.

However, there is no discussion on necessity measure optimization models of LP
problems with oblique fuzzy vectors. We discuss this open problem in this paper.
Especially, we investigate the case when oblique fuzzy vectors are defined by L-L
fuzzy numbers and clarify whether the solution procedure becomes simpler than
general cases or not.

This paper is organized as follows. In the next section, we describe the problem
treated in this paper. In Section 3, we discuss the reduction of the formulated
problems. Since the reduced problem has a special structure, a solution algorithm
based on Bender’s decomposition is given in Section 4. A numerical example is given
in Section 5. In the last section, the results and future topics are described.
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Fig. 1. A fuzzy constraint.

2. PROBLEM STATEMENT

Let us consider the following LP problem with oblique fuzzy vectors [3]:

maximize agx,

subject to alfx < g, i=1,2,...,m, (1)

Qzr < p,
where z = (71,22,...,7,)T is a decision variable vector. @ is a ¢ x n constant
crisp matrix and p = (p1,pa,-..,pg)T is a constant crisp vector. a;, i = 0,1,...,m
are uncertain parameters that take values in ranges given by oblique fuzzy vectors
A;, i = 0,1,...,m, respectively. Notation r < g¢; stands for ‘r is substantially

smaller than g¢;” and is represented by a fuzzy constraint C;. It is also assumed
that each C; has an upper semi-continuous non-increasing membership function pc,
such that pe,(g;) = 1. A fuzzy constraint C; is depicted in Figure 1. Note that a
crisp constraint alx < g; is a special case when a fuzzy constraint C; is an interval
(7007 gl} :

We assume that oblique fuzzy vectors A;, i = 0, 1,..., m have obliquity matrices
D;,i=1,2,...,mand non-interactive L-L fuzzy numbers B;; = (b%j7 bZRj, iLj, %)LiLm

1=0,1,....,m, j=1,2,...,n. Then an oblique fuzzy vector A; is characterized by
a membership function defined by (see [3])

pa(r) = _min pp, (dir), (2)

=1,2,...,

where d;l;- are jth row of D; and an obliquity matrix is nonsingular. An L-L fuzzy

number B;; = (b, b, gL gl

ijs Oiss Biss Biy) L, L, has the following membership function;

bl —
ij

pB,, (r) = 1 if b{fj <r<pi (3)

170
r— b}
L; ( R”) if r > b3,
ij
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a,

Fig. 2. An oblique fuzzy vector (n = 2).

where we assume by; < b%, 55 > 0 and Bff > 0. L; : [0,+00) — [0,1] is a reference
function such that

(L1)  L;i(0) =1,

(L2) L; is upper semi-continuous,
(L3) L; is non-increasing,

(L4) limy 400 Li(r) = 0.

An oblique fuzzy vector A; with n = 2 is depicted in Figure 2. In what follows,
‘oblique fuzzy vector’ is abbreviated to OFV.
The range alx may take is given by a fuzzy set Y;(z) with a membership func-

tion

tyie)(y) = sup  pa,(r). (4)
rirTe=y
Since A; is an OFV with non-interactive L-L fuzzy numbers B;;, j = 1,2,...,n,

by the discussion in [3], Y;() is also an L-L fuzzy number (%L (:c)7yzR (50)7%14 (z),
’YZR("B))LiLi with

yr(e) = Y bpki(e)+ Y biki(e), (5)

]k”(m)ZO jk‘”(m)<0

yi@) = > k(@) 4+ Y ki), (6)
j:ki]‘(w)zo j:k‘i]’(w)<0

w@ = Y Bhk@) - Y Biki(w), (7)
Jikij(2)>0 jikij(x2)<0

W)= > Blkix)— D Biki(x), (8)
Jikij(2)>0 jikij(x2)<0

and k;;(x) is defined by
kij(x) =Y dia. 9)
=1
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Fig. 3. Necessity measure.
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d;; is the (I, j) component of D;'. Consider a strong h-level set (Yi(zx))p, of Y;(z),
i.e, (Yi(x))r = {y € R| py,()(y) > h}. Then, its closure cl(Y;(x)) is obtained as

AYi(@) = |y (@) = LF k(@) g @) + L (h)f (@) (10)

where we define L¥ (h) = sup{r € R | L;(r) > h}.
Based on a necessity measure optimization model [2], Problem (1) can be formu-
lated as
maximize Ny, (q)([2°, +00)),
subject to Ny, (z)(Ci) > h', i =1,2,...,m, (11)
Qz <p,

where Na(B) = inf, max(1 — pa(r), up(r)) is a necessity measure of a fuzzy set B
under a fuzzy set A (see Figure 3). A constant real number 2 is a target objective
function value specified by the decision maker. h* € (0,1], i = 1,2,...,m are
constants determined by the decision maker. The higher h? is, the more certain x
satisfies the constraint alx < g;.

Let [A]n, and (A), be an h-level set of A and a strong h-level set of A, i.e.,
[Alp, = {r | pa(r) > h} and (A)p, = {r | pa(r) > h}. Since we have

Nu(B) > h if and only if (A);_p C [B]s, (12)
Problem (11) is reduced to

maximize h,

subject to inf(Yp(x))1_n > 2°,
sup(Yi(x))1_pni < sup[Cilni, i =1,2,...,m,
Qz < p.
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From (10), this problem is rewritten as

maximize h,

subject to  yX(x) — L?(l — h)y(x) > 2°,

R # AR () i (14)
yi(®) + L7 (1= k')t (x) < (), i=1,2,...,m,
Qz < p,
where, for convenience, we define c¢;(h?) = sup[C;],:
The first constraint of Problem (14) is equivalent to
L(y) _ 50
Yo (f) = > r#a-h). (15)
Yo' ()

Because L is non-increasing, maximizing h is equivalent to maximizing L# (1 — h),
Problem (14) is reduced to

_,0
minimize Yo (ai) : ,
Yo ()
(16)
subject to  yR(x) + L¥ (1 — hi)yR(x) < ei(h?), i=1,2,...,m,
Qz < p.
By (5)—(8), this problem can be rewritten as
Z b(%‘jkoj ((L’) + Z bgjk‘o](ilt) - ZO
maximize J:koj (.’E)ZO j:koj (ZC)<O
S Bikoi() - D Bikos(x)
jikoj(w)zo j:k}oj ($)<0
subject to  »_ BS(1—hky(@) + > b1 — h)ki (@) < ei(hY),
j:kij(2)>0 jikij(2)<0
1= ]-7 27 , 1,
Qz < p,
(17)

where we define E%j(h) = bL BLL#( ), l;%(h) = bR 6RL#( ). Let ki(x) =
(kir(x), kia(x), ..., kin(2))T, i = 0,1,...,m. Then we have k;(z) = D;lT:c, 1=
0,1,...,m. FErasing x and k;(x), ¢ = 0,1,...,m by introduction of deviational
variable vectors y;7, y; > 0 such that k;(z) = y* — y; and ytly™ =0, we
can rewrite Problem (17) as the following problem with complementary conditions
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ijyi_:Qi:O,l,...,m

Z bOJ yOJ Z bOJ Yoj —

— 7=1
maximize R

Z Bojya; + Z BojYo;

subject to ZbR (1—nt) y” Zb —h) )i <c(hh), i=1,2,...,m,

D?(ylfyl) DT(yO yy), i=1,2,...,m,
QDg (yg —yy) <,
y; >0,y >0,i=0,1,....,m

(18)

We can obtain an optimal solution of Problem (18) satisfying complementary

conditions yj'Ty,L-_ =0,7=0,1,...,m by a certain modification of an arbitrary
optimal solution of Problem (18) as shown in the following theorem.

Theorem. Assume that the optimal value of Problem (17) is non-negative. An

optimal solution of Problem (18) satisfying complementary conditions yny; =0,
i=0,1,...,m can be obtained from any optimal solution of Problem (18).

Proof. Let ;f;:“ and g, , ¢ = 0,1,...,m be an arbitrary optimal solution to
Problem (18). Define ;" = (435, U5, - - -, 75) T and 45 = (9155 Uzis - - - » Usm) * DY gjf] =
max(0, Q;; Q;J) and ¥;; = max(0,9;; — Q;;) 1=0,1,...,m, j=1,2,...,n. Then,
fromy” §y”, Uii < Ui blj(lfh’) < bR(lth) 1=1,2,....,m,j=1,2,...,nand
yz -y, —y2 yZ,2—0,1,...,n,vveknowyZ and ¥y, ,4=20,1,...,m can be a
feasible solution. Moreover, from b5 < bE, ﬂ&j > 0 and Bg‘j > 0, we have

n
me Gy — > by — 2° Zbojyoj Zbojycu
Jj=1

n
Z B85+ Y Bo590; Z Bo¥g; + Z Bo;Y0;
j=1

Hence, we obtain another optimal solution composed of yj andy; ,i=0,1,...,m
which satisfies the complementary conditions. O

This theorem implies that we can obtain an optimal solution of necessity measure
optimization problem (11) by solving Problem (18). If the optimal value of Problem
(18) is negative, the optimal value of Problem (11) is zero. In this case, the value
20 is improper and should be replaced with a smaller value. Problem (18) is a
linear fractional programming problem. Applying Charnes and Cooper’s reduction,
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Problem (18) is reduced to the following LP problem:

maximize E bOJUOJ g bOJ’UOJ 20,
_7 1

subject to Zﬁo;voj + Zﬁojvo; =1,

ZbR (1—hiw ZbL (1—h Yy <t i=1,2,...,m,
D?(vf v, ) = DT(vO —wy), i=1,2,...,m,

OT(v 7’00)§pta
>0, vi >0, v; >0,i=0,1,...,m.

(19)
Let f);r, ¥;,i=0,1,...,m and £ be an optimal solution to Problem (19). Then an
optimal solution of Problem (11) is obtained as
DY (vF — o7
T = 0 (’U’LA v; ) (20)

t

3. A SOLUTION ALGORITHM

Problem (19) has a special structure called a dual block angular structure [8]. Thus
Problem (19) can be solved by the following algorithm based on Bender’s decompo-
sition.

Algorithm.

Step 1. Set s = 0. Select " such that Qx" < p, arbitrarily. The initial solution to
Problem (19) is obtained by

1T s 0 1
yO = DO T, t = L R 9
Z Bojyoi — Z Bojyo;
Jyo; >0 J:yo; <0
0 _0 .
varj =Y max (0, yo;), Vo, = Y max(0, —voj)s J=1,2,...,n

0 _0 . 0 _0
where o5, va“j and vg; are the jth components of yq, 'var and v, , respec-
tively.

Step 2. Calculate

= DV DE (v —wy%), i = 0,1,...,m,

Z l;f;( hlv”—&— Z b h’v”,z—12 m,

Jjwi; >0 Jvi5 <0

where v;; is the jth element of v;.
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Step 3. If the following formula is satisfied, terminate the algorithm:
s>0and b; <c; (RO, i=1,2,...,m

In this case, 'ugs, vas and t* compose an optimal solution to Problem (11).

Step 4. Update s = s+1. Generate the following linear functions of v = (vy,va,...,v,)":

jivij >0 ;<0

fule =z(zb W+ Y B0 )
=1

Step 5. Solve the following LP problem:

maximize E bOJ’UOJ E bOJUOJ

j=1
subject to Zﬁojvoj + Zﬁogvm =1,
j=1

fij(DO(vg—va))gci(hi)t, i=1,....m, j=1,...,s,
QD(")F(’US’__U(T) Spta
t>0, vf >0, vy >0.

Let va's, 'vo_s and t° be the obtained optimal solution. If the optimal value of
Problem (22) is negative, terminate the algorithm and 2° should be changed
with a smaller value. Otherwise, return to Step 2.

4. A NUMERICAL EXAMPLE

As an example, let us consider Problem (1) with the following parameters:

n=2 m=3, q=2, 2 =25, g1 =20, gy = 14, g3 = 24, Q<_(1) _?),

1 -1 1 2 1 2 2 1
D0=<2 3)7D1=(23>7D2:(_13>7D3:<1 1>7

BOl (1;17171)LL7 B02 = (12712a373)LL7 Bll = (4a450'270'2)L[n
BIZ = (77 770'170'1)LL7 BQl = (37370'570'5)LL7 BQQ = (2727 ]-7 ]-)LL7

By = (4,4,0.2,0.2)11, Bsy=(3,3,0.1,0.1),,, L(r) =max(1—r,0).
(23)
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The membership functions of fuzzy constraints are defined by

17 ifrﬁgi,
e =4 1="% g <r<g+d, i=123 (24)
0, if r > g; +4,

Solving the necessity measure optimization model with h* = 0.4, i = 1,2,3 and the

initial solution (1,4)T, the algorithm terminates at the third iteration. Then we

obtain an optimal solution as

DY (vi” —vy)
12

The solution procedure is shown in Table 2.

&= = (7.770,3.330)T. (25)

Table 2. The solution procedure in the numerical example.

= 07 mO = (132)T: yO = (71a1)Ta to = la va_o = (Oal)Ta ,UO—O =

Step 2. vy = (5,-2)T, vy = (1.4,04)T, v3 = (=3,7)T, by = 6.72, by = 5.66,
by = 9.78.

Step 3. s = 0. Continue.

Step 4. s = 1. fll('v) = 1.52’01 + 1.31)2, fgl('l)) = 0.941)1 + 1.181)2 and fgl(x) =
0.82v1 + 2.24v5.

Step 5. maximize  vj; + 12vfy — vg; — 1200, — 25t,
subject to  vd, + 3vgy + vg, + 3vgy = 1,
0.22v; + 6.94vg, — 0.22v5; — 6.94v,, < 21.6t,
—0.24v; + 5.420d, + 0.24vy; — 5.42v5, < 15.6¢,
—1.4204, + 8.36vg, + 1.42vy; — 8.36v,, < 25.6t,
—varl —5—1}65—4—1}51 — Vgy <0,
=203, + 3vdy + 2vy; — vy <0,

+ oot T s
Uo15 Vo2 Vo1 Vo2, t = 0-

t1 = 0.0748, v = (0.333,0.222)T, vy ' = (0,0)7.

Step 2. v1 = (—1.667,1.222)", vy = (0.533,-0.244)T, v3 = (0.444,0.111)T, b, =
2.162, by = 1.418, by = 1.504.
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Step 3. Cl(hl)tl = 1.616 < by, 62(h2)t2 = 1.167 < bo, Cg(hg)tl = 1.616 > bs.
Continue.

Step 4. s = 2. flg('l)) = 2.58’01 + 0.71)2, fgg('v) = 1.421)1 + 0.941)2 and ng(ZC) =
1.18v; + 1.76v3.

Step 5. maximize  vg; + 12vdy — vg; — 1200, — 25¢,

subject to varl + 3“0+2 + vy, + 3ugy = 1,
0.220d, + 6.94v; — 0.2205, — 6.94vy, < 21.6t,
—0.24v; + 5.420d, + 0.24vy; — 5.42v5, < 15.6¢,
—1.4204; + 8.36vg, + 1.42vy; — 8.36v,, < 25.6t,
L.78vg; + 7.06vd, — 1.78v5; — 7.06v,, < 21.6t,
0.48vg; + 5.66vg; — 0.48vy;, — 5.66v,, < 15.6t,
—0.58vg; + 7.64vd, + 0.58vy; — 7.64v;, < 25.6t,
—vgh + vy + Vo1 — Vg <0,
—21}8’1 + 3113'2 + 205, — 3vgy <0,

+ 4 = =
V015 Vo2, Vo1, Vg2, t = 0.

£2 = 0.100, vg” = (0.333,0.222)T, vy > = (0,0)7.

Step 2. v1 = (—=1.667,1.222)T vy = (0.533, —0.244)" ) v3 = (0.444,0.111)T, b, =
2.162, by = 1.418, b3 = 1.504.

