Kybernetika

Wolfgang Sander; Jens Siedekum
Multiplication, distributivity and fuzzy-integral. II

Kybernetika, Vol. 41 (2005), No. 4, [469]--496

Persistent URL: http://dml.cz/dmlcz/135670

Terms of use:

© Institute of Information Theory and Automation AS CR, 2005

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped with
O digital signature within the project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz


http://dml.cz/dmlcz/135670
http://project.dml.cz

KYBERNETIKA — VOLUME 41 (2005), NUMBER 4, PAGES 469 -496

MULTIPLICATION , DISTRIBUTIVITY
AND FUZZY-INTEGRAL II'

WOLFGANG SANDER AND JENS SIEDEKUM

Based on results of generalized additions and generalized multiplications, proven in
Part I, we first show a structure theorem on two generalized additions which do not coin-
cide. Then we prove structure and representation theorems for generalized multiplications
which are connected by a strong and weak distributivity law, respectively. Finally — as a
last preparation for the introduction of a framework for a fuzzy integral — we introduce
generalized differences with respect to t-conorms (which are not necessarily Archimedean)
and prove their essential properties.

Keywords: fuzzy measures, distributivity law, restricted domain, pseudo-addition, pseudo-
multiplication, Choquet integral, Sugeno integral
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7. INTRODUCTION

We assume that the reader is familiar with the notations and results in Part I of
this paper where we have introduced generalized additions and multiplications which
we called pseudo-additions and pseudo-multiplications, respectively together with a
strong and a weak distributivity law.

If we now weaken appropriately the existence of a unit element then we can show
that under weak assumptions the structure of the ordinal sum of A is ‘finer’ than
the corresponding structure of II, which means, that

Archimedean t-conorms of II are also Archimedean t-conorms of A.

In addition, strict t-conorms of II are also strict t-conorms of A.
We start with the definition of an ‘individual unit’.

Definition 5. Let o be a pseudo-multiplication.

(RU*) For all a € (A, B] there is e(a) € (4, B] such that: a¢e(a) = a.
(individual right unit)

1This paper is a continuation of our paper Multiplication, Distributivity and Fuzzy-Integral I
in Kybernetika No.3/2005. We continue the enumeration of formulas, definitions, lemmas and
theorems.
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(LU*) For all a € (A, B] there is é(a) € (A, B] such that: é(a)oa=a
(individual left unit).

In the case of (RU*) we define E(a) :=sup{e € [A,B]:aoe =a}
(maximal right unit for a).

In the case of (LU*) we define E(a) := sup{é € [4,B] : €0a = a}
(maximal left unit for a).

It is easy to show that E(a) and E(a) are individual right units and individual
left units for a, respectively.

Moreover, there is the following connection with boundary conditions:
If o satisfies (Z) and (CRZ), then:

(RU*) <= aoB>aforallac€ (A4, B
If o satisfies (Z) and (CLZ), then:
(LU*) <= Boa >afor all a € (A, B].

We prove only the first statement. If (RU™) is valid then we get aoB > ace(a) = a.

If a = B then Bo B > B implies Bo B = B.

If a € (A, B] then we have that a0 A = A < a < ao B, and by the intermediate
value theorem there is e(a) € (A, B] with a ¢ e(a) = a.

Some often used results are contained in the following Lemma.
Lemma 4. Let A,II be pseudo-additions, and let ¢ be a pseudomultiplication

satisfying (DL*) and (RU™).
Let m € Ka and let b € (a4, b4] be lI—idempotent. Then we have:

(a) /\ /\ aox >b.

a€(al b2] zE€(E(b),B]
(b) b5 o E(b) =b.
() EB)<B= J\ aoE()=b.

a€(am,bh]

(d) be (a2,b%) =>E(b)-< E®S)A  /\ aoE(®)=b.

a€(am,bml

Proof. (a) Let us assume \/
and (RU") imply

b3 V:pe(E‘(b)’B] aox < b. Then Lemma 2 (d)

A
aE(am, m

b=boE(b) <boz <b2ozx <X (aox)< lim (IX,b) =0,
n—00

so that bo z = b contradicts the maximality of E(b).
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(b) Again, using Lemma 2 (d) and (RU") the following inequalities imply the
desired result: .

b=boE(b) < b2 o E(b) <UL, (bo E(b)) = lim (LI ;b) = b.
—00

. - n
(c) W.lo.g. let a € (a5, b5) (see (b)). Then we get by (a) and (b)

b=b20EMb)>aocE®) = I > b.
moB(b)2a0E(b)=_lm (a0z)>

(d) Because of (c) we have only to show that E(b) < E(b5). We assume E(b%) <
E(b) and get the contradiction (using (b) and (RU*))

b2 o E(b2) < b2 0 E(b) = b < b2 0 E(b2).
This proves Lemma 4. O
Let us now present the following structure theorem for two pseudo-additions,
which do not coincide, but which have at least the same structure of ordinal sums.

Again, the proof for this result is very technically, but it seems to be a completely
unknown result.

Theorem 5. Let A and II be pseudo-additions, and let ¢ be a pseudo-multiplication
satisfying (DL*) and (RU*).
(I) If I € K and if we have
(al! > AV |[(Z) A (CLZ))) A (b < BV [(DL) A (CRB)]) (78)
then
(a) A and II have the same structure on [a]',b1]2, that is, A] [alt,bij2 18
Archimedean, and [alA,bIA] = [a!, 1] = [as, bi)-
(®) Azea,yaioz=a.
(C) /\IE(A,B] b[ O = bl.
(d) /\ae[al,bll /\:cG(A,B] aozx e [al’ bl]
(e) If I|(q,, b2 is strict, then Al(g,,p,)2 is also strict.
(IT) Let
[ A d'>4]v[@ A(CLZ)]) A ([ A o <B]v[or)A(CRB))).

leKu leKn

Then the structure of the ordinal sum of A is ‘finer’ than the corresponding structure
of II, which means, that
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max
max

max max

Archimedean t-conorms of II are also Archimedean t-conorms of A.

In addition, strict t-conorms of II are also strict t-conorms of A.

The above two pictures, where the left one represents A and the right one repre-
sents 11, give an interpretation of the relation ‘finer’.

Note also, that the condition (78) in (I) of Theorem 5 and the corresponding
condition in (II) of Theorem 5 are rather weak assumptions.

Now we present the proof of Theorem 5.

Proof of Theorem 5. (a) To prove (a) we show 3 statements:

(al) Ase(a,plad—idempotent = a II —idempotent].
(a2) If m € Ka,a% = A then we have: (Z) A(CLZ) = |2 4252 is Archimedean.

(a3) If m € Ka,a% > A then we have:
b5 < BV[(DL)A(CRB)] = (I_I |[a$,,b$,]2 is Archimedean) \Y% (Hl[aﬁ,bﬁP = V).

Proof of (al). Again, w.l.o.g. we may assume a € (A, B) (since AAA = A =
AIIA,BAB = B = B11 B). But then the first statement of Lemma 2 (a) yields that
a = a ¢ E(a) is lI-idempotent.

Proof of (a2). Let us assume that I_I| 4 pa)2 is not Archimedean. Then there is

a II—idempotent element b € (a4, b5) and Lemma 4 (d), (Z) and (CLZ) yield the
contradiction b= lim,_, a , (a ¢ E(b)) = af o E(b) = Ao E(b) =

Proof of (a3). Let (AI[aA b2 Archimedean) A(Ij,a ya). # V).
Using (al) we get: /e, [am, b] C [af, bn]. We are done, if we show

(@) a' =af and bI' = b2,



Multiplication, Distributivity and Fuzzy-Integral II 473

At first we prove:

(B) a2 > A= bl = b4,

If we assume in contrary that bl! € (a5, b5), then Lemma 4 (d) and (RU*) show
that E(b]') € (4, B) and thus af o E(b') = lim,_ a [ao E(")] = bf' > o =
a2 o E(a%).

We choose now a := a%, € (A, B) as A—idempotent element, z := E(b}'),z :=

E(a%) € (A, B). Then the last inequality together with the monotonicity of o leads
to (aozo =bl! >aozx)A(z < z0).

This contradicts the third statement of Lemma 3 (a) and proves (3).

