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Abstract. We prove that the finite element method for one-dimensional problems yields no
discretization error at nodal points provided the shape functions are appropriately chosen.
Then we consider a biharmonic problem with mixed boundary conditions and the weak
solution u. We show that the Galerkin approximation of v based on the so-called biharmonic
finite elements is independent of the values of u in the interior of any subelement.

Keywords: boundary value elliptic problems, finite element method, generalized splines,
elastic plate

MSC 2000: 65N30

1. INTRODUCTION

In this paper we extend some results of [13] to (bi)harmonic finite elements whose
shape functions are (bi)harmonic on each subelement. In Section 2, we describe
an interesting phenomenon which arises when using a special finite element shape
function for a general one-dimensional boundary value problem described by a system
of linear differential equations with variable coefficients. We find that there is no
discretization error at nodal points, i.e., the interpolant of the true solution is equal
to the Galerkin solution. Such exact results of the finite element method have been
reported in [6], [15], [17], [20], [21], [22]. A similar result for the finite difference
method was derived already in 1966 (see [2], p. 145). In [11], p. 134, solutions of
boundary value problems are approximated by piecewise harmonic functions, which
are not required to be continuous across element boundaries.

*1. Hlavacek was supported by cooperative research project ME 148 (1998).
** M. Krizek was supported by grant No. 201/01/1200 of the Grant Agency of the Czech
Republic.
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In Section 3, we enhance the finite element space by appropriate bubble functions
(see [3], [7]). Then we again obtain that the finite element solution equals the true
solution at all nodal points. For a higher order differential operator a similar assertion
holds for higher order derivatives.

In Section 4, we examine a biharmonic problem with mixed boundary conditions.
We consider finite element shape functions which are biharmonic on each subelement.
This property is satisfied for several kinds of C!-finite elements, e.g., the Heindl
piecewise quadratic triangular element [9], the piecewise biquadratic rectangular ele-
ment [14], the composite Hsieh-Clough-Tocher element or its reduced version [5], [8].
We prove that the values of the weak solution u in the interior of any subelement
have no influence on the Galerkin approximation of u.

Throughout the paper we use the standard Sobolev space notation (see [8]),
i.e., H®(Q) with the norm ||| stands for the Sobolev space of functions whose gen-
eralized derivatives up to order k are square integrable over the domain Q, (-, ), is
the scalar product in L?(£2). The space of polynomials of degree j is denoted by P;.

2. TWO-POINT BOUNDARY VALUE PROBLEMS

Let us consider vector-functions v: Q@ — R™, v = (vy,...,v,) ", m > 1, Q = (a,b),
—00 < a < b < oo. Consider differential operators

. (e} .
where »; > 0 are integers for s = 1,...,m; fug ) = d*vs/dz® in Q and nj,, are

bounded measurable functions. Let A;;(z) form a symmetric k x k matrix A(x)
satisfying the condition

(2.1) T A(2)E > colé]? V€ € R* and for a.a. x € Q,

where || is the Euclidean norm and ¢y > 0 is a constant. Let
m
w=]]H" )
s=1

with the standard Sobolev norm ||-||w. Let V' C W be a subspace of vector functions
satisfying some boundary conditions at the end points a and b such that

k
(2.2) Do ILi@)IFa = el voe V.
j=1

468



Remark 2.1. Inequality (2.2) may be called the inequality of Korn’s type. The
original Korn’s inequality in the theory of elasticity concerns the case when L;(v) are
identified as the strain tensor components eg. For sufficient conditions guaranteeing
the validity of (2.2) see e.g. [10] or [18], Theorem 11.3.2 and Lemma 11.3.2.

We will consider weak solutions of the following boundary value problem: Find
u € V such that

(2.3) L*ALu = f,
where

k
Lu=[Li(u),...,Ly(w)]", L'w= ZL;(wj),

where w = (w1,...,wg)", f € V' and L% are operators formally adjoint to L;.

Example 2.1.

—(p(@)u’) + g(x)u

f inQ,
u(a) = u(b) = 0.

Weput m=1,sq =1, k=2 W=HYQ), V=HQ),

w |t =" 0]

Then L*w = —w] + wy. The condition (2.1) is fulfilled if and only if both p(x)
and ¢(z) are positive and bounded away from zero. The condition (2.2) is satisfied
with ¢ = 1.

Example 2.2.

(EI(z)u")" =f mQ=(0,0),
uw(0) = u'(0) = u(f) = u'(¢) = 0.

This is a classical model of bending of an elastic beam clamped at both ends, where
I(x) is the moment of inertia and E denotes Young’s modulus of elasticity. We
set m = 1,50 =2, k=1, W = H*Q), V = H}Q), Lv = v", A = El(x)
and L*w = w”. The condition (2.1) is satisfied if and only if I(z) is positive and
bounded away from zero. Condition (2.2) holds as well.
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Example 2.3.

(EI(z)u}) + KGA(x)(uy —u1) =0 in Q= (0,4),
(KGA(x)(uy —u1)) = F in Q,
u1(0) = u3(0) = 1w (€) = un(€) = 0.

This is the Timoshenko-Mindlin model for bending of a clamped elastic beam (see
e.g. [16]). Here A(x) is the area, u; the rotation and wus the deflection of its cross-
section, K denotes the shear correction factor (K = const > 0), G = E(1 +0)1/2
and o is the Poisson constant. We set m = 2, 5 = 500 = 1, k = 2, W = [H'(Q)]?,
v = [HQP,

El(z) 0
0 KGA(x)

Lv{ g } Az) =

vy — 1

J
F(z) = fo(z) + Y Fid(x — ),
j=1

where fy € L'(Q), F; are constants, § is the Dirac function and x; € {2 are given.
Since I(z) and A(z) are positive and bounded away from zero in practice, condