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1. INTRODUCTION

There are many papers and books on statistical problems and their solution in
multivariate regression models. Nevertheless, many problems have not yet been
formulated and solved.

The aim of the paper is to make some remarks to them and present solutions of
several problems in the regular form of the multivariate model.

2. NOTATION AND PRELIMINARIES

Let Y mean an n x m random matrix (observation matrix) with the mean value
E(Y) = XB and the covariance matrix Var[vec(Y)] = ¥ ® I. Here X isan n x k
known matrix and B is a k x m matrix of unknown parameters. The m x m matrix 3
can be either totally known, or it is of the form ¥ = 02V, where 02 € (0,00) is an
unknown parameter and the m x m positive definite matrix V is known, or X is of
P

the form ¥ = >~ ¥;V;, where ¢ = (¢4,...,9,)" is an unknown vector, 9 € ¥ C RP,
i=1

¢ is an open set and the m x m symmetric matrices V1,...,V, are known, or X is

* This work was supported by the Council of Czech Government J14/98:153100011.
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totally unknown. The notation Y = (Y1,...,Y,,) and vec(Y) = (Y}, Y5, ..., Y,,)
will be used throughout the paper.
The model will be written as

This model is regular if the rank r(X) of the matrix X satisfies 7(X) = k < n and
the matrix 3 is positive definite.

Throughout the paper the model (1) is assumed to be regular.

The symbol Px denotes the projection matrix on the subspace M(X) = {Xu:
u € R} e Py = X(X'X)"'X’ and Mx = I — Px. Further {A};; denotes
the (i,7)th entry of the matrix A, {A};. denotes the ith row of the matrix A
and {A}.; is the jth column. Notation x%(0) means the random variable with
central chi-square distribution and with the degrees of freedom equal to f, x? ()
means the random variable with noncentral chi-square distribution with f degrees
of freedom and with parameter noncentrality equal to §. The (1 — «)-quantile of
the central chi-square distribution is denoted by X} (0;1 — ). The (1 — a)-quantile
of the Student distribution with f degrees of freedom is ¢(1 — ) and the (1 — «)-
quantile of the central Fisher-Snedecor distribution with (f,g) degrees of freedom
is Fr4(0;1 — a). The random variable with central Fisher-Snedecor distribution
is Fy4(0), with noncentral distribution it is Fy 4(d), where ¢ is the noncentrality
parameter.

The two following lemmas are well known, therefore they are given without proofs.

Lemma 2.1. The parametr matrix B is unbiasedly estimable and its BLUE
(best linear unbiased estimator) is

B = (X'X)"'X'Y
and its covariance matrix is
Var[vec(B)] = T ® (X'X) 7L
In the case of normality B is the best unbiased estimator.

Lemma 2.2. The unbiased estimator of the parameter o? is

62 = Tr(XYMxYV 1Y) /[m(n — k)].
In the case of normality it is the best unbiased estimator and

62 ~ 02X iy (0)/Im(n — K], Var(6?) = 20*/[m(n — ).
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Lemma 2.3. Let 9°) be an approximate value of the unknown vector 9. If

p
g € M(Sy-1), where 3o = Y 0" V; and
=1

{Ss1}iy =Te(Bg'ViZg V), ij=1,....p,

then the 9(°)-MINQUE (minimum norm quadratic unbiased estimator) of the func-
tion g'9, ¥ € U is

p
g9 = NTr(Y'MxYS;'V,5;!), (n—k)SyA=g

i=1
If the matrix SESI is regular, then

Tr(YMxYE; V201
1 .

b 1
n—=k o

Tr(YMxYE;'ViE )
In the case of normality 9 is the Yo-locally best quadratic unbiased estimator and

2 o1

Var (99 = 7S
n — 0

P
Proof. In the univariate regular model Y ~,, (X8, Y. 9;V;), B € R*, 9 € 9,
i=1
the MINQUE of a function g'19, ¥ € 9, is

p
g/'[9 = Z AlY/(MXzOMX)J'_VZ(MXEOMX)-‘:-Y’ S(MXEOMX)+>\ — g
i=1
{S(atyzontn)+ Fig = T{(MxEoMx) TV (Mx oMy )7V, ij=1,....p.

If Y is normally distributed, then 9 is the Yg-locally best quadratic unbiased
estimator and
Var(g/d|90) = 28'S 1y, 5,11, )+ &
(In more detail cf. [13].)

If the relations

[MI®X(EO & I)M1®X]+ = Eal ® My,
TI'{[MI@X(EO & I)M[@X]+(Vi 024 I)[M[@X(EO X I)MI®X]+(Vi X I)}
=Tr[(Z,' Vi, V) @ My] = (n — k) Te(Z, ' V.2, V))

are taken into account, the statement can be easily obtained. O
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Lemma 2.4. In the case of normality, YMxY ~ W,,(n — k,X) (Wishart
distribution with n — k degrees of freedom) and Y'MxY and B are stochastically
independent. Thus the estimators 62 and B and also the estimators 9 and B are
stochastically independent.

Proof. Cf. [1]. O

3. CONFIDENCE REGIONS

The (1 — «)-confidence ellipsoid for the matrix GBH (G is an r X k matrix with
full rank in rows and H is an m x s matrix with full rank in columns) can be obtained
in a standard way if the matrix X is either known or is of the form ¢2V. In more
detail cf. also [1] and [14]. If X is unknown, then the following lemma can be of

some interest.

Lemma 3.1. Let the matrix 3 be unknown.
(i) If G =g’ (1 x k row vector), then the (1 — «)-confidence region for the vector
g'BH is
E={uek: (u—-gBH)(HY MxYH) '(u— HBg)
s
<— & (X'X) 'gFsnk_sr1(0;1 — )}
(XX R (01 )

(i) If H = h (m x 1 column vector), then the (1 — «)-confidence region for the
vector GBh is

e Syer. - GBh)[G(X'X)"!G']"!(u — GBh)
' h'Y'MxYh
r
< —Frn—k(0;1— .
n—k a a)}
Proof. (i) The random vector
JPSR
- M ~ NS(O,H’EH)
g'(X'X)"'g

and the Wishart matrix

W =HY MxYH ~ W¢(n — k, HXH)
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are stochastically independent. The statement (i) follows from the Hotelling theo-
rem [11]
LB (H'EH) B ()]

/ —1
"W 'n
X?z—k—s—i—l (O)

(i) The random vector
n=G(B—-B)h~ N,[0,h’ShG(X'X G|
and the random variable
W =h'Y'MxYh ~ h'Shy?_,(0)
are stochastically independent and thus the statement (ii) is obvious. O

P
Some remarks to the case X = > ;V; is postponed to Section 5.
i=1

4. TESTING LINEAR HYPOTHESES

Let in this section the matrix Y be normally distributed and the matrices G and
H be the same as in the preceding section.

In many situations the null and the alternative hypotheses are of the form Hy:
GB + Hy = 0 and H,: GB + Hy # 0, respectively. In such a case C.R. Rao
(in more detail cf. [11], Chapt. 8) proposed to modify the problem in the following
way. Let 1 € R™ be an arbitrary vector, 3; = Bl, hg; = Hol, 07 = I'Sl, 67 =
V'Y'MxY1/(n—k) ~o?x%2_,(0)/(n — k). Then the l-class of test statistics for the
l-class of hypotheses Hy;: GB; 4+ ho; = 0 versus GB; + hg; # 0 is

(GB; + ho)) [G(X'X)"'G] " (GB; + hoy) ~ 621 Fsn_i(5),
§ = (GB; +hg)[GX'X) G| (GB; + ho,) /7.

If 1 belongs to the minimum eigenvalue Ay, of the matrix ¥, then this test is the
most sensitive test of all statistics from the I-class.

