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ON TYPES OF FUZZY NUMBERS UNDER ADDITION

Duc HuN HoNnG

We consider the question whether, for given fuzzy numbers, there are different pairs of
t-norm such that the resulting membership function within the extension principle under
addition are identical. Some examples are given.
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1. INTRODUCTION (PRELIMINARIES)

In general, a functional relationship in a fuzzy environment (sce [2]) is given by
f(z,y) = z, where the input values are available as fuzzy numbers X and Y, and
the corresponding response value Z must be computed via an extension principle.

The usual performance consists in choosing a triangular form for the two input
values and the min-connection within the extension principle resulting

mrx,y)(2) =  sup  min(mx(z), my(y)).
z,y:z2=f(z,y)

Two problems can be considered. First, we have to specify the membership func-
tions for X and Y, and secondly, we have to choose a connection within the extension
principle. There are vast diversity of possibility for these two choices. Concerning
with this question, can we reduce this diversity in a reasonable manner? If the
functional relationship is an arithmetic one, the rules for a possibly approximate
computing can be simple, even if the fuzzy numbers are not triangular.

Recently, fuzzy arithmetic has grown in importance during recent years as a tool
of advance in fuzzy optimization and control theory. Fuzzy arithmetic based on
the sup-(t-norm) convolution, with the controllability of the increase of fuzziness,
cnables us to construct more flexible and adaptable mathematical models in several
intelligent technologies based on approximate reasoning and fuzzy logic. Recent
results on this topic and applications can be found in [3-21].

Gebhardt [7] considered some class of combination functions under the restric-
tion of fuzzy numbers to those of LR-type, where the specification assigns special
reference function and the value of its parameters.

In this paper we restrict f to + (algebraic addition) and study more on this topics
and generalize a result of Gebhardt [7].
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2. DEFINITIONS
A t-norm is a function ¢ : [0,1] x [0,1] — [0, 1] defined by
t(l,(l:) =z, t(va) =0, t(:v,t(y,z)) = t(t(.’L‘,y),Z),
t(z,y) =t(y,z), = <y=t(z,2) <ty 2).

A reference function is a mapping M : [0,00) — [0, 1] defined by M(0) = 1 and M
monotonically decreasing.

A fuzzy number Z is called of LR-type if there are two reference functions L and
R, possibly equal, by which the membership function of z can be represented as

L (3)1;2) for z < 2,

mz(z) =
R (z—zo> for 2z > z,.

r

Then Z can be represented by Z = (29;!,7)r as usual. Moreover, we have supp Z =
{z| mz(z) > 0} = [20 — I, 20 + r]. The special cases L(z) = R(z) will be indicated
by Z = (20;1,7)L1 =: (20;!,7)1 and considered throughout the following.
The given function
f:RxR—->R
with the domain D(f) will be denoted also by z *x y = f(z,y). When fuzzifying the
function f to
F: F(R) x F(R) = F(R),

the extension principle is used in its general form with a given ¢-norm t:

ME(z,y) (Z) = sup t(mX (x)amY(y))7 z € R, ‘X,Y € ‘}-(R)
z,y;z=f(z,y)
and abbreviated by X , Y := F(X,Y).
If f(z,y) = z+y, it shall be denoted by @, and hence the t-sum of fuzzy numbers
is defined by :

mXGBY(Z) = iup t(mx(:r),my(y)), z€R, X,Y € ]:(R)
T+y=z
and abbreviated by X &, Y.

A continuous ¢t-norm t is said to be Archimedean if T'(z, z) < z for each z € (0,1).
Every Archimedean ¢t-norm T can be represented by means of an additive generator
f (i-e., by a non-negative, continuous, strictly decreasing function defined on the
interval [0, 1] and satisfying f(1) = 0).

Namely,

T(z,y) = fI7(f(2) + f(y)) forallz,y €[0,1],
where f[=1 is pseudo-inverse of f given by f(=1(y) = f~1(min(y, £(0))). It means
that for each continuous Archimedean t-norm t, the t-sum of fuzzy number X,Y can
be expressed in the form :

X ®:Y(2) =mxe,v(z) = Slelgf[_”(f(mx(x)) + f(my(z —1))), z€R.
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A function h defined on [0,00) is subadditive if for all s, > 0, h(s +¢t) <
h(s) + h(t).

3. EQUIVALENCE OF FUZZIFYING PRINCIPLES FOR ADDITION

In this section, we consider the problem whether, for given fuzzy numbers, there
are different pairs of ¢-norm such that the resulting membership functions within
the extension principle under addition are identical. Throughout this section, we
restrict to fuzzy number of LL-type.

Definition 1. Let L;, L, be reference functions, and t;,t2 be t-norms. (L;,t;)
and (Ls,t;) are identical if for any m,n,l,r,s,t € R,

(m; L T)Ll Dt, (n; S, t)Ll = (TTL; L T)Lz D1, (n; S, t)LZ‘
The following theorems are due to Gebhardt [4].