To prove () we still show:

(7) b3 < BV (DL) A (CRB)] = o' = a4

m*

Again we assume that af' € (a5,b2) and get by Lemma 4 (d) and (RU*) b5 o
E(al) = a' <b% = b5 0 E(b5).

Choosing now a := b5 as A—idempotent element, zo := E(al') € (4, B],z :=
E(b%) the last inequality yields (a 0 zo = a' < aoz) A (z > o).

This contradicts the second statement of Lemma 3 (a) (if b5 < B) and the second
statement of Lemma 1 (if (DL) A (CRB)), respectively. Thus () is proven.

Now we can show (a).

Let I|(au yuj2 be Archimedean. Then (al) implies V¢, [am, b5] C [a5, ba

Case 1: If a5, > A then (B) yields (b5 = bl') A(b2 < BV[(DL)A(CRB)]). Moreover,

(v) now gives (a4, = a').

Case 2: If a5 = A A [(Z) A (CLZ)] then (a2) shows that Hl[aﬁ b2 Is Archimedean.

Since Hl[az"vb;"]’ is Archimedean, (a3) leads to (c), and (a) is proven.

(b) To prove (b) we consider 2 cases. If a; = AA[(Z) A(CLZ] then (b) is obviously
satisfied.

Let us now consider the case a; > A. In this case we show at first 4 statements:
(b1) ar > A= E(a;) = B,
(b2) a; > AV [(Z) A (CLZ)] = E(bi) = B,
(b3) b < BV [(DL) A (CRB)] = Ase(a, o lioz = b,
(b4) (ar > A) A (b < BV [(DL) A (CRB)]) = Nee(A,B(a)) @ 0T = ar.

To prove (bl) it is sufficient to prove a; ¢ B = a;. We put a :=a; € (4, B) as
A—idempotent element, o := E(a;) € (4, B] and apply the second statement of
Lemma 3 (a) to get Ae(p(e,) pj @ ©T = a-
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Proof of (b2). We assume that E(b;) < B. Then Lemma 4 (c) gives Nae(ai,b) @ ©
E(bi) = b.

If a; > A then we arrive at the contradiction (using (bl)) b; = limg_q,+(a o
Eb)=a oE(b) <aroB=a.

If a; = AAN(Z)A(CLZ) then (bl) again leads to the contradiction b; = lim,_,4, + (a0
E(bz)) =aq OE(bz) = aqa.

(b3) To show (b3) we choose a := b; € (A, B] as A—idempotent element and put
zo := E(b;) € (A, B)]. Then the third statement of Lemma 3 (a) (if b; < B) and the
third statement of Lemma 1 (a) (if (DL) A (CRB)) yield A, ¢4, 5, b0z = bi-

The proof for (b4) is similar to the proof of statement (IV) in the proof of
Lemma 3. Assume that (b4) is not true, then we have V ¢ (4 p(a,)) a1 0T # .
Using (RU*) we get a; oz < a; ¢ E(a;) = a;. Because of the monotonicity of ¢
we may assume that z € (A4, E(b;)) Using (b3) we get aj oz < a; < by = by oz, and
by the intermediate value theorem there exists a € (a,b;) with a ¢ z = a;. Now we
again apply Lemma 2 (d) to get the contradiction
ar <bjoxr <UL, (aoz)=limp oo (Il a1) = a.

Now we prove the second case of (b), where a; > A. But then (b1) and (b4) result
in (b).
(c) Statement (c) follows directly from (b2) and (b3).

(d) We use the following implication:

(al! > AV [(Z) A (CLZ))) A (b < BV [(DL) A (CRB)))
= [a;>AA (b <BV[(DL)A(CRB)])]V [ai = AA(Z) A (CLZ)].

To prove (d) we get in the case a; > AA (b < BV [(DL) A (CRB)]):
ai=aqor <aox < box = b (here we have used (bl) and (b4) in the first equality
and (b2) and (b3) in the last equality).

In the case a; = A A (Z) A (CLZ) we get by (b2): aj = A <aox<boB=1b.

To prove (e), we first show:
(el) (Al{as,b)2 not strict) A(by < BV [(DL) A (CRB)]) = {4, 5,2 not strict.

We assume that |, 52 is strict. Let a € (aj,b;) be fixed. Then (55) gives:
Aneni—1a < by. Now we use the assumption that Al b2 is not strict by ap-
plying Lemma 2 (e) to get: \/,cnbi 0 E(a) < Ij_ (a0 E(a)) = I}_,a.

Thus we arrive on the one hand at b; ¢ E(a) < II{_,a < by = b o E(b;). By
monotonicity we may assume that E(a) € (A, E(b;)) and so we get on the other
hand (using (b3)) b; ¢ E(a) = b;, which is impossible.

Now (e) follows from (el) by contraposition and (f) is a consequence of of (I), (a)
and (e). Thus Theorem 5 is proven.

We remark that the properties of ¢ are also valid if (RU*) is replaced by (RU).
Moreover, the following problem is unsolved:
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Present assumptions for the implication: A, 4,2 strict => (a5, strict.

We believe that the assumptions must be so strong, that already A = II holds.

8. PSEUDO-MULTIPLICATIONS

After these considerations concerning pseudo-additions we now show a general rep-
resentation theorem for pseudo-multiplications. The only assumption is the weak
distributivity, but no unit element, no zero element is required.

We here give the left distributivity version of the result, but there is also a right
distributivity version.

Theorem 6. Let A and II be pseudo-additions.

Let ¢ satisfy the weak left distributivity law (DL*).

Then there exists for all m € Ka and for all | € K3 a monotone increasing,
continuous function gn, 1 : (A4, B] — [0, 00] satisfying

A N\ leczelal' b= aoz=h""(kn(a) gmi(x))]. (79
ae(a,A,.,b,e,] z€(A,B]

Proof. We choose an arbitrary but fixed m € K5 and denote temporarily ki,
and (a2,b5) (cf. (50)) by k = ky, and (a4, b5) = (a®,b%). In a first step we show

m) m

/\ V /\ /\ [aoxe[a,u,blu]

leKn g;:(A,B)—[0,00], 91T, g1 continuousa€(a®,b?)z€(A,B)
— a0z =h{"D(k(a)- g,(x))]. (80)
(1) This first result (80) will be proven in several steps. We define

0 if  Ase@apayaoz <ajl

A N a@={ "G & Veeapsaoz€ (a0
leK;
€Ku z€(A,B) 0 if /\ae(aA,bA)aomZb}l-

(2) We remark that in (1) the subcases are complete, for otherwise, if we assume
that none of the three cases occur, then there exist a;,az € (a®, %) satisfying

a0z < a,” < E‘U%-bﬂ < b,LI < ag ¢ z. But then the intermediate value theorem
u I

shows that there is a € (a1,a2) with aoz = ‘—’1%"‘— , and the second case
occurs, which is a contradiction.

(3) Now we investigate the second case in (1) and show, that it is well-defined.
Let us consider from now on an arbitrary, but fixed [ € Kp1.
Let z € (A, B), and the second case in (1) occurs, that is V,e(qa yaya oz €
(all,b]). Let us define
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(v) Mg :={a € (a®,b%)|acz € (al',bl)} # 0, a; :=sup M, € (a®,b?)].

(3a) Obviously A ey, %l € (0,00), since a € (a®,b?),a 0z € (al',b}'), and
thus k(a), hi(a o z) € (0, 00).

(3b) We prove A 4¢(4a 0,y 20 € (', b))

Using the definition of a, and a < a, we get Vbe(a payboz € (al ,b ). The mono-
tonicity of o gives a <> T < bII We still have to show a oz > a, In contrary,
we assume a ¢ x < al But then the assumptions of Lemma 2 are satisfied and

Lemma 2(b) gives V,cnyboz < Hf 1(a o). so we arrive at the contradiction
P<boz <II{ (aoz) < ,af' =af

x)

h
(3C) We show VaE(O,oo) /\ae(aA,az]ﬂ(aA,bA) lk((+°) =a.

