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ON A RELIABLE SOLUTION OF A VOLTERRA INTEGRAL
EQUATION IN A HILBERT SPACE*

Icor Bock, JAN LoViSEK, Bratislava,

Abstract. We consider a class of Volterra-type integral equations in a Hilbert space.
The operators of the equation considered appear as time-dependent functions with values
in the space of linear continuous operators mapping the Hilbert space into its dual. We
are looking for maximal values of cost functionals with respect to the admissible set of
operators. The existence of a solution in the continuous and the discretized form is verified.
The convergence analysis is performed. The results are applied to a quasistationary problem
for an anisotropic viscoelastic body made of a long memory material.

Keywords: Volterra integral equation in a Hilbert space, Rothe’s method, maximization
problem, viscoelastic body
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0. INTRODUCTION

We will deal with the maximum optimization problem connected with a Volterra
integral equation in the Hilbert space. We consider a class of operator-functions
t — A(t) appearing in the state integral equation as the admissible set of control
parameters. We will use an approach similar to [6], where the maximization problem
for the class of coefficients of parabolic problems was considered. Solving the max-
imum problem with the class of operators appearing in the role of control variables
makes it possible to determine the reliability bounds of uncertain coefficients of the
coefficients characterizing the long memory viscoelastic structures. The problems
of uncertain material functions characterizing the elasto-plastic bodies were solved
in [7], [8], [9]. The paper [5] deals with the sensitivity analysis of the uncertain heat
conductivity coefficients problems for anisotropic steady-state heat flows.

*This work was supported by Grant 1/8263/01 of the Grant Agency of the Slovak
Republic.
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In contrast to [6] we start with the abstract formulation of the problem and its
approximation in Section 1. We will verify the existence and uniqueness theorem for
a certain class of linear continuous operators acting from the Hilbert space into its
dual. Applying Rothe’s method (see e.g. [10], [11], [14]) we prove a convergence result
for the approximated state problem with respect to a time variable and to a sequence
of finite-dimensional subspaces modelling the finite element spaces. In Section 2 we
state the maximization problem representing the so called “worst scenario”, i.e. the
worst admissible operators.

The problem formulated in a Hilbert space will be applied to the reliable solution
problem for an anisotropic viscoelastic body made of a long memory material. A
suitable functional depending on the time and space dependent coefficients is to be
maximized. The approximate solution using three dimensional finite elements and

the Hermitian interpolation with respect to the time variable is explained.

1. THE STATE PROBLEM AND ITS APPROXIMATION
For any Banach space X and T > 0 we introduce the set L>°(0,7;X) of all
measurable essentially bounded functions w: [0,7] — X, the set C([0,T], X) of all
continuous functions and the Sobolev space

Whe(0,T; X) = {w e L=(0,T; X): w' € L>(0,T; X)}

with a derivative w’ in the sense of distributions. All sets of functions are Banach

spaces with norms

[wll oo (0,7;x) = ess sup [w(t)]|x,

t€[0,T)
= a; t
lwllcgo,m,x) e, |w(®)x,
lwll w00 0,75x) = llwll oo 0,75x) + 10| Loe 0,75

We have a continuous imbedding W°(0,T; X) C C([0,7],X). Every element
w € WH2(0,T; X) can be expressed in the form

w(t) = w(0) —|—/O w'(s)ds, te][0,T].

Let V be a Hilbert space with a scalar product ((-,)) and a norm | - ||, V* its
dual space with a norm || - ||.. We denote by (f,v) the duality pairing between the
functional f € V* and the element v € V.
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We shall deal with the set of operator functions ¢ — A(t) with values in the
Banach space B = L(V,V*) of all linear bounded operators A: V — V*. We assume
moreover that A € U, where Y = W1°°(0,T;B). The operator A(0): V — V* is
assumed to be positive definite, i.e.

(1) (A(0)v,v) = ag||v]|* Yw eV, ag>0.
We introduce a norm in U equivalent to the original norm in W°(0,T'; B) by

[Allee = [|A(0)]|5 + ess sup [|A'(t)] -
te[0,T]

Let f: [0,T] — V*, (A" u)(t) = [ A'(t — s)u(s) ds. We consider
The state problem:
To find u: [0,7] — V fulfilling

2) AO)u(t) + (A" u)(t) = £(t), telo,T).