Theorem 1. (Gebhardt [7]) If (L,t;) and (Lq,t2) are identical, then L; = L.

Theorem 2. (Gebhardt [7]) Let ¢ be the Lukasiewicz t-norm, i.e.. tp(z,y) =

max {0, z+y—1}, t» be the Weber-family of ¢-norms, i. e., tx(z,y) =max{0, ﬁ%ﬁ’\mﬂ ,

—1< A <0, and L be a convex function. Then (L,t) and (L,ty) are identical.

We now generalize above result and study more on this problem.
The following lemmas are easy to check.
Lemma 1. Let t;,¢2 be t-norms such that ¢; < ¢t2 and L be reference function.
Then for any m,n,l,s,t € R :
(m;l,r)L &, (n58,t) < (m;L,7r)L Dy, (n;8,t)L.
Lemma 2. Let ¢t be a t-norm and L be a reference function. Then for any
m,n,l,r,s,t €ER
(m; L)L & (n;s,t)L(m +n+2) = (0;1,r)L & (0;5,¢)L(2).
Let tyw denote the weakest t-norm defined by
min(z,y) if max(z,y) =1,
tW (‘Ta y) = .
0, otherwise.
and let tpr denote the strongest t-norm defined by
irm(z,y) = min(z,y) for all z,y € [0,1].

Then for each t-norm ¢ it holds tw <t < tp.



472 D.H. HONG

Theorem 3. Let t be an Archimedean ¢-norm with additive generator f and let L
be a reference function such that f o L is subadditive. If ¢; <t, i = 1,2, then (L,¢,)
and (L, t2) are identical.

Proof. By Lemma 2, it suffices to prove that for I,r,s,t € R
(0;0,7)L @1, (055,)1 = (051, 7)1 &y, (055, 1) L.
By Theorem 3 of Hong [12] and Lemma 1, we have for : = 1,2
(0;0,m)r @ (05s,8), < (054,m) ®¢ (058, 8) 1
= (0;max(l,s), max(r,t))L.
On the other hand, by Theorem 1 of Hong [12] and Lemma 1, we have for i = 1,2,

(0;0,7)L @1, (058,8) > (0;4,7)L Biyy (055,8)1
= (0;max(l,s), max(r,t))r-

Hence we have
(0;1,7)L @1, (058,t)r = (051,7)L, ®¢, (0;55,t)L

which completes the proof. o
If f o L is concave, then f o L is subadditive. Hence the following is immediate.

Corollary 1. Let t be an Archimedean t-norm with additive generator f and let
L be a reference function such that f o L is a concave function. If ¢t; < t, ¢ = 1,2,
then (L,t;) and (L, t;) are identical.

The additive generator g of the Lukasiewicz t-norm ¢y, is given by f(z) =1 — z,
z € [0,1]. If L is convex, then f o L is concave. Hence we have the following result.

Corollary 2. Let L be a convex reference function, then for t; < tr, ¢ = 1,2,
(L,t1) and (L, t;) are identical.

Note. Theorem 2 (Gebhardt [7]) is a special case of Corollary 2. For this, we show
that ty <tr. Since0<(z—-1)(y—1)=zy—(z+y—1),for -1 <A <0,

z+y—1+Azy < z+y—1+Az+y-1)
1+A - 1+

T+N=xz+y-1)
1+A

z+y-—-1

In Theorem 3, what if f o L is convex? Consider the following theorem.
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Theorem 4. Let t;, i = 1,2 be Archimedean t-norms with additive generator f;,
i = 1,2. Suppose f; oL, i = 1,2 are convex and (L,t;) and (L,t;) are identical.
Then t, = t5.

We need the following lemma due to Hong and Hwang [11].

Lemma 3. (Hong and Hwang [11]) Let ¢t be an Archimedean t-norm with additive
generator f. Suppose f o L is convex then

(0;1,1) @, (0;1,1)(2) = I~ (2foL (%)) on [0,2].

Proof of Theorem 4. Suppose f;, i = 1,2, are normed additive generator
of t;, 1 = 1,2, respectively. Then it suffices to show that f; = f,. Suppose f1 # fo
and let z* = sup{z < 1|fi(z) # f2(z)} and z** = inf{z < z*|(z,z*) C {f1 # f2}}-
We note that {f; # f2} is open set since f; and f, are continuous function. Then
(e**,z*) C {f1 # f2}- There are two possible cases:

Case 1) z* = 1. Without loss of generality, we assume f; < f, on (z**,1). By
construction fy(z**) = fa(z**) = y**, say. Let f{_ll(y%) = zo. Then 2f5(z) >
2f1(zo) = y** and hence

AeA) = Ay =2
= 7™ > 72 (o)),

which is contradict.