Let u,v € (0,00) with u + v € (0,k(a;)). Using k(a®) =0 < u,v < u+v < k(az)
and the intermediate value theorem we get: Vayb'e(a,;,%)(k(a) = u) A (k(b) = v).
Thus k(a) + k(b) € (0,k(az)) and a® = k(=D(0) < aAb = k(=D (k(a) + k(b)) <
a; < b2, so that (DL**) and (3b) imply b > (aAb)oz = (aox) 1l (boz) =
h(_l)(hl[a o m] + h[bo z]) > af! and so hy[(alb) ¢ x] = hyfa o x] + hy[b o z] (note
that here h{™" = h;'!). This implies ky[k(~D(k(a) + k(b)) o 2] = hy[k(Vk(a) o
] + by [k lgk(b) o :1:] or [k (u 4+ v) o 2] = hy[kDu o z] + h[k"Yv o z]. This
means, that the function hy[k(~1(-)oz] is additive on the restricted domain {(u,v) €
(0,00)2u+v < k(az)} satisfying A,e(o,00) e[k (w) 0] > 0, the solution of which
is given by V¢(0,00] Aue(0,k(az)) R [k (u) o 2] = - u (see [1], p. 48).

Because k is strictly monotonic increasing and satisfies k(a®) = 0 we get
Nac(as o) 1 [k-Vk(a) o 2] = a - k(a) and using the continuity of (-) ¢ z we arrive
at Ase(ad au]n(aa pa) lila © z] = o - k(a). Because of k(a) € (0,00) and (3a) we get
/\aE(aA,az]ﬂ(aA,bA) ﬂk%z =ac (0’ OO)

(3d) Thus we have shown that the second case in (1) is well-defined, and
Nac(at aalneo pay 92 = gi(z) (see (3c) and M C (a®,az] N (a®,b%)).

Before we show (80) we still prove:
(3e) ag < b® = az oz = bl

By (7) there exists a sequence (a,) C (a®,a;) with a, T az, and (3b) implies
az T = sup,en(an ¢ z) € (alf,bf']. If we suppose that a; oz < b}l then by the
continuity of (-) ¢ z there is a € (az,b?) such that bf! > a0z > a; ¢z > all, which
is a contradiction to the definition of a, = sup M;.

(4) Now we prove (80) (but first without the properties of gi).

We distinguish 3 subcases.
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Case 1. Ageanpayaoz <af':
Let a € (a®,b®) be arbitrary. Because of a o z € [al', b]'] we have of course
aoz = al', and thus (1) implies hl—l)(k(a)gl(x)) = hﬁ_l)(k(a) -0) =a; =aoz.

Case 2. V,e(qa paya©a € (', b7") :

Case 2a: If a € (a®,az), then hl("l)(k(a)gl(x)) = hl(_l)[k(a) . %":—)’”1] =aoc.

Case 2b: If a € [az,b”) , then 3e) gives (because of a oz € [a}',b]1])
b >aox>a, o z = b, Thus we obtain, using (3d):
(-1) T RN 1 ) A S VRPN () N
W™ ((a)a@) = H™ (@) ) = k@) D) = 8 =aoa

Here we have used that k(a)h—’(—b‘— > hy(b).
Case 3. Nge(aa paya oz 2 b

If a € (a®,b?) is arbitrary, then now (because of a o z € [a}!,bl]) we have
aoz = b, and thus we obtain from (1) hz( 1)( k(a)gi(z)) = h( 1)(k( ) - 00) =
h{D(00) = bl = a0 z.

To prove the monotonicity of g;, we further fix [ € Ky and introduce J;, the set
of all z, for which the second case in the definition of g; (see (1)) is valid.

(5) Ji:={z € (A,B)| Vac@a payaoz € (af', b))}
(6) We show: z,y € 1Az <y = ay <ag.

Assume that a; < ay. By the definition of ay there is a; € (az,a,) such that
a1 0y € (a,b}'). Because of z € J; we get: Vase@aps) @207 € (al',b/). But then
we obtain a; < a; < a; and a{" <agor<aror<aoy< b}l. But this means that
a1 € M, which contradicts a; < a;.

(7) We prove that g; is monotonic increasing.

Let x,y € (A,B) and let = < y.

Case 1: If Ayea,myaoy < a}! then the monotonicity of o yieldsaoz < aoy < a!
and (1) leads to g;(z) = 0.

Case 2: If Aye(a,paox > bl then we get in the same manner (using again (1))
9i(y) =

Case 3: Let z,y € J; (note that because of (2) all possible cases are covered). By
y € Ji we obtain \/, c,apay010Y € (al,b]) and a1 € (a®,ay] N (a®,b2).

But (6) and (3d) imply gi(z) = M50 < M) — g(y).

The continuity of g;,! € Ky; will be proved in several steps.
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(8) Ji =0 = [Ape(as 4oy 91(8) = 0] V [Ae(an pay 91(z) = 0], 50 that g is obvi-

ously continuous. Let us suppose Vz,ye(aA,bA)(gl (z) < 00) A (gi(y) > 0).

Using (1) and J; = 0 we get Nacaa payaoz < all <btl <aoy.
By the intermediate value theorem we have A ;¢ (42 38) Vi(a)e(a,5) 30%(a) € (al, b},
which gives the contradiction J; # 0.

9)

(10)

(11)

(12)

(13)

(14)

(15)
(16)

Let now | € K11 be fixed with J; # 0. We define z,, := inf J; € [A,B) and
zp :=supJ; € (4, B].

We show ., < zar. Indeed, because of J; # @ we know: V. (4, 5) Vac(aa p2) a©
z1 € (a}!, ). The continuity of a o (-) implies Vase(ar,B) @ © %2 € (o', ') so
that {z1,z2} C Ji.

Let us prove Ayc(z.. 20y T € Ji-
Let zm < = < zm, so that by (9): V, ,c;, ¥ < = < 2. Choose now a €
(a®,a;) C (a®,ay) (see (6)) to get by (3b): aoy,aoz € (a!,bl'). But this
implies ¢ < aoy <aozx<aoz< b}l so that by definition z € J;.

hi(a :
We show: z € (.’Em,lL'M) = /\ae(aA,a,]n(aA,bA) /\-‘BE(.‘Em,z] gl(IL‘) = %L
Note, that z € J; (see 11)) so that a, > a® is valid.

Now let a € (a®,a;] N (a®,b?) and = € (Tm, 2] be arbitrarily chosen. Then
(11),(6) and (3d) imply z € Jj,(a; < az = a € (a®,az] N (a®,b?)) and

hy(aozx)

q (-T") = k@ -
Now we conclude that g; is continuous on (Zm,zm).

Let z € (zm, M) so that (12) shows: V,c(za 4,) /\Ie(zm,z] a(z) = ’”k(%l

But a o (-) and h; are continuous, so that g; is continuous at first on (2, 2|
and then also on (Tm, Zm) = U,c (.. x0) (@m» 2]-

We prove: Tm > A= A,c(aa 2, 91(2) = 0.

Let z € (a®,zm). By Ji # 0 we see: \, ¢, Vic@a paya o1 € (a}', b1).
Because of r < =,, < z1 we haveaozx < b}l. Since z ¢ J; and since the third
case in (1) doesn’t occur we get g;(z) = 0. '

In completely the same manner we can show:
Tm < B = AIE(zm,bA)gl(m) = 0Q.

Let us prove: T,, > A = limz—,_+ gi(z) = 0.

Choose z € (Tm,zum) so that again V,ca 4.y Ace(am,2] g(z) = ﬂé?—;’fﬂ (see
(12)).

But (6) and (3b) give a < a; < az and A, 20T € (al',b!). Thus
a o Ty > a}! and 14) implies Nzc(as z,.) 91(x) = 0. By (1) and the continuity
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of ao (-) we get /\xe(aA 2 @0 < af and @ 0z < aj' s0 that we arrive at

m) _ hi(a)
limg_z,, 4+ qi(x) = hmz_.,,"d_ —‘é%l = —l%‘:(‘;—’;l = jc((‘;)) =0.

(17) We show: zp < B = lim,_,;,, 4 gi(z) = o0.