Theorem 1.1. Let f € C([0,T],V*). Then there exists a unique solution
u € C([0,T],V) of the equation (2).

Proof. Due to the Lax-Milgram theorem there exists an inverse operator
A(0)~t € L(V*,V). The equation (2) is then equivalent to the Volterra integral
equation in the Banach space V:

3) u(t) + (B xu)(t) = q(t), tel0,T],
with B € L*(0,T;L(V,V)), ¢ € C([0,T],V) defined by B(t) = A(0)~"LA'(t), q(t) =

A(0)71f (), t € [0,T7.
The equation (3) can be expressed in the form

(4) u=A(u),

where A: C([0,T],V) — C([0,T],V) is defined by A(u) = ¢ — B * u.
It can be seen easily that there exists an integer n = n(B,T) such that the
operator A" is contractive in the Banach space C([0,T], V). More precisely, we have
BT o 0,7
n!

| A" — A™|| < YWD lu—v]), n=1,2,...
and hence there exist ng € N and k € (0,1) such that
A" uw — A™v| < k|lu —v| Yu,v €V, n=mno.

Applying the Banach fixed point theorem we obtain the existence and uniqueness of
a solution of (4) which is also a unique solution v € C([0,T],V) of (3) and (2). O
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We will continue with a full discretization of the problem (2). Let us assume a
family of finite-dimensional subspaces {V3,}, Vi, C V, h € (0, ho) such that for any
v € V there exist v, € V3, h € (0, ho) fulfilling

(5) vp—v inV as h—0+.
Let A" €¢ W1>(0,T;B), h € (0, ho) be approximating operators satisfying

(6) (A" (0)u,u) > aollul|> Vu €V with ag >0,
(7) A" = A inU as h—0+.

Further we assume for 7 € (0, 79) the division of the interval [0, 7] by
O=to<tr1 <...<tn-1<ty=T, t;=ir, i=1,...,N=N(7).

We define the approximation u™ € C([0, 7], V},) of a solution u of (2) by

—ti1

t
(8) uhT(t) = U?II + (u:” - u?zl)’ te [ti—l’ti]v

where {ul7} are unique solutions (due to the Lax-Milgram theorem) of stationary
problems

(9) (Abul™ v) = (fo,v) Yo €V,
i—1
(10) <Agu§” +y (Al - A?_j_l)ugf,v> =(flv) YweW, i=1,...,N
§=0
with AP = AM(t,), fI = f(t;), i = 0,1,..., N. We have introduced f": [0,7] —
V*—approximating functionals of f.

In order to ensure the convergence of the scheme we impose a smoothness condition
on the right-hand side f.

Theorem 1.2. Let f € WH°([0,T],V*), f* € W1>([0,T],V*), h € (0, ho) be
such that

(11) = f in Wh([0,T],V*) as h— 0 +.
Then
(12) uh™ ~* 4 in WH([0,T],V) as h — 04, 7 — 0+,



where u € W1°°(0,T;V) is a unique solution of the equation (2) and u"" is defined

by (8)-(10).
If a solution u fulfils the condition

(13) mh(u) —w in C([0,T],V) as h — 0+,

where 7 (u)(t) € Vi, t € [0,T] is the orthogonal projection of u(t) onto the sub-
space Vj,, then

(14) u™ —u in C([0,T],V) as h— 0+, 7—0+.

Proof. Using the uniform coercivity (6) and the convergence (7) we obtain
from (10) the inequalities

ol 2 < < Z/ (A7) (t; — ) ds ! + F5ul >

and

i—1
| < g (Al +€) D rlluf Tl 4+ ag N, 6=1,... N, h€ (0, ho).
7=0

Applying the convergence (7), (11) and a discrete form of Gronwall’s lemma ([10])
with respect to {u?"} we obtain an a priori estimate

(15) |ul™|| < CL(T), i=0,1,...,N(7), he(0,ho), 7€ (0,7).

Let us denote dw; = 771 (w; — w;—1), w; = w(t;) for any function w € C([0,T], X)
with values in a Banach space X. Setting ¢ — 1 instead of ¢ into (10) and subtracting
from (10) we obtain the relations

(Alsul™ v) —< TZ(SAl i 0ulT — SAMUT + ol v >

i—2 J+1 1 [b
— <_Z/ (A" (tiey — s)dsoul™ — ;/ (A™Y (s)dsul™ + 5fih,v>
7=0 tj ti—1
Yv € Vj,.

Again using the convergence (7), (11) and a discrete form of Gronwall’s lemma we

arrive at the estimate
(16) |6ul™|| < Co(T), i=0,1,...,N(7), he€(0,hg), uc(0,).
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Let us define step functions @™, @"7: [0,T] — V by

’EhT(O) = gT, ﬂhT(t) = uhT t e (ti—lati]a

[

u
" (0) = 0, a () =ulT,, te(tii,t], i=1,...,N.

The equation (10) can be expressed in the form
(17) <Ah(0)ah7(t) + (AMY s a7 (t) + /t i(Ah)’(ti — 5)a""(s) ds, v>
= ([ 9 = (s + 700

forall veVy, te (ti_l,ti], i=1,...,N.
The a priori estimates (15), (16) imply the estimate
(18) ||uhT||W1'°°(0,T;V) < C3(T)7 h e (05 h0)7 TE (057—0)

and the existence of a function w € W>°(0,T;V) and a sequence {h,, T, }, hy > 0,
7, > 0 fulfilling

(19) By — 0, 7, — 0, u™ =% in WH(0,T;V).
Simultaneously we have inequalities

(20) [u" () — @7 (¢)
(21) [u" () — a7 (¢)

Applying the assumptions (5), (7), (11), the a priori estimate (15) and the esti-
mates (20), (21) we obtain from the equation (17) that the limiting function w
from (19) is a solution of the state equation (2). We have w = u due to the unique-
ness of the solution and hence the convergence (12) holds. We remark that we have
used the relation

I [F(t+7) = F(O)l|lLro,r,x) =0, 1<p<oo

for any function F' € LP(0,T;X) extended by F(t+7) = 0if t + 7 ¢ [0,7] in
performing the limit in the integral on the right-hand side of the relation (17).

It remains to prove the uniform convergence (14). Let up(t) := mpu(t) € Vi,
t € [0, T] be the orthogonal projection onto V4. Due to the assumption (13) it fulfils
the uniform convergence

22 I B o
22) hf&““ unllc(o,r,vy = 0
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We define functions vy : [0,7] — Vj, by

(23) Vhr = up — 4", h € (0,ho), 7€ (0,70).

Taking into account the relations (2), (17) we obtain the identity

(24)  (AM(O)onr (1) + (A") % opr (), vhr () = (Whr (1), 0nr (1)), E € [0, T,

where

whe (1) = A (O)un(t) — AO)u(t) + (A") xun(t) — A" u(t)

/ A (- )i () ds - / TCARY (6 5) + (AP (5 — )] () ds
+ AM(0)[an(t) — wn ()] + £(1) = T (8).

The uniform coercivity (6) and the assumption A" € L>°(0, T’; B) imply the inequality

t
lonr () < llwnr ()]« +C3(T)/O [onr(s)l[ds vt € [0,T].

The estimate

(25) v ()| < [|wnr(t)[l« expTCs(T) V¢t € [0,T]

follows due to Gronwall’s lemma. The previous assumptions and estimates imply the
convergence
wpr — 0 in C([0,T);V*) as h—> 0+, 7—0+.

The uniform convergence (14) then follows from (25) and the proof is complete. [

2. A MAXIMIZATION PROBLEM AND ITS APPROXIMATION

Let us assume the compact subset U,q C U of operator functions A: [0,7] — B
such that A(0) fulfil uniform positive definiteness (1). The functional ®: U X
C([0,T];V) — R fulfils

(26) Ap € Upa, {An,un} — {4A,u} in U x C([0,T);V) as n — oo
= lim sup ®(A4,,u,) < P(4,u).

We formulate
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Maximization problem:

(27) A, = arg max &(4,u(4)),

where u(A) is a solution of the integral equation (2).

Theorem 2.1. Let the assumptions of Theorem 1.1 be fulfilled. Let the func-
tional ® satisfy (26).
Then the Maximization Problem (27) has at least one solution.