Case 2) z* < 1. Without loss of generality, we assume f; < f, on (z**,z*).
Let fi(z**) = fo(z**) = y** and fi(z*) = f2(z*) = y*. Choose yo such that
y* <yo <y** and zo = fé_ll(%) = fI[_I](Q) > z*. Then 2f;(zo) = 2f2(z0) = Yo
but, since fll_ll(yo), f2[—1](yo) € (z**,z*) and f1 < fy on (z**,z*), 1[_1](2f1 (z0)) =

l[_ll(yo) < f2[_1](y0) = fz[,—l](2f2 (z0)) which is contradict. This completes the proof.
O

For the case of t = tpr, we consider the following theorem.

Theorem 5. Let L be continuous and let (L,t) and (L,ta) be identical, then
t=tym.

Proof. Suppose (L,t) and (L, tar) are identical, then for any z € R,

sup t(L(z),L(y)) = sup min(L(z), L(y)).

T+y=2 z+y=z

Note that 2
sup min(L(z), L(y)) = L(3)-

zt+y=z
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Then there exists zo € R such that t(L(zo), L(z—=z0)) = L(%). If L(zo) # L(z—x0),
then
t(L(zo),L(z — 29)) < min(L(zo),L(z — o))
z
L(=).
Hence L(zo) = L(z — zo), which implies t(L(5), L(%)) = L(3). From the continuity

of L, we have for any z € [0,1], t(z,z) = 2, and hence t = t. a

The continuity of L in Theorem 5 is essential. To construct an example we need
some definitions about ordinal sums of t-norm and a result of Baets and Markova [1].

Definition 2. Consider (a,b) € R?, a # b, then ®(a,b) 1s the linear transformation

defined by
T—a

¢(a,b) (.7,') =

b—a
Note that the inverse mapping ¢(_al,b) of ¢(a,p) is given by qS(_al’b)(a:) =a+(b—a)z.
Definition 3. Consider a family (fx)rex of t-norms and a family ((ak,Bk))kek

of pairwise disjoint open non-degenerate subintervals of [0,1]. The [0,1]2 — [0,1]
mapping t defined by

¢;1 (tk (¢k(1')’ ¢k (y)))1 if (I:y) € [akaﬁk]zy
t(z,y) =
tm(z,y) elsewhere,

where ¢r = ¢(a,,3,), is @ t-norm. ¢ is called the ordinal sum of the summands
(ak, Bk, tk), and is denoted by t = ((ax, Bk, tx) | k € K).

The notion ‘ordinal sum’ has led to the following important characterization of
continuous ¢-norms.

Theorem 6. A [0,1]? — [0, 1] mapping t is a continuous ¢-norm if and only if it is
an ordinal sum of continuous Archimedean ¢-norms.
Definition 4. Consider a fuzzy number A and (a,b) € [0,1]%, a < b.
(i) The fuzzy number A% is defined as
At = tro g oA e, Al*H(z)=tr((A(z) —a)/(b-a)),
with tr the R — [0, 1] mapping defined by
0, if z<0,
tr(z) = z, if 0<z<1,
1, if z>1.
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(ii) The fuzzy number A, ) is defined by

ot (Ax)), if A(z) >0
Aoy () = { (et)

0, elsewhere.

The following theorem is due to Baets and Markova [1].

Theorem 7. (Baets and Markova [1]) Consider an ordinal sum t = ({ai, b;, t;) |1 €
I) written in such a way that |J;;[a:, ;] = [0,1], and fuzzy numbers A,, Aj, then
t-sum A, @, A, is given by

Al @y AQ(.’IJ) = sup (A[la.‘,bi] ®y A.[Zm'bi]) (:1:)
iel [ai,bi]

The following example shows that the continuity of L in Theorem 5 is essential.

Example 1. Consider the ordinal sum ¢ = (0, },tam),(3,1,tL)), and the refer-
ence function L defined by

1-z, ifzel0,}],
L(z) =
0, elsewhere.

Then, by Theorem 7, (L,t) and (L, tpr) are identical but t # tar.

We also have various types of reference function and continuous ¢-norm which are
identical if we apply Theorem 3, 4 and 5 to Theorem 6 and 7. For instance, consider
the following example.

Example 2. Consider the ordinal sums ¢; = ({0, 3,¢.),(3,1,t1)), and L(z) =
1-z2on[0,1]. Let ty = ({0, 3,t21),(3,1,t22)) and let f1(z) = 1—z be the additive
generator of ;. Note that fy, o LI2-1)(z) = 2z is concave and f, o L[oy%](z) =0 on
[0,1) and 2z — 1 on [%,1] is convex on [0,1]. Hence by Theorem 3, 4 and 7, if
ta, <tr, and to; =t then (L,t;) and (L, t2) are identical.

(Received October 1, 2003.)
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