Let us assume in contrary lim;_,z,,+ gi(z) < oo (by (7) this limit exists). We
prove first:

(17a) limgz,,+ az = a® (the ay exist by (11) for £ € (Tm,Tam), the limit exists
by (6)). We assume in contrary that lim;_,,+az > a®, so that we have
Veso Aze(am,za) @ > ¢ + €. Now (3b) and the continuity of a o (-) im-
PIY Ase(eman)(@® +6€) 0z € (afl,b]') and (a® +€) ozm < b'. By (18)
we have A c(;,, p2)91(2) = co. Thus (1) and the continuity of a o (-) yield
/\xe(:z:M,bA)(a‘A +§)ox > b and
(*) B <(a®+£)oxp < (a® +e)oxy < b
. L h, o,A+£ .
Using (3d) we get /\xe(z'm,mM) hl(lc(?aA+-I-€e);>I) = l(((11A+2);m) = gi(z) which
hi((a®+e)ozn) _ m((@a®+5)ozm) _
k(a®+¢) k(a®+%) -
limg_,z,,+ 91(z) < oo, that is (see (x)) ki‘;g”gjs) = kgl’gb_‘,_)%) < 00. But Ay(b') > 0
implies k(a® +€) = k(a® + £), which contradicts the strict monotonicity of .

leads to (using our above assumption)

Thus (17a) is proven.
If we now show

(17b) limg— g+ gi(x) = o0, then this is a contradiction to our above assumption,
and (17) is shown.

Let (z,) C (Zm,znm) be an arbitrary sequence satisfying lim,, o0 T, = Tas. By
(17a) we get Vo en Ang<nen 8z < b2, and (3d), (3e), (17a) and k(a®) = 0 imply

: I TG B (S (O
Jim_gi(z,) = lim o) A kas,)  k(iMnoootz,) O

Now the continuity of g; on the open interval (A, B) is shown:
— (14),(16) and (7) imply: zm > A = lim;,,,, gi(z) = 0 = gi(zm)-
— (15),(17) and (7) imply: zp < B = lim;—,z,, gi(z) = 00 = gi(zm).
— By (14),(13) and (15) we get: J; # 0 = g; is continuous.
Thus (80) is proven.
Now we let vary m € Ka and get (79) for all a € (a4, b%) and for all z € (4, B).
In the next step we show
(18) Apeat s8] Necapy( @0z € [al b} a0z = RV (km(0) - gm a(2)) )-
Let a = b5,z € (A, B) and aoz € [af',b]']. By (80) we have only to show that
b8 oz = A\ (km (b2) - gm,1(%))-
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Case 1: Let b5 oz = a}'. Then we get g;(z) = 0 by (1) which results in
B (k) 9m1(2)) = B0 (0) = aff = b 0.
Case 2: b5 oz € (a!,b]] : By the continuity of (-) o x there exists a sequence
(an) C (af,b%) satisfying an 1 b5 and A,cyan ¢z € (af,b] so that
(using (80)) b5 0z = limy 00 (an 0 ) = limy, 00 hg—l)(km(a) “gm,1(2)) =
B (ke (052)gm 1 ().
(19) Now we extend gm,i by gm,i(B) = limz—,g_ (gm,i(z)).

This limit exists, since g, is monotonic increasing. Finally we prove

(20) Aueato2) Aveca,m( @0z € [af'b]1] = a0z = bV (kn(a) - gma()) )-
Let a € (a5,b5),z = B and let aoz € [al,b]. We have to show ao B =

R (km(a) - gmoa(B)).

Case 1. Let a o B = a}'. Then Lemma 2 (d) implies b ¢ B < II®,(a o B) =
limp,, (I ;al') = al, and the monotonicity of ¢ yields

/\ /\ aoxﬁa?.

a€(af,b5) *€(A,B)
Thus (1) and (19) lead to A c(4,5) 9m,1(z) = 0 and gmi(B) = 0 so that
B k(@) - gma(B)) = {7 (0) = af = a0 B.

Case 2. Let a o B € (afl,b}']. Since a ¢ (-) is continuous on (A, B] there is a
sequence (z,) C (A, B) satisfying , 1 B and \,cya ¢ Tn € (af',b}!].

Thus we obtain (using (18) and (19))

aoB = lim (aozy) = lim A (kn(a) - gmi(zn)) = B (km(a) - gmi(B))-

n—oo n—oo
Thus Theorem 6 is proven. ]

Let us add some remarks and examples.

(I) In the proof of Theorem 6 we have actually shown a more general result:

For the representation of ¢ on the open intervals in (80) only the following

property of ¢ was used: (-) ¢ z is continuous and monotonic increasing on
(a®,b%) for all z € (A, B).

(IT) If in addition (Z) is supposed, then we can extend gm, by gm,1(A) = 0. This
extension is monotonic increasing, but not necessarily continuous.Moreover the
representation (79) is valid also for z = A:

acAc[al, b= a0Ad=A=a"=hr"0) = B (kn(a) - gm,i(A))-
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(II1) If the ordinal sum for II contains at least two Archimedean parts, then an
extension of the representation (79) to a = a, is not possible:

Consider A =11,b | = a}' and let e be a right unit for 0. Then

N I _ I I I
amoe=ap =b_; €[a_;,b4),

but
-1 -1
hZY (km(@f)gm,1-1(e)) = b7y (0) = afl.
(IV) Using the right distributivity version of Theorem 6 we can deduce the following
result, which is contained in [20] (see Theorem 5.1):

Let 1=1II = + : [0,00]2 — [0,00] be a pseudo-addition with generator set
{9 : lak,be] — [0,00]|k € K3}, and let * : [0,00]> — [0,00] be a pseudo-
multiplication, which satisfies the right distributivity law (DR) (with respect to
(+,+) and (CLB), (LU), (Z) and (CRZ). Then there exist monotonic increasing
and continuous functions Hy : (0,00] — (0,00}, k € K3 with Hy (0, 0] C (0, 00]
satisfying

Hi@=1 and A\ A ao=g7"(Hi(a) 9t()).

a€(0,00] z€[ak,bk]

The following example will be needed for our next main result and gives the
representation of a pseudo-multiplication, if in Theorem 6 the two pseudo-additions
coincide and if the pseudo-additions are Archimedean t-conorms.

Corollary 1. Let A = II be continuous, Archimedean t-conorms (on [4, B]?), and
let o be a pseudo-multiplication satisfying the weak left distributivity law (DL*) and
(LU). Then the following is valid:

(a) A strict = € < B.
(b) There exists exactly one generator k of A with k(€) =1 and
/\ [(Z)V (a,z) € {(A, B), (B, A)} V(A not strict) = aox = kD (k(a)k(z))]-
a,z€[A,B]

(c) If [(Z) A (A strict )] V [€ = B] then we have:

/\ aox =k~ (k(a)k(z)).

awIG[A)B]
Thus, if € = B, then ¢ is a strict t-norm on [A, B]? with multiplicative generator k.

Proof.Let k : [A, B] — [0, 00] be a generator of A = II. By Theorem 6 there is a
continuous, monotonic increasing function g : (4, B] — [0, 00] with A, ;¢ (4, 5] 00T =

kD (k(a)g(2)).-
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To prove (a) let us assume that A is strict, but € = B. By (55) we have k(&) =
k(B) = oo, and we get the contradiction '

N\ z=éoz=kD(k(@)g(z)) € {4 B}
z€(A,B]
(since k(€)g(z) € {0,00}). Thus € < B.

(b) By (a) we have k(€) < oo, and since a generator is determined up to a
multiplicative constant we may choose k(€) = 1. But then we obtain A, ¢4 5y =
gox = k(- (k(&)g(z)) = k~'(g9(z) Ak(B)). Thus the strict monotonicity of k implies
Nze(a,py k(B) > k(z) = g(z) A k(B), or k(x) = g(z) for all z € (4, B). Since k,g
are continuous we have k = g on (4, B] and thus a o z = k(=Y (k(a)k(z)) for all
a,z € (A, B].

To prove (b) we still have to show that the last equality holds for (a = A)V (z = A).
Case 1: (Z): This case is obvious because of k(A) = 0.

Case 2[: (a,):z:) ¢ {(A,B),(B,A)} V (A not strict): By (55) we have k(a),k(z) €
0, 00).
Case 2a: If (a = A) Az € (A, B] then we obtain: A < Aoz < limy_, 44 (boz) =
limp_, 44+ kKD (k(D)k(z)) = kD (k(A)k(z)) = A.
Case 2b: The case a € (A, B] A (z = A) is similar to Case 2a.
Case 2c: If (a = A) A (z = A) the case 2a implies
A< Ao A<limy_a(Aoy) = A =kED(k(A)K(A)).