Proof. Let {A,} be a maximizing sequence in Uyq for the problem (27), i.e.,

(28) lim ®(A,,u(Ay)) = sup P(A4,u(A)).

n—oo Aeuad

There exists its subsequence (again denoted by {A,}) and A, € U,q such that
(29) A, — A, in U.

The corresponding sequence {u,} fulfils the equations

(30) Ap(O)uy + Al xup = f, n=12,...

Let us denote by u, € C([0,T],V) = u(A,) the unique solution of the equation

(31) Ac(0)uy + AL xuy = f.
If
(32) up — uy in C([0,T],V),

then the property (26) implies the relation (27).
Comparing (30) and (31) we arrive at the equation

(33) Ap(0)(un — us)(t) —l—/o (A1)t — 8)(un — us)(s)ds = wy(t), te][0,T]

with .
wn(t) = [A(0) — Ap(0)]u(t) —|—/ (A — Ap) (t — s)us(s) ds.
0
We have
(34) nhjgo llwnllco,ry,v+) =0
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due to the convergence (29). The equation (33) implies, due to the uniform coercivity
and boundedness of {A,} in U, the inequality

t
[(un —w) @) < M/O [(un — ) (s)]| ds + llwn(8)[« Yt € [0,T].
Applying Gronwall’s lemma we arrive at the estimate
[(un = w) @] < Ca(M, T)||wn ()]l VE € [0,T]

and the uniform convergence (32) follows due to (34). The convergence (28), (29),
(32) together with the property (26) implies that a function A, € Ua,q solves the
Maximization problem (27). O

We continue with an approximate maximization problem. We assume that the
assumptions of Theorem 1.2 hold.

Let UM, C Uaa, b € (0,ho) be such compact subsets that for all A € U,q and
h € (0, ho) there exist approximating operator functions A, € U", fulfilling the con-
vergence (7). Let 7 € (0,79). We assume that the functional ®: U xC([0,T],V) — R
fulfils the continuity property

(35)  Ax € Uaa, ur €V, {Ag,ux} — {A,u} in U x C([0,T],V) as k — oo
= klim D(Ag,ur) = P(A,u).

For A € U", we denote by u""(A) € Wh*°(0,T;V) a solution belonging to the
approximating problem (9), (10).

The approximate maximization problem P”:

(36) AP = arg max ®(A,u""(A)).
Aeu,

Theorem 2.2. Let f € W1(0,7;V*) and let the admissible sets Uaq, U:d
satisfy the assumptions stated above. Then there exists a solution A" ¢ L{gd of
Problem (36).

Let the assumption (13) be fulfilled for every A € U. If {hy, 7.} is such a sequence
that

hn>0, 7,>0, h,—0, 7,—0,

then there exists its subsequence {hy, 7.} fulfilling

(37) Alrme 5 A, in U for k — oo,
(38) ul e (AMETR) 5 u(AL) in C([0,T],V) for k — oo,
(39) klim B(ALETe T (AMTEY) = B (A, u(AL)),
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where A, is a solution of Problem (27), u"*™ (A7) are solutions of the approximate
problem (9), (10) with h := hy, 7 := 74, A := A"™ and u(A.) is a solution of the
state equation (2) with A := A,.

Proof. Let {4,} CU" be a maximizing sequence for the problem (36), i.e

(40) lim ®(A,,u""(A,)) = sup ®(A,u""(A)).

n—09 Aeul,
There exists its subsequence (again denoted by {A,}) and A € U", such that
(41) A, — Ain U.

The corresponding sequence {u”7}, u’™ = u"7(A,) fulfils the relation analogous
o (17):

@) (Ao A+ [ A6 o)
= ([T =9 = () = ) ds + 77000

for all ’UGVh, te (tifl,ti], Z:L,N

Let u”™ be a solution of the approximated scheme corresponding to A:

(43) <A(o>a§:f(t) + (A" s @) (1) + /t ’ A'(t; — s)al"(s) ds, v>
= ([0 - Xt Nty as + 7700 )

forall veV,, te (ti—hti]a i=1,...,N.

The following estimates can be verified in the same way as in the proof of Theo-

rem 1.2:
(44) [l [y 0,7y < Cs(T),
l[un” () — @ ()] < 7C6(T),
l[un” () — " (8)]| < 7C6(T),
[|u ||W1 °°(OTV) < C5(T),
[uld™ () =@l ()| < 7C6(T),
lul™(t) — a7 ()| < TCs(T), n>ng, h e (0,hy), 7€ (0,70).
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Let us denote
(45) I = Al —uhT > ng, he (0,h), T€(0,70).
We obtain from (42), (43) the identity

(46) (An(0)unT(8) + Al vp" (8), 037 (1)) = (wp (1), 07 (1)

r n n

with W™ € C([0,T],V*) fulfilling
(47) Jim lwn"lle(o,r,v+) = 0.

Applying the uniform coercivity of the operators { A,,} and Gronwall’s lemma to (46)
we obtain due to (44), (45), (47) the convergence
(48) uh™ — w™ in C([0,T],V).
The property (26) of the functional ® and the convergence (40), (41), (48) then imply
that A = A7 is a solution of Approximate Maximization Problem (36).

We continue with the convergence of the method. Let h, — 0, 7, — 0. The

sequence { A"»7n} belongs to the compact set Uoq C U. Hence there exist its subse-
quence {A"7} and an operator function A € Uyq fulfilling

(49) AleTe = arg max @ (A, u " TE(A)),
Aeulk
(50) Al 5 A in U.

Let @ = u(A) be a unique solution of the state equation

(51) AOYa+Axt=f

and u/#7k = yRTe(ARETR) k=12 .. a unique solution of the approximate problem
ti
<A5:m (O)L () + (ALY s e (1) [ (ALY (1 = )b (s) s, >
t

t
= ([ Ity (e ) = (A (6 = i) as 4 P )0
0
for all v € Vi, te (th | tF), th=in, i=1,... Ny
Using the same approach as in the proof of Theorem 1.2 we obtain the convergence

(52) ule e (AP i = w(A) in C(0,T],V) as k — oo.
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For an arbitrary A € Uaq there exists a sequence {A;} € Ut fulfilling Ay — A
in U. At the same time we have

ul e (AF) = u(A) in C([0,T],V) as k — oc.
The relations (49)—(52) and the assumption (35) then imply the relations

(53) ®(A,u(A) = lim S(A u, (AheTr)

k—oo

> lim @(Ak,uhm (Ak)) = ®(A, u(A)).

k—oo

Hence we conclude that A = A, is a solution of Maximization Problem (27). More-
over, the convergence (37), (52), (53) holds and the proof is complete. O

3. APPLICATIONS TO MAXIMIZATION PROBLEMS FOR VISCOELASTIC BODIES

Let Q C R be a bounded domain with a Lipschitz boundary 9Q = Iy U I} with
open in 99 parts Iy, Iy, meas(Iy) > 0, [p NI} = @ and the unit outward normal
vector n(x), x € 9. We assume a quasistationary state of a viscoelastic body
occupying € and acting upon the body forces f(x,t), x € Q, t € [0, 7] and surface
tractions g(x,t), x € I, t € [0, T]. Considering the Boltzman type anisotropic long
memory material ([3]) we obtain the equilibrium equations

(54) —diveo(u;x,t) = f(x,t), x€Q, tel0,T]
with boundary conditions
(55) u(x,t) =0, xe€ly, o(uxt)n=g(x,t), xely,

and stress-strain relations

(56) oij(u;x,t) = Aijr (x,0)er(u(t)) + /0 %Aijkl (x,t — s)eg(u(s)) ds,

(9’111‘ (’)uj
(3'17]' 6561

(57) aij(u)zé( ) iji=1,2,3.

We assume the components of fourth order tensor functions A;;x (-, -): 2x[0,7T] — R
to fulfil

(58)  Ayw € WOD(Q x (0,T)) == {a € L®(Q x (0,T));a" € L= x (0,T))}.

480



The fourth order tensors A;jxi(x,0) are assumed to be uniformly positive definite:

(59) Aijkl (X,O)Eij&d > Co€ij€ij, Co > 0, a.e. in Q, V{{:‘ij} S Rg’;rg,
where R3%3 is the space of all symmetric tensors {e;;} € R3*3.

In order to simplify the admissible class of operator functions A(t), ¢t € [0,T], we
will consider 6 x 6 matrix functions A (= (A;;(x,t))$;—, instead of tensor functions
{Aij }-

We set

V={veH(Q)?: v(x)=0, xeT,},

the Hilbert space of displacements vectors v: £ — R3.
The operator function A € U appearing in the state equation (1) has then the

form
(60) (A(t)u,v) = /Qe(u)A(x, el (v)dz, u,vev,
where we set
e=(e1,...,86), €i=¢€u, 1=1,23, 64 =¢12, €5 = €13, €6 = €23.

The operator A(0): V — V* is positive definite with some constant ag > 0 due to the
uniform positive-definiteness of the tensor function {A;;x(-,0)} or the matrix A(-,0)
and Korn’s inequality, verified in ([13]).

If we define a functional f(t) € V*, t € [0,T] by

(61) (f(t),v) = /Qf(x,t) -v(x) der/ g(r,t)-v(r)dr, veV

Iy

we can identify the state integral equation (2) with a weak formulation of the bound-
ary value problem (54)—(57). Applying Theorem 1.1 we obtain

Theorem 3.1. Let f € C([0,T],L?(Q)3), g € C([0,T],L3(T1)3). Then there
exists a unique weak solution u € C([0,T],V) of the problem (54)—(57).

Let us introduce the following spaces of matrix functions:
62)  U=[WODQx (0,1))°°
and
(63) V= [WL=0,T;W'P(Q) nW"(0,T; LY(2)]°*¢, p>3, r>1.
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In order to carry out the compactness analysis we recall the part of Corollary 4
devoted to compactness in L™ spaces from the extensive paper of Simon ([16]).

Lemma 3.2. Let X C B C Y be Banach spaces with compact imbedding
X — B. Let F be a bounded set of functions in L>°(0,T;Y) and let OF/0t =
{0f/ot: f € F} be bounded in L"(0,T;Y), r > 1. Then F is relatively compact in
C(0,T; B).

Setting X := W1P(Q), p> 3, B=L>®(Q), Y = L'(Q) we obtain

Lemma 3.3. The set V is relatively compact in U.

We have applied the compact imbedding W4(Q) cc L>=(Q) ([12]) and the ex-
pression f(¢) )+ fo s)ds, a.e. in [0, 7] for any function f € WhH1(0,T; Z),
Z a Banach space.

The set of admissible matrix functions

(64) Uaa = {(Aij)5j=1 € V1 [(A)Si=illv < e,
eA(x,t)e’ > coee’, g >0, ¥x€Q, Ve € R%}

is then compact in the Banach space U.

Instead of the set U,q we can consider its arbitrary convex closed (in V) sub-
set. Lower and upper estimates can be imposed on the matrix members 4;;(x,0),
Aj;(x,t) in a similar way as in [6].

Most of viscoelastic materials are described by coefficients fulfilling an exponential
decrease of their time derivatives. In that case we can consider as the admissible set

Ung = {(Aij) € Uaa: (A5 ()| Lowyoxe < cze™, 5> 0, Wt € [0,T]}.

A very important special case of the set I/}, is the set of coefficients in the exponential
form
Aij(t) = 0>+ZBW> “Bmt o B>0, m=1,...,M
m=1

with a positive definite matrix (A;;)§;—;(0). Precisely, the admissible set has the

form
w2, = {[({B§:>>, (Bu}] € WH9(Q)5 x RM, ¢ > 3:
M
Z e(Bi;) ™ (x)eT > apee”, ap >0, ¥x € Q, Ve e RS,
n=0

1(Bij)™ lwra@ysxs < emy n=0,...,M;

0 < v < B < 6y ml,...,M}.
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Let

Q= ﬁm, QiﬁQj:(Z), for i # j.

1

P Cx

We assume the coefficients to be constant with respect to x on the subsets €,,,
m =1,..., M. The admissible set has then the form

U = {(Aiy) € U: Ajla, (x.t) = ATV (1),
t-s(A%"> (0)e” > coee”, ¢y >0, Ve € RO,

.

AT e wr(0,1), p>1, |AL lwewor) < €my m=1,...,M}.