Analogously the k-class of test statistics can be constructed for the hypotheses
Hy: BH + Hy = 0 versus Hyp: BH + Hy # 0 even in the case that X is totally

unknown.
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Lemma 4.1. Let ¥ be unknown and G = 1. Then a k-class of test statistics is

(H'B’k + H/k)'[H'Y'MxYH] ' (H'B'k + H)k)

K (X'X) Tk
S
~ — F — k—
77,7]{3784*1 s,n—k s+1(§)a
5 (H'B’k + H/k)'[H'SH| ! (H'B’k + H/k)
- K (X'X)~ Tk ’

where k is any vector from RF.

Proof follows from the relations

(H' @ K') vec(B) ~ N,[(H' ®@ k') vec(B), k'(X'X)'kH'SH],
H'Y'MxYH ~ W,(n — k, H'SH)

and from the stochastical independence of B and Y'MxY. Now the Hotelling
theorem is used in order to complete the proof. g

5. OUTLIERS

To reveal an outlier observation in the multivariate model is in general a more
complicated problem than in the univariate one. Several approaches to solution
have been studied; in more detail cf., e.g. [3, p. 292-317]. One approach is described
in the following text. It is based on the idea that the observation Y; ; + A; ; is made
instead of the suspicious observation Y; ;. To verify this assumption the test of the
hypothesis A; ; = 0 is performed.

The residual matrix v is given by the relation v =Y — XB and the covariance
matrix Var[vec(v)] of the vector vec(v) is Var[vec(v)] = X ® Mx.

A value v; ; = {Y;}; — {X}J{ﬁ}z, 1=1,...,m; j=1,...,n, is suspicious if

(2) wijl/\/oii{Mx}j; > u(l - 3a),

where u(1 — }a) is the (1 — $a)-quantile of the normal distribution N(0,1) for a

sufficiently small value «.
If ¥ = 02V, then instead of (2) the inequality

0iil/\/62Vii{Mx} > tmmi)(1 = 30)
7,7
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is used. Here 6% = Tr(Y'MxY V1) /[m(n—k)] and t,,(,—g)(1— ) is the (1—
quantile of the Student distribution with m(n — k) degrees of freedom.

If & is unknown, it can be estimated as & = (n —k)"'Y'MxY, (n — k:)i ~
W (n — k,X), and the inequality

bl

il VAZY M} > tuw(l = )
indicates the possibility that an outlier occurs in the measurement {Y;};.

Let residuals Uy s Vg 05 Vg @055 Vg @) es Uy st s o5 Uy o) be suspi-
cious. Now 1nstead of the model

vee(Y) ~ Npm [(IT® X) vee(B), X ® 1],

the model
vee(Y) ~ Ny [(I ® X, E) (VGC(B) ) 2 I]

is considered. Here

E17 07 ’ 0 (e(f:)))/
00 Eo, ..., O ’

(3) E = s Ei: . 5
.................... . 12
0. 0. ... E, (e)

and A = (A},..., ALY, A;€R%, i=1,....m,s=s1+...+8m. Thesymbole!™
means the n-dimensional vector with 1 at the ¢th position and with other components
equal to 0.

Let the null and alternative hypotheses be

Hy: A=0 and H,: A #0.

0(km,s IoX
The hypothesis can be tested iff M ( (Ik ’ )) M ( (X];,

the following consideration. Let a univariate model Y ~ N,(X3,%), 8 € R*, and
the hypothesis Hy: H3+ h = 0 versus H,: HB3 + h # 0, be assumed. If 3 is p.d.
and

/
). This follows by

R2 = min{(Y - XB)EZ"1(Y - XB): B8R},
R? = min{(Y - XB8)'E"(Y - X3): HB +h = 0},
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then the test statistic is R? — R3. If M(X') N M(H') = {0}, then M(X) =
X
M(XMpy/), which is a consequence of the relations r (H) = r(X) + r(H) (as-
X
sumption) and r (H) = r(XMpy/) + r(H) (in general; cf. [12, p. 137). Thus

r(X) = r(XMp/) < M(X) = M(XMp). The projection matrix P% ' (in the
norm |Jul|g-1 = Vu'E"lu, u € R") is the same as the projection matrix P)Z(;\;H/, and
since R} = (Y —P%,, VS Y(Y-P¥, )and R} =(Y-P¥ )Y (Y-P} ),
the test statistic is zero in this case. It is obvious how to proceed in the case of

multivariate models.