(c) If (Z) A (A strict) then k(B) = oo and k(-1 = k=1, and (b) implies the
representation of ¢. Finally, if € = B, then A is not strict (see (a)).

Thus (b) gives A, ze(a,5/0 0T = k(=1 (k(a)k(z)). But now k(a)k(z) remains in
the range of k because of k(a) < k(B) = k(é) =1.

This finishes the proof of Corollary 1. O

If the pseudo-addition has a unit element then we combine Theorem 6 with The-
orem 3, Theorem 4 and Corollary 1 to get more information on the pseudo-additions
and pseudo-multiplications under consideration. Thus the following result looks a
little bit complicated for the first moment, but it is helpful, since it covers and gen-
eralizes many recent results of the literature (see for example the last statement (h)
of the following Theorem 7).

Theorem 7. Let A and II be pseudo-additions.

Let o satisfy the weak left distributivity law (DL*) and (RU) and (LU) (existence
of a unit e).

We assume that A = II =V is not valid. Then we have:

(a) A= HIKAl =1l,e€ (al,b1] ,ao0T € [al,bl] forall a,z € [al,b;[]
(multiplication is compatible with the structure of A).
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(b) There exists exactly one generator k of A with k(e) =land A, ;¢[q,,5,[(0:2) ¢
{(a1,b1), (b1,01)} => a0z = kD (k(a) - k(z))]. -

(c) la1 = AA(Z)]V[Alfay a2 nOt strict] = A, 1e(ar 0y 607 = kD ((a)-k(x)).

(d) [a1=ANA(Z) A Aljay b, strict ]V [e=by] = A

(¢) [b1 < B] V[(DL) A (CRB)] = (a1 = 4) A (Alfay pyj2 strict.)
(f) [a1 > A]V [(Z) A (CLZ)] => by = B.
)
)

a,z€[a1,b1]

aox =k~ (k(a)

(g) [a1 > AA(CRB)]V [e = b1] => (b1 = B) A (A[a,,b,)2 Dot strict.)

(h) Assuming in addition (CRB) and (Z) we get the following representation the-
orem.

Theorem.

(I) If e = B then: (A|(q,,B)2 is not strict) N z€fay, B2 60T = k=1(k(a) - k(z)))
(here a1 € [0, B); the assumptions (CRB), (Z) are not needed for statement

@)
(I1) If e < B, then e € (a1, b1), and there are only 3 possibilities:

— Alja,b,) is strict and o satisfies (d) with a, = A, b; € (4, B),

— Al[q,,B)? is not strict and ¢ satisfies (c) with a; € (4, B), by = B, (here
(Z) is not needed),

— A is an Archimedean pseudo-addition and ¢ satisfies (c) with a1 =
A, by =B.

Proof. Statement (a) follows from Theorem 4 (b), (¢) (and thus Corollary 1 can
be applied to o|(q,,b,)2 : [a1,1]? — [a1,b1]).

The statements (b) and (c) follow from Corollary 1 (c), whereas statement (d)
follows from Corollary 1 (c).

If by < B in (e) then the result follows from Theorem 4, and if (DL) A (CRB) in
(e) then Theorem 3 (b) gives the result.

Statement (f) results from Theorem 4.

In the case (a1 > A A (CRB) Theorem 4 (c) implies (g). If e = b; then Corol-
lary 1(a) shows that A|(4, b,j2 is not strict. The contraposition of (e) yields b; = B.

To prove (h), (I) let first e = B. Because of e € (a1, b1] (see (a)) weget by = B =e.
Now (g) implies: Al(g, 5,j2 is not strict. Finally (b) and (d) imply the representation
of k in (h).

(II) Now let e < B. If we assume that e = b; then (g) gives the contradiction
b1 = B = e. Thus we obtain e € (a1, b1).

We distinguish the two cases (a; > A) V (b1 < B) and (a3 = A) A (b1 = B).

If by < B then (e) implies that a; = A and Al[4,)2 is strict.
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If ay > A then (g) shows that b; = B and A, p)2 is not strict (only here (CRB)
is used).

If (a1 > A) A (b1 < B) then (f) implies the contradiction b; = B.

Finally, the statement in the case (a; = A) A (b1 = B) is obvious.

This finishes the proof of Theorem 7. O

Example 3. We remark that Example 2 with B = 2 shows that the associativity
of ¢ doesn’t follow in general from the representation aoz = k(-1 (k(a)-k(z)), a, z €
[A, B]: In the example we have k(z) = « for all z € [0,2], but (202)03 =201 =
1#£2=201=20(201).

Theorem 7 means that, if we assume only a weak distributivity law (which is for
example satisfied if the conditionally distributivity (74) is assumed) and the existence
of a unit element e, then the pseudo-multiplication ¢ is completely determined on the
only Archimedean square (a1, b1)? by means of the uniquely determined generator k
(with k(e) = 1) of the pseudo-addition A (A # V). If (CRB) and (Z) are satisfied
then o is completely determined on [ay, b1]2.

Especially the representation result (h) of Theorem 7 can be applied to each
pseudo-addition A and to each pseudo-multiplication ¢ (satisfying (DL*), (LU), (RU)
(CRB) and (Z)). '

For example, statement (h) (I) implies immediately the following result, which is
Theorem 5.21 in [11].

)

Theorem 8. Let T : [0,1]? — [0,1] be a continuous t-norm, and let S : [0,1]% —
[0,1] be a continuous t-conorm with S # V, satisfying the conditionally distributivity
(74). Then there exists c € [0,1) such that S|,z is Archimedean and non strict.
For the additive generator s of S|(c,12z with s(1) = 1 we have: A, ¢ T(a,z) =
s~1(s(a) - s(x)), that is, T|[ )2 is a strict t-norm on [c, 1]2.

non
strict strict

max
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An additional advantage of Theorem 7 is that in many cases Theorem 7 implies
the associativity and commutativity of the pseudo-multiplication:

Theorem 9. Let A and II be pseudo-additions.

Let o satisfy the left distributivity law (DL), and in addition (CRB), (CLZ), (RU),
(LU) and (Z). We assume that A =1II =V is not valid.

Then A =11 is a strict (Archimedean) t-conorm on [A4, B]?, and there is exactly
one generator k of A satisfying k(e) = 1, k(B) = oo and

/\ aox =k l(k(a) - k(z)). (81)

a,z€[A,B]

Moreover, ¢ is strictly monotone increasing in each place on (4, B)?, and o is asso-
ciative and commutative.

Proof. The proof is an immediate application of Theorem 7. Theorem 7 (a)
implies (A =1I) and |Ka| = 1.

Theorem 7 (f) gives by = B and Theorem 7 (e) implies a; = A and Al4,p)2 is
strict.

Theorem 7 (d) implies (81).

This last result is an extension of a result of [13] where more assumptions were
needed (A = II, the condition a0z = A = (a = A) V (z = A), associativity and
commutativity of o, and thus both distributivity laws (DL) and (DR)). O

The following result gives the representation of pseudo-multiplications if we re-
quire both weak left distributivity (DL*) and weak right distributivity (DR").

Theorem 10. Let A, L and II be pseudo-additions.

Let ¢ be a pseudo-multiplication satisfying (DL*) and (DR"). Moreover let m €
Kaandke K.

Then there are only two possibilities:

)
\/ /\ /\ aozx =d. (82)

d idempotent of Il 5¢ (a2 b3 z€(ai ,bi]
(IT) There exist exactly one ! € K11 and ¢, i € (0, 00) satisfying

A N aoz=h(ens kn(a) g(@) € @l Bf].  (83)

ac(a’,ba] z€(ait,b]

Proof. We start the proof by proving first 2 preliminary statements (1) and (2).
Let us fix m € Ka and k € K. Then we show: If ag € (a4,b4],z € (A, B] and
if d € (A, B] is IlI-idempotent then we have:
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(1) (aoozSd:> /\ aoxﬁd)/\(aoox>d=> /\ ao_a:>d).
ae(a,ﬁ,bﬁ] aE(aﬁ,bﬁ]
The first statement in (1) follows from Lemma 2 (d): aox < b4 oz < IIP (agozx) <
limp o0 LI, d = d.
Let us assume \/ (a8,b2] @0 Z < d. Then Lemma 2 (d) leads to the contradiction
d<agoz <b5 oz <L, (apoz) < limp_oo I ;d = d.

In exactly the same manner we prove:
If 2o € (ag,bi], a € (4, B] and if d € (4, B] is II-idempotent then we have:

(2) (aoxo§d=> /\ aox_<_d)/\(a<>x0>d=> /\ aox>d).
z€(aj,bi] z€(aj,by)

Now we distinguish two cases which will lead to (I) and (II) of Theorem 10.

Case (I): A

ac(@d,b8) /\xe(at,b,f) a oz is II-idempotent.

Case (IN): Vieky Vaoe(ad 8) Vaoe(at bi) @0 ¢ To € (af', bh).

We treat case (I) and note: [aoz is II—idempotent | > [aoz € [4, B\U ek, (al,bM)].
Since () oz and a o (-) are left-continuous on (A, B] we get:

ac(a’ 2] Nze(ap bt @ 0 Z Is I—idempotent.

We choose d := b2 o bi as II—idempotent element and get for arbitrary a €
(a&,b%)] and arbitrary z € (aj, bi] by applying (1) and (2): a0z < b5 obl =d <
aob} <aozxsothat aox = d. Thus (I) is proven.

We now assume case (I1I). By applying (1) and (2) we obtain
@) A aozoe(al,b]'] and A,c(utpa) Aseiap si) @ 0@ € (af', b1,
a€(am,bm]

and thus [ € Ky is uniquely determined. But now we can apply Theorem 6 and
the right distributivity version of Theorem 6 to get that there are continuous and
strictly increasing functions gm i, Kk, : (4, B] — oo satisfying

@ A A leozeld b= aoz=h{T"(kn(a) gmi(z))]
a€(a’ b5 T€(A,B]

and

) A AN laozelal,tf]= a0z =h{""(Kii(a) gx(x))]

z€(A,B] ac(at,b}]
so that
©® A A aoz=h"kn@) gmi) = b (Keu(o) - x(z))-

ac(al,ba) a€(ai by

We now define
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(7) I:={z € (ai, by)| \/ aoz € (af',b]")} and zpr :=supI € (ai,by).
a€(am,bm)

Then I # 0, and we prove as next step
(8) /\ \/ /\ /\ aozx € (a',b}).
zE(ai-,zM) a,E(a,An,bﬁ) ae(a,ﬁ,a,) zE(at,z]
If z € (ai,zpr) is arbitrary then (7) implies

\/ V a, oz, € (al,bl).

z2€(2,2M) a,€(atm bm)

Now let a € (a3, a;) and = € (aj, z] be arbitrary elements. Using (3) we arrive at
a}l <aor<a,or, < b,U, and (8) is shown. But (8) and (6) imply that for all
z € (ai,zp) there exists a; € (a%,a%) with

A N a0z =k km(@)gmi(@) = bV (Kii(a)ge(x)) € (af', b}).

a€(am,az) 2€(ay 7]

But this implies (since here we have hl(_l) =ht)

A N\ Em(@)gmi(z) = Kii(a)gk(z) € (0,00) or
a€(a’,a,) v€(af,2]

gm,l(x) _ Kk,l(a)

/\ a(z)  km(a))

= constant € (0, 00).

a€(af,az) z€(ay,?]

These constants are equal for all z € (a{, zar) because of (af, za) = U (af, 2).

Using also the continuity of gm, and gx we arrive at:

@ V A 9ma(@) = cmp - gi(@).

cm,k€(0,00) z€(ay ,znm]

2€(ag,zm)

(10) We now prove xps = by

Let us assume that zpr < bﬁ. Now let = € (zum,bi) be arbitrary. By definition
of I and zp we get first Aye(a paya o7 ¢ (al,b!), and then (using (3) and (6))
Nacir oty b = @07 = b~ (km(a) - gm ().

But this means that A,c (a2 3) km (@) - gm,1(z) 2 hu(b]').

Thus we obtain gm, 1(z) = 00 (because oflim,_, & km(a) = 0) and gm,i(znm) = oo,
since gm, is continuous. By (9) we have the contradiction gi(zar) = oo, that is

Iyp = b,Jc‘.
Because of (6), (9) and (10) the second statement (II) is proven. This finishes the
proof. O

We remark that in case (II) of Theorem 10, ¢y k+km(a) is a genérator of A'[aﬁ,b,%y-
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Thus there is (in dependence of gx and h;) a generator k,,, of AI[ ol bAJ2 fulfilling

N A acz=hFEn@) a@). (@9
a€(am,bm]  z€(ag by]
Let us still mention the following Corollary, which is a generalization of Proposi-
tion 2.2 in [15].

Corollary 2. Let A, L and II be continuous, Archimedean t-conorms on [4, B]?
with generators k, g and h, respectively.

Let the pseudo-multiplication ¢ satisfy (Z) and the weak left distributivity (DL*)
and the weak right distributivity (DR*).

(a) Then there are only two possible cases:

48] /\ aor=B or /\ aox =A.

a,z€[A,B] a,z€[A,B]

(II) There exists a generator g of L with

A\ aoz=hr"V(ka)-§(x)). (85)

a,z€[A,B|

(b) If A =1, then ¢ is commutative.
(c) If A =1=1I is strict, then ¢ is associative and commutative.

Proof. (a) We apply Theorem 10:

(I) There is an II—idempotent element d with A, .c(4,p @ ¢z = d. Since Il is
Archimedean we have d € {4, B}.

(D) Veeo,00) Nawea,p8© = = h(=V(ck(a)g(x)). But then g(x) := cg(x) is a
generator of L. Because of (Z) and k(A) = g(A) = h(A) = 0 the representation
is also valid for (a = A) V (z = A).

(b) In case (I) the statement is obvious, and in case (II) we have § = ¢- k in (5),
so that commutativity is clear.

(c) In case (I) the statement is again obvious, and in case (II) we have g =k =h
and k(-1 = k~!, Thus the corollary is proven. O

9. PSEUDO-DIFFERENCES

We assume that the reader is familiar with the notions and results presented in
Part I of this paper.

We remember the fact that it is essentially to have a “generalized difference”
(which we denote from now on by pseudo-difference) for the introduction of an
integral which leads in special cases to the Choquet integral (see Section 2).

In this section we introduce pseudo-differences —a of pseudo-additions A on ar-
bitrary intervals which generalize pseudo-differences —a of Archimedean t-conorms
A on [0,1] (see (20)).
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Definition 6. Let A be a pseudo-addition. Then the mapping —a : [4, B]? —
[A, B] is called a A-pseudo-difference (or a pseudo-difference with respect to A) iff

/\ a-ab=inf{ce[A4,B]:bAc>a}. (86)
a,b€[A,B]

Thus the definition is formally the same like in (20), and can be interpreted as
coimplication with respect to a residuated implication Ir(z,y) = sup{z : T'(z, z) <
y}, where T is the associated t-norm (see [7]).

Because of this correspondence, the following results have applications for fuzzy
logical connectives.

Note that a —a b € [A, B] since bAB = B > a.

IfA=Vthena—ab=aifa>banda—ab=Aifa <b (for all a,b € [A, B]).

Moreover —a is monotonic increasing in the first place and monotonic decreasing
in the second place.

It is clear that some further properties of —a are already known (but sometimes
only in the Archimedean case of A). Nevertheless, we give in the next Lemma a
longer list of important properties because we think they are worth while to be
included for handy reference in the future. The statements (a) - (o) concern pseudo-
differences in general (for example (f) is the residual property and (g) the “exchange
principle” ), whereas the statements (p) —(s) show the connection of right boundary
points of “Archimedean intervals” of a pseudo-addition with some properties of
the corresponding pseudo-difference. These results become important when — like
in Theorem 11 — pseudo-multiplications satisfying the weak left distributivity law
(DL*) occur. :

Lemma 5. Let A be a pseudo-addition. Then the following statements are valid:

(a) /\ a—pnA=a.

a€[A,B]

(b) /\ [a=>b=a>b-Aac]
a,b,c€[A,B]

(c) /\ /\ [a>b=a—ab=k;(kn(a) — km(b)) € (a5, a]].

mEKA g be [aﬁ,bﬁ]

(d) /\ [—'( V a,be(aﬁ,bﬁ])/\(a>b)=>a—ab=a].

a€[A,B] meKa

€ A\ l[a<bea-ab=Al
a,b€[A,B]

6 A [c>a-abebAc>adl.
a,b,c€[A,B]
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® N\ le-ab)-ac=a—n(BAc)=(a —A' ¢) —a bl
a,b,c€[A,B)

() A (@a-abldb=aVb.
a,b€[A,B]

(i) /\ [a>b>c=>(a—arc)—an(b—arc)=a—-ab]
a,b,c€[A,B]

G A [e2b2c=(a-ab)Ab-ad)=a-ac)
a,b,c€[A,B]

k) A (edb)-ab<a.
a,b€[A,B]

4)) /\ (aAb) —ac < aA(b—na©).
a,b,c€[A,B]

(m) If a,b € [A,B] A —|( \/ a,be (aﬁ,bﬁ]) then we have:
meKa
(alb) —ab=a & (a>Db)V(a=A).