We can formulate
Maximization problem P:

A, = arg max ®(A,u(A)), A={A;u}

AeUya

with goal functionals ®;: U x C([0,T];V) — R, ¢ = 1,2 fulfilling the assump-
tions (26).
Let Q; C Qand let I; C [0,7], j =
1) (A 0h) = s (o) i
a) ¥j(u(A)) = (measQ;)~! Jax, fﬂj up(A)(ty) dz, t. € (0,77, or
b) ;(u(A)) = (meas I;) ! (meas ;)" max fI fsz ug(A) dt dz.

1,...,J be intervals

1<k<L3
2) ® fO fQ )) dt d,
(A,U(A)) Z[%(Cfu %) erijai']? aij >0, bi; >0,
i)

oij = 03 (A, u(A)) (1) = Aijr (0)em(a(t)) + (Afx * e () (D).

The functional ®, expresses the intensity of the shear stresses.

It can be verified using the standard methods that Maximization problem P fulfils
for all above mentioned choices of admissible sets and goal functions the conditions
of the general theory and has at least one solution A, = {Au et

We continue with the finite element approximation of Problem P. We assume the
polyhedral region 2 divided regularly (see [4] for the details) by tetrahedron {G,}:

1(h)
Q= |JGi, GinG;=0, i#j, h=damG;, i=1,...,1(h).
;=1

The partition is consistent with the partition 02 = Iy UTy. Let
= {V evn 0(5)3: VlGi S Pl},
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where P; C R? is the space of vector polynomials of the first degree. Let us assume
the admissible set U,q defined in (64). In order to fulfil the regularity of coeffi-
cients {A;;r; } we shall consider the Hermitian interpolation with respect to the time
variable. The method of Galerkin space-time discretization used in [15] can be used
in final numerical algorithms.

For 7 > 0 we recall the division of the interval [0, 7] by
O=to<t1 <...<tn-1<tn=T, tm=mr, m=0,1,...,N(7)

and the approximation u”” € C([0,T], V4) of a weak solution u of (54)-(57) by

t— tm—l
T

a7 () =ul" |+ (T —alm ), t e [tmot,tm)
Approximate maximization problem P"":

Ai”' = arg max (I)(.A, uh” (A))v A= (Aij)?jzl

Aeuhr

with the approximate admissible set of 6 x 6 matrix functions

. t =ty
uhT = {Aeuad: A(t) :A,ﬁ?llwo(%)

t*tmf t*tm tftm
+ AL o () + A o () + Al ( )
T T T
A§2>:A(<)O>+TZA1<11>7 tm—1 <t < tm, ml,...,N(T)},
n=1

A = (A5, (A

m 13,m

)EUha 7'20,1,
Up={p€CQ): ¢lg, € P, n=1,...,1(h)}.

The Hermitian basic functions g, @1 have the form

() 1-322-22%, —-1<2<0,

) =

70 1-322+243, 0<a<],
(@) x + 222 4+ 23, -1 <20,
€Tr) =

o x — 222 + 23, 0<xr <1

The discrete values of u"” are determined by variational equations

(65) (ATl V) = (fiv), W eV,
m—1
<A(<)O>uibrz— + Z TAf‘ilnuZ 7V> = < mvv>7 Vv € Vh’ m = 1’ o "N(T)
n=0
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with operators AV — V* defined by

(Afuv) = [ ewAf],)60ew) o, uvev.

and finite element approximations f” of the functionals f(t,,) € V*,m=1,..., N(7)
defined in (61).

Using the approach similar to the proof of Theorem 2.2 the convergence of a
subsequence of {A"7} as h — 0+, 7 — 0+ can be verified.

Remark 3.4. The maximization problem (27) can be formulated also for the
bending problem of a viscoelastic plate of variable thickness made of a long memory
material. The deflections of the middle surface €2 are elements of the Hilbert space

0
V= {v € H*(Q): vlp, = 6_:1|F0 =0, vl = 0}7

if the part T}y of the boundary 952 is clamped and I3 is simply supported.

The functionals A(t): V — V* are of the form

Pu v
_ 3 . - — -
(A(t),v) = /Qe () Aijr (2, t) T dzq dag

with the tensors {A;ri(x, 1)}, 4,7, k,1 € {1,2}, © = (x1,22) fulfilling the positive
definiteness for ¢ = 0. The variable thickness e: @ — R can play the role of control
parameters in a similar way as in [1], [2], where a minimization problem for a short

memory material was investigated.
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