Further,

0(m,s IoX' . O.s, X’
M( (ﬁs’))CM< - )@V{z1,...,m}M(ISk‘S‘)CM<E,l>.

(2

Since it is assumed that r(I ® X, E) = (mk) + s (regularity), we have

O(km,s) IgX
MOy e (THE).
Lemma 5.1. In the regular model

vee(Y) ~ Ny [(I ® X, E) (Ve‘iB) ) 2 I]

the BLUE of A is
A=[EE'9Mx)E] 'E(Z7! @ Mx)vec(Y) ~ NJA, [E'(Z7' @ Mx)E] "'}
The test statistic of the hypothesis Hy: A = 0 versus H,: A # 0 is

A'E(E7 @ Mx)EJA ~ x3(6), 6= (A7) [E'(S7" @ Mx)E]A",

where A* is the actual value of the vector A.
Proof iselementar. O

Remark 52. If E,p = eg-m) ® I, n, then the hypothesis A = 0 cannot be

(1) e (ryen,,)

tested, since
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Lemma 5.3. The best estimator of 02 in the model
B
(4) vee(Y) ~ Ny { (I&X),E] (Ve‘i ) ) LAV & 1)}
is

52, = [vec(Y)' IV @My — (V™' @ Mx)E

X[E' (V™! @ Mx)E| 'E/(V™! @ Mx)} vec(Y)/[m(n — k) — 5]
= m{m(n — k)62 — [vec(Y)) (V™' @ Mx)E[E' (V™! @ Mx)E]
XE' (V7' @ Mx) vee(Y)} ~ 0°x5 (ui)—s (0)/[m(n — k) — 5]
where
6% = m Tr(YMxYV™H
(the estimator in the model (1)).

Proof. Intheregular model Y ~ N, (X3,02V), B € R*, the best estimator 62
is given by the relation

1
6% = ——Y'(MxVMx)"Y.

n —

Analogously the model (4) can be considered. Here

Muex,e)(VODMexp) =V 'eI-(V!'eD)(I®X,E)

V1ieX'X, (V'@X)E I®X' _
(V1eI)
E(V'®X), E(V!'®IE E’

11 12 V1igX
—VlgX - [V1eX,(VIeIE (- -)( i )

2], [22]) \E' (V' oD

where

=V XX) '+ [IeXX) 'X|EE (V' ©M)E] 'E

x [ToX(X'X)™!],

= - [I® (X'X)"'X'|E[E (V"' @ Mx)E] !,

= —[E(V' e Mx)E] 'E'Te X(X'X) ],

= [E'(V"' @ My)E]"!
Now it is easy to complete the proof. O

Let the matrix ¥ be unknown but let a matrix S be at our disposal and fS ~
Wi (f,2). Let the matrix S be stochastically independent of the vector A.
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Lemma 5.4. LetE=1,,,® el(-"). Then

N —1 1
A=[I®{Mx}i) {Mx}]vec(Y)~ Np <A’ m2>

and

A'STTA{Mx}i ~ %Fm,f—m-‘rl(é)a § = {Mx}ii(AY)STTA*

Proof. It is sufficient to use the Hotelling theorem (cf. proof of Lemma 2.2).
a

Remark 5.5. In Lemma 5.4 the degrees of freedom of the Wishart matrix must
be larger than m—1. Since X’M(X egn))l is the Wishart matrix with n—k—1 degrees

of freedom and it is stochastically independent of A, it can be used in the test from
Lemma 5.4, however, n > m + k must be valid.

Lemma 5.6. Let Y ~ N,(X3,X%), B € R*, be the regular model and let
S ~W,(f, %) (f > n) be stochastically independent of Y. Let

B=XS'X)"'X'S™'Yy

(plug-in estimator) and v =Y — X 3. If G is an r x k matrix with full rank in rows,
ie. r(G) =r <k, then

(GB - GAY[G(X'S1X)"1G|"1(GB — GA)
1+ (1/f)vS 1%
~ f o +f]:_ "+ 1Fr,ffn+kfr+1(0)-

Proof. It is a consequence of [10], [5, Theorem 7.3.8] and [4]. O

Lemma 5.7. Let in the model (2) the matrix E be of the form E = e§m) ®el™. If

we have at our disposal the matrix S, fS ~ W,,,(f, %), independent of the observation
matrix Y, then the plug-in estimator of A, ; is

. {Mx}i. Y1

A= S~}
5J {MX}i,i{Sil}j,j { }J»

{MX}i,-Ym
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and

1 (Ai,j - Ai,j)z f
©) (Mx}i{S 1}, 1+ A/f)¥S % f—m+ 1 F1r-m+1(0),
{Mx}i. Yy
(m) rq—1v . ;
v (e |
X Sii 2,3 {MX}LYm

Proof. Letin Lemma 5.6 the vector

{Mx}:. Y1

~ N, (, [{Mx}ie™A, 2)

be considered instead of Y. Further, G =1, fS ~ W,,,(f, ). The estimator A” is
the same as the estimator A, ; from the model (7). Thus the relations (5) and (6),
based on Lemma 5.6, can be obtained. O

1
7 -
(7) 3 YT

{MX}i,~Ym

Remark 5.8. In Lemma 5.7 the matrix Y'MxY cannot be used, since the
assumption of stochastical independence is not satisfied. We have to have another
Wishart matrix fS at our disposal, e.g. from a former experiment.

p
6. THE MATRIX X IS OF THE FORM Y %;V;
i=1

Let the regular model

B
o) ~ Ny (10 X, B) ("4 ) 2],
P
where 3 = > ¥;V;, be considered in this section. The matrix E is of the form (3).

Let =
() = A'(O{E' (=71 (9) @ Mx|E}A(d),

where

A(9) = {E'[Z71(9) @ Mx]E} 'E'[Z71(9) ® Mx] vec(Y).

If the hypothesis Hy : A = 0 is true and 4 = 9* (actual value of the vector ),
then h(9*) ~ x2(0).
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Lemma 6.1. Let

o) = )
Then
G= - AW)E([E0)VE (9] @ My B)AW)
DA B[S (9" V,E 1 (9")] © My} vee(v),
where
vee(y) = vee(Y) - (15 X, E) (A(ff’i) |

vee(B) = [I® (X'X) ' X/] vec(Y) — {I® [(X'X)"'X'|}E[E (Z~1(9*) ® Mx)E]
xE(Z7' W) o D{Iol -1 [(X'X) X'} vec(Y).

Proof. Since

AA(9)
99,

Oh(9)
99,

=2A'(9"){E'[£7(9") © Mx]E}

& =

Yy=29* 9=9*

and
ox"1(9)

_ _y—1 * 51 *
i = =7 @)V, W),

Y=1*

we have

OA(9) sl -1
o, |, ~EETw )@ My]E}

XxE{[Z 19"V, =1 (9")] ® My Hvec(X) — EA(9%) — (I® X)vec(B)).

Now we can easily obtain the expression for &;. The estimator vec(ﬁ) can be obtained
in a standard way for the model considered. O
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Lemma 6.2. Let
A, =E{Z ')V, 2 () oMx}E, i=1,...,p,
B, = E{[Z'(®0)V.2'(9")] @ MX}, i=1,...,p.
Then
E(&) = —Tr[A; Var(A)], i=1,...,p,
Var(§) = 28y,,a) + 4Cyivec(o)],var(A)»
where
Var(A) = {E'[£7(9") @ Mx]E} ",
Var[vec(v)] = 1 (9*) @ Mx — (1@ Mx)E
x {E'[271(9*) ® Mx]E} 'E'(I® My),
{Syaray}is = TrA; Var(A)A, Var(A)], ij=1,....p,
{Cuarivecto)) var(a) yioy = Tr{Bi Varlvec(v)]B} Var(A)}, i,j=1,...,p.
Proof. The vectors A and vec(v) are stochastically idependent. Under the null