(n) If V a,b € (a5,b5] then: [(alb) —ab) =a & Aceja,e) bOc < b4 ]
meKAa

© A (@A) —a (dAd) < (a—a d)Ab -4 0).
a,b,c,d €[A,B])

® J\ la-abeDa=b<a—pnb=a=albe Dy
a,b€[A,B]

(@ /\ [alb¢ DaA(ab>b) = (alb) —a b= .
a,b€[A,B]

) /A [eAb¢ DaAA(b>c)= (aldb)—ac=aA(b—ac)]
a,b,c €[A,B]

(s) N\ latb¢ D; Aa>d)A(b>c) = (alb) —a (dAc)
a,b,c,d €[A,B]
=(a—ad)A(b—na ).
Proof.
(8) a—n A=inf{c€[A,B]: AAc>a}=inf{ce [A,B]:c>a} =a.

(b) Using (a) weget b—anc<b—nA<a.
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(c)

(d)

(e)

(f)

(g)

Usiﬁg that km, k! are continuous and strictly monotonic increasing, that
Em(a) — km(b) € (0, km(a)] and that bAaZ = b < a and bAbS = b5 > a we
obtain:

a—ab = inf{ce[A4,B]:bAc> a} =inf{c€ [a5,b3)] : bAc > a}
= inf{ce [o2, 53] : ki lom(82) A (km(®) + km(e))] > a}
= inf{c € [a5,b5] : km(b2) A (km (D) + km(c)) > km(a)}
= inf{c € [a5,b5) : km(b) + km(c) > km(a)}
= inf{k; (km(0)) € [a2, b2] : kn(€) > Kim() — kim(8))
— inf{ky () : (U > k(@) - kn(5) At € [bm(a), km (2]}
= klinf{u € [0,km(d2)] : u > km(a) — km(b)}
Kl (km(a) — km(8)) € (02, a].

To prove (d) we first show: (*) Vic(b.0) Ace(ara) "(VmeKA c,b € (as, b,%]).

Case 1: If A\, cc, b ¢ (a5, b5 then we choose @ € (b, a) to satisfy (*).

Case 2: If V, e, b € (a5, b5] then (because of @ > b and thus a > b5) we
choose @ € (b5, a) to fulfil (*). Thus (*) is valid.

Because of (*) we have A ¢(;,4) bAc = bV ¢ < a, and the monotonicity of A
implies A (a,0)bAc < @, so that by definition 6 a —a b > a. On the other
hand bAa = (bV a) = a so that a —p b < a. Thus (d) is shown.

Using (c) and (d) we get: a > b = a —a b > A. By contraposition one
implication is shown. Conversely, if a < b then bAA = b > a, and by definition
6 we obtain a —p b = A.

If bAc > a then we get ¢ > inf{z € [A,B] : bAz > a} = a —a b. To prove the
converse, we consider first the case ¢ = B. But then obviously bAB = B > a.
If now ¢ < B, let d be an arbitrary element in (¢,B]. Thend >c>a—-a b=
inf{z € [A, B] : bAz > a} implies: Vme[A,d)a < bAz < bAd. Thus we have
bAc = limg_,c+(bAd) > a.

Using (f) in the following second equality we arrive at the desired result:

(@a—ab)—ac=inf{z € [A,B]:cAx > a—a b} =inf{z € [A, B] : bA(cAz) > a}

(h)

inf{z € [A, B] : (bAc)Az > a} = a —a (bAc)
a—na (cAb) = (a —A c) —A b.

If a < bthen (@ —a b)Ab = AAb=b=aVb (here we have used (e)). Now we
treat the case a > b. We apply (f) two times to obtain: ( /\cZa—Ab bAc > a,)

/\( Neca—pp 0D < a) . Since A is continuous in each place we get bA(a—ab) >

a > bA(a —a b) (note that a —a b = A implies a > bA(a —a b)). Thus we
arrive at (a —Ao b)Ab=a=aVb.
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(i) In the case a = b we have (by (e)): (a—ac)—a(b—nc)=A=a—-ab,
whereas the case b = ¢ yields (using (e) and (a)): (a —ac) —a (b—ac) =
(a—ac)—aA=a—-pc=a—-nb.

Now we treat the main case a > b > ¢ where we distinguish three subcases:

(D) Vimex, @ b,c € [an,b3] : Since km and k! are strictly monotonic in-
creasing we get, using (c) @ —a ¢ = k;;}(km(a) — km(c)) > k1 (km(b) —
km(c)) =b—a c and then (a—ac)—a (b=ac) =k (kmky [km(a) —
km (c)] = kmkm! [km (D) — km(c)]) = k—l(an(a) km(b)) =a—ab.

(Im) (VmeKA b,c € [aZ, bA]) Aa ¢ [a5,b5] : (c) and (d) imply b —a c €
(a2,b2] so that (a —a ¢) —a (b—ac) =a —n (b—A cJ=a=a-ab

(1) _‘(VmeKAb c € [a%, bA]) : Here @ > b > c yields _'(VmeKA a,c €
[aZ, bA]) and thus (by (d)) (a —ac) —a (b—ac) =a—ab.

(3) Inthe case'a = b we get (using (€)) (a—ab)A(b—ac) = AA(b—ac) =b—pc=
a —a c. The case b = c leads again because of (e) to (a —a b)A(b —a ¢) =
(a —a b)AA = a —A c. In the main case a > b > ¢ we treat the same three
subcases (I) - (III) like in (i): )
In case (1), (c) yields (a —a D)A(b —a ¢) =k (km(a) = km()) Ak (km(b) —

km(c)) = k! (km (@) = km (b) + km (8) — km(c)) = k' (km(a) —km(c)) =a—ac.

In case (1), (c) and (d) give b —a c € (a4, b5] and thus (a —a b)A(b—a ) =
aA(b—ac)=aV(b—pc)=a=a-pc
In case (IIT) we obtain (because of (d) and (h)): (a —a b)A(b—ac)=(a—a
bJ)Ab=aVb=a=a-ac

(k) (aAb) —a b= (bAa) —p b=inf{c € [4,B]:bAc>bAa} < a.

(1) Using (h) and (k) we obtain (aAb) —a ¢ < (@A V c]) —a ¢ = (aA[(b —a
¢)Ac]) —a c= ([aA(b—a ¢)]Ac) —ac < aA(b—a ©).
(m) If a > b then we get by (d): (aAb) —aob=(aVbd)—pb=a—-ab=a.
If a < b then (e) givgs (aAb) —Ab=(aVd)—ab=b—-nb=A.

(n) We consider the cases (@) A c(a,q) bAC < b and (B) Veepa,a) bDC > b4

In case (a) we take an arbitrary ¢ € [a4, a) and get b5 > bAc = kS (km (B)+
kum(c)) so that km (b5) > km(b) +km(c). Thus we obtain k.l (km (b) + km(c)) <
k21 ([(Km (5) + b (@)] Akm (2)) = kS (kim (B) + kim (@) = aAb, so that bAc =
k. (km(b) + km(c)) < aAb. The monotonicity of A gives A ce[Aa) POC < alib,
or (aQAb) —a b > a. Together with (k) we obtain (aAb) —a b =a.