Step 3. cl(hl)t2 = 2.162 > by, 02(h2)t2 = 1.562 > by, 03(h3)t2 = 2.563 > b3.
Terminate.

5. CONCLUDING REMARKS

In this paper, we show that a necessity measure optimization model of an LP problem
with OFVs is reduced to an LP problem with a dual block angular structure if the
OFV of the objective function is defined by L-L fuzzy numbers. A solution algorithm
based on Bender’s decomposition is given. Due to the specialty of the problem,
the proposed algorithm requires much less computational effort than the algorithm
proposed in Inuiguchi [1] for a more general problem. Therefore, the open problem
in Table 1 is solved when the OFV of objective function is defined by L-L fuzzy
numbers, and the solution method is ‘linear fractional programming’ and ‘Bender’s
decomposition’.

However, if the OFV of the objective function is not defined by L-L fuzzy num-
bers, the necessity measure optimization models of LP problems with OFVs are not
always solved by the proposed algorithm because of the nonlinearity of the reduced
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problems. We should introduce the bisection method in this case. The solution
algorithm in this case will be similar to the one proposed in Inuiguchi [1].

We have not yet discussed symmetric models [2] of linear programming problems
with OFVs as well as with a fuzzy polytope. The discussion about symmetric mod-
els [10] which treat an objective function as a constraint by introducing the target
value will be one of our future topics.

ACKNOWLEDGEMENT

This work was partially supported by the Grant-in-Aid for Scientific Research (B) No.
17310098.

(Received December 7, 2005.)

REFERENCES

[1] M. Inuiguchi: Necessity optimization in linear programming problems with interac-
tive fuzzy numbers. In: Proc. 7th Czech-Japan Seminar on Data Analysis and Deci-
sion Making under Uncertainty (H. Noguchi, H. Ishii and M. Inuiguchi, eds.), Awaji
Yumebutai ICC, 2004, pp. 9-14.

[2] M. Inuiguchi and J. Ramik: Possibilistic linear programming: A brief review of fuzzy
mathematical programming and a comparison with stochastic programming in port-
folio selection problem. Fuzzy Sets and Systems 111 (2000), 1, 3-28.

[3] M. Inuiguchi, J. Ramik, and T. Tanino: Oblique fuzzy vectors and their use in possi-
bilistic linear programming. Fuzzy Sets and Systems 157 (2003), 1, 123-150.

[4] M. Inuiguchi and M. Sakawa: A possibilistic linear program is equivalent to a stochastic
linear program in a special case. Fuzzy Sets and Systems 76 (1995), 309-318.

[5] M. Inuiguchi and T. Tanino: Portfolio selection under independent possibilistic infor-
mation. Fuzzy Sets and Systems 115 (2000), 1, 83-92.

[6] M. Inuiguchi and T. Tanino: Possibilistic linear programming with fuzzy if-then rule
coeflicients. Fuzzy Optimization and Decision Making 1 (2002), 1, 65-91.

[7] M. Inuiguchi and T. Tanino: Fuzzy linear programming with interactive uncertain
parameters. Reliable Computing 10 (2004), 5, 357-367.

[8] L.S. Lasdon: Optimization Theory for Large Systems. Macmillan, New York 1970.

[9] H. Rommelfanger and T. Kresztfalvi: Multicriteria fuzzy optimization based on
Yager’s parameterized t-norm. Found. Computing and Decision Sciences 16 (1991),
2, 99-110.

[10] H.-J. Zimmermann: Applications of fuzzy set theory to mathematical programming.
Inform. Sci. 86 (1985), 1-2, 29-58.

Masahiro Inuiguchi, Department of Systems Innovation, Graduate School of Engineer-
ing Science, Osaka University. 1-3, Machikaneyama-cho, Toyonaka, Osaka 560-8531.
Japan.

e-mail: inuiguti@sys. es.osaka-u.ac.jp



		webmaster@dml.cz
	2015-03-29T13:52:32+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