hypothesis (A = 0) and by virtue of Lemma 6.1 we have E(¢;) = — Tr[A; Var(A)],
i=1,...,p, and

cov(&;, &) = cov(A' A A A’AA) — 2cov[A'B; vee(v), A'AjA)
—2cov[A’A; A, A'Bj vec(v) + 4 cov[A'B; vec(v), A'B; vec(v)],
moreover,
cov(A’A; A A’A;A) = 2Tr[A; Var(A)A, Var(A)],
cov[A'B; vec(v), A’A;A)] = cov[A’A;A, A'B; vee(v)] =
cov[A'B; vec(v), A'B; vec(v)] = Tr[B; Var[vec(v)|B) Var(A)],
and consequently

Var(§) = 28y,,a) T 4Cvirvec(v)] Var(A)-
Further,

>l X'X), I 'QIE
vec(v) = [I@I(I@X E) ( E(Elo), E’(21®I)E)

T leX
(et o )] =00
={I®My) - (I Mx)EE (X '@ Mx)E| 'E'(Z! @ Mx)} vec(Y).
Now the expression for Var[vec(v)] can be easily obtained. O
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Definition 6.3. The set
(69: PIR(O") + €69 > 2(0;1— a)} <a+e)
is the nonsensitiveness region for the level « of the test for the hypothesis A = 0.
Lemma 6.4. Let

U= {E[=7'(¢") ® Mx]E} ",
V = Var[vec(v)],
{Svti; = Tr(UAUA), i,j=1,...,p,
{Cuv}ij; = Tr(UB,VB)), i,j=1,...,p,
a=[Tr(A,U),..., Tr(A,U)].

The set

Lo ={69: —69a’ +1,/69/ (28 +4Cyv )09 < c. |

can be used as a nonsensitiveness region for the level a of the test for the hypothesis
A = 0. Here c. is a solution of the equation

a+e=P{k(®) > x2(0;1—a) —c.}
and t is a sufficiently large real number.
Proof.
P{h(9*) + &' (9*)89 = x2(0;1 — a)}
= P{h(0") + &' (9%)69 = x2(0;1 — )| [€'(9*)d9| < c} P{[&'(9*)09] < c}
+ P{h(9*) + &' (9*)09 > x3(0;1 — a)| |€'(9%)69] = ¢} P{|€'(9*)59]| = c}.
If ¢ satisfies the condition P{|€'(9*)d¥| = ¢} =~ 0, then
a+e=P{h(I") +£(97)09 > x3(0;1 - a)}
~ P{h(9*) + &' (9%)69 > x (0 1—a) & €959 < ¢}
> PU") > x2(0:1 — ) — c}.

If ¢ = ¢, then

P{|¢(9%)00| < c.} =~ 1 & —a'(9")69 + t\/60 (Var[€(9%)]09 < c.
for sufficiently large ¢,

which means
V{69 € LA} P{h(9*) + &' (9*)60 > X?(O; l-a)}<a+e,

i.e. the probability of the first kind error of the test is smaller than a + €. O
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Theorem 6.5. If

t2
2 — a’(2SU + 4CU,V)+a

(69 —up)'[t*(2Sy +4Cpv) — aa'](69 —ug) < ¢

where
Ce

2 — a’(2SU + 4CU,V)+a
then P{h(9*) + &'(9%)69 > x2(0;1 —a)} < a +e.