In case (8) we get by, > bAa > bAc > by, which means bAc = bAa = alb.
Now definition (6) yxelds (aAb) —a b < ¢ < a. Thus (n) is proven.
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(0) Using (1) twice and(g) we arrive at:

(p)

(s)

(alAb) —a (dAc) = [(alb) —a ] —a d < [aA(b—4 &)] —a d
=[b-ac)la]l—ad< (b—nc)A(a—ad) =(a—ad)A(b—ac).

Since a —ao b € Da we have a —ao b > A, so that (1) implies a > b. To
prove a = a —a b we consider two cases. If _‘(VmGKA a,b € (a, bﬁ]) then

we obtain together with @ > b from (d) just @ = a —a b. In the other case

Vimek, @b € (a5, b5), (c) gives a —a b € (a2, a], so that a —a b € D yields

a = b5 =a—ab. Finally, we get froma =a—ab € Da and a > b the desired
result aAb=aVb=a.

We consider two cases:

() : ﬁ( \V a,be(aﬁ,bf},]) and (8) : Vinex, @b € (a2, b2].

meKa
In case () we have a V b = aAb > b so that a > b. Thus (m) gives (aQAb) —a
b= a.
In case (0) we know that aAb € [a5,b5]. But aAb ¢ Dp yields a/Ab < b2,

m

which implies Ac¢4,q) bAc < bAa = alb < b5 Now (n) gives (aAb)—ab = a.
We consider (similarly to (q)) two subcases (y) and ():

() : ﬂ( \V b,ce(a,ﬁ,b,ﬁ]) and (8) : Ve, byc € (a2, b2].

meKa

If () is supposed we get "(Vme ks 00b,c € (aﬁ,bﬁ]), for, if this is not the

case then we obtain from ¢ < b = AAb < aAb the contradiction b € (a%), b5

Thus twice application of (d) results in (aAb) —a ¢ = aAb = aA(b—n c).

In the case (§) we have b—a c € (a2, b5)] (see (c)) and consider three subcases:

(r1): a<afH (r2);, a>b3, (13): a € (a2, b3].

Case (r1): (aAb)—ac=(aVb)—ac=b-pc=al(b—nac).

Case (12): (aQb) —aoc=a —a c=a=alA(b—nx c) (here we have used (d)).

Case (r3): The assumption aAb ¢ Da yields b2 > adb = k&2 (km(a) +
km(b)) so that aAb = k;,'(km(a) + km(b)). Moreover b > c implies
alAb > ¢, so that (c) leads to (aAb) —a ¢ = k;;}(km(alAb) — km(c)) =
k! (km (@) + km (5) = km(c)) = k' ((km(a) +km(b~a c)) = aAA(b—ac)).

First (r) implies (b —a ¢)Aa = aA(b—a ¢) = (alb) —a c. Now we show

(b—a c)Aa ¢ Da. If this is not the case then we get from the above equality

that aA(b—a ¢) € Da, so that (p) implies the contradiction aAb € Da.

These two partial results together with (g) and (r) lead to (aAb) —a (dAc) =
[(aAb)—ac)—ad = [(b—ac)Aa]—ad = (b—ac)A(a—ad) = (a—ad)A(b—ac).

Thus Lemma 5 is proven. a
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Example 4. (1) We start with the pseudo-difference with respect to the classical
addition on intervals (which extends the example in Example 2):

Let —00o < A < B < 00 and let A = 4, that is

atb:=A+[(a—A)+(b-A)]A(B-A), a,be [A,B].

Then we have: a —aob=A+(0V (a—1b)), a,be€[A, B]

(If a = b = oo then we define a —a b := 0).

Indeed, h(z) :=z — A, z € [A, B] is a generator of +, since h~1(y) = A+vy, y €
[0, B — A] so that a+b = h~!(h(a) + h(b)), a, b € [4, B].

Now, if a > b then Lemma 5 (c) implies a—a b = h=}(h(a) — h(b)) = h~}(a—b) =
A+ (a—0b).Ifa <bthen Lemma 5(e) leadstoa—ab=A=A+ (0V (a —b)).

(2) If we choose in (1) A =0, B =4, A =}, then this example shows that we
cannot omit the assumption
aAb¢ Dao in Lemma 5(q): (2A3) —a3=4-23=1<2=2A0=2A(3-43),
alb¢ Da inLemma5(r): (2A4) —a3=4-23=1<3=2A1=2A(4—43),
b>c in Lemma 5(r): (1A1)=a2=2-22=0<1=1A0=1A(1-42),
aAb¢ Da in Lemma 5(s): (4A4) —a (202)=4-24=0<4=2A2

=(4-a2)A4-12),

b > c (and a > d, because of the commutativity of A) in Lemma 5 (s): (2A1) —a
(1A2) =3-23=0<1=1A0=(2—a 1)A(1 =4 2).

For our purposes it is important to know whether the weak distributivity law is
compatible with a pseudo-difference. The following result shows, that the answer is
positive.

Theorem 11. Let A and II be pseudo-additions, and let ¢ be a pseudo-multiplication
satisfying (Z) and (DL*). Then the following holds:

(a) /\ /\ [a>b>c=(a—abloz)([b—acoz)=[a—nacox]
a,b,c€[A,B] z€[A,B]

® A A la=b=(a-abloz)l(boz)=aoxz]
a,be[A,B] z€[A,B]

© A N\ (@boz=((adb)-abloz)l(boz) < (aoz) L (box)
a,be[A,B] z€[A,B]

(d) (ap=A<a1<az< --<an<B)Az€[A,B] = I [(ai—a ai—1) o z]=an 0 2.

Proof. (a) Because of (Z) we assume w.l.o.g.that z € (A, B]. We consider 4
cases:

(I): a=hb, (ID): b=c, (II1): (a>b>c)Aa¢ Da,
IV): @>b>c)A (vaKA a= bﬁ).
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Case (I): We use Lemma 5 (e) and obtain: ([a —a bjoz) I ([b—acjoz) = (Aoz)1I
(b-acoz)=A it (b-adoz)=(b-acoz)=(la—acoxz).

Case (II) can be proven in the same manner like Case (I).

Case (III): We use (e), (j) and (p) of Lemma 5 (in that order) to get a—ab,b—ac €
(A,B], (a—ab)A(b—ac)=a—nc¢ Da, and (DL*) implies ([a —a b]oz) I
(b—acoz)=(a—nacox).

In Case (IV) there exists a sequence (a,) C (b,b5) satisfying a,, T b5. In the fol-
lowing chain of equations we use case (III) and

(supan) —a b =sup(anp —a b) (87)

to arrive at
(la=abloz) I ([b—aclox) = ([(supan) —a b]oz) I ([b —a ] o)
= ([sup(an —a b)]oz) L ([b —a c] 0 z) = (sup[(an —a b) oz]) LT (b —a c] 0 x)
= sup([(an —a b)oz] I ([b —a c] 0 x)) = sup[(an —a ¢) ©z] = [sup(an —a C)] 0T
= [(supan) —acJoz=(a—nc)oz.

We include still the proof for (87): anp —a b < (supan) —a b so that sup(a, —a b) <
(supan) —a b. If we now put s = sup(a, —a b) then we get s > a, —a b and by
Lemma 5 (f) bAs > a, for all n € N. Thus we have bAs > (supa,) and finally
(again by Lemma 5 (f)) s > (supan) —a b.

(b) We use statement (a) with ¢ := A and apply Lemma 5 (a).

(c) To prove the first equality in (c) we use simply (b). The inequality follows
from Lemma 5 (k).

(d) follows by induction on n € N: If n = 1 then (d) follows from Lemma 5 (a).
Suppose (d) is true for n € N. Then we get II"*![(a; —a ai—1) 0] = [(@n+1—nan)©
z] I (02, [(a; —a ai-1) ©z]) = [(@n+1 —a an) 0 2] LI [, © Z] = @n41 ¢z (in the last

equality we have used (b)). Therefore Theorem 11 is proven. a

10. SUMMARY

We have shown that the concept of weak distributivity has many applications and
leads by Theorem 5 to one more unexpected result (comparison of two pseudo-
additions). The main results in Part II are probably Theorem 6 (representation
theorem for pseudo-multiplications) and Theorem 7 (representation theorem for
pseudo-additions and pseudo-multiplication under weak assumptions).

In Section 9 it is shown that the introduced pseudo-difference is compatible with
the weak distributivity.

(Received October 27, 2004.)
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