(28[} + 4CU,V)+a

Up =

Proof. Obviously

t2[69' (2Sy + 4Cp,v)d69] < e + &' (9*)59)?
= —a/(9")09 + /5925y + 4Cuy )50 < c.,
t2[69' (2Sy + 4Cpv)89] < 2 + 2c.a’(9%)69 + §9'aa’ 59
< 69 [t*(2Sy + 4Cp v — aa’]dd — 2a'69¢. < 2
& {69 — [t*(2Sy +4Cyp v — aa']tc.a}/t?(2Sy + 4Cp v — ad']
x{09 — [t*(2Sy + 4Cp v — aa'|Tc.a} < ¢ — c2a'[t?(2Sy + 4Cyy — aa']Ta.

Here a € M(2Sy + 4Cyp,v) is taken into account. This is valid since

Tr(A,U) Tr(A,UA,U), ..., Tr(A;UA,U)

c M TI'(AQUAlU), ey TI'(AQUAPU)

Tr(A,U) Te(A,UA,U), ..., Tr(A,UA,U)
and also the matrix Cy,y is positive semidefinite.
Since
[tQ(QSU + 4CU,V — aa’]+

1 (28(] + 4CU_V)+aa’(QSU +4Cy V)+
= (2 4 + : :
12 (( SU + CU,V) + 2 a’(QSU n 4CU,V)+a )

we have

ug = c.[t*(2Sy +4Cpyv —aa']ta

Ce
= 2S 4C +
t2 —a’'(2Sy + 4CU,V)+a( v+4Cuyv)Ta

and
t2
12 — a’(2SU + 4CU,V)+a

By virtue of Lemma 6.4, the statement is proved. O

ez — c2a'[t*(2Sy +4Cyp,v —aa'|ta = c.

579



For more on the nonsensitiveness regions in testing statistical hypotheses cf. [2],
[6], 7], (8], [9]-

7. NUMERICAL EXAMPLE

/81,1’ ﬂ1,2
162,17 ﬁ2,2

measurements in both observation vectors Y; and Y. are suspicious) and ¥ =
1, 0 0, 0
o} (07 0) + 03 (07 1). Then
A ({MX}Z 71/0’1’ ) ( 0 )
1= - 4 )
0, {Mx}ii/o3
2
—92 —2\/ 017 O
a=(o0;%0 , U= ,
(o) {MX}“( iy

a?, 0 1 a2, 0
v= ("D M I Mxe™)) [V
(5 o) o™= gy mae oase (57

0, o3
x{Ioz @ [(ef") Muy]},

o n 0, 0 n
B, = (UB 0) ® [(e”)Mx], Bs= (0 4) @ [(e) My],

09

Let X be an n x 2 matrix, B = ( ), E=105L® ez(-n) (i.e. the ith

If o = 0.05, ¢ = 004, t = 4, 01 = 0.2, 05 = 0.2, then c. = 1.017,up =
(0.000339,0.001356)" and

t2

= 1.0848.
Etg — a’(2SU + 4CU7v)+a

Thus the nonsitiveness region for the level of the test can be characterized by the
ellipse

(69 — ug)'[t*(2Sy + 4Cypyv) — aa’](69 — ug) =)

1 —2
N ) [

with the centre given by the vector uy, with the first semiaxis equal to a = 0.007487
in the direction of the vector (0.999963,0.008601)" and with the second semiaxis
equal to b = 0.001871 in the orthogonal direction. Since 1 = o7, ¥ = o3 and
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vajor = 0.865, vb/oy = 0.216, it can be seen that the value o, must be known
much more precisely (21.6 %) than the value o1 (86.5%).
The covariance matrix of the estimator 9 in this case is

n—2 =

Var(d) = 2 g1 1 [0.00020, 0 |
n—2 0,  0.00320

thus we need at least 6 measurements (n — 2 > 0.00020/0.007487% = 3.6) for
the estimation of the parameter ¢;, but at least 916 measurements (n — 2 >
0.00320/0.0018712 = 914) for the parameter 95 in order for the resulting level of
the test to be smaller than a4+ ¢ = 0.09.

This simple example shows how important a good knowledge of variance compo-
nents is for making order to make a reliable statistical inference.

Analogous consideration can be done with respect to the course of the power
function.

Acknowledgement. The author thanks the referee for his valuable remarks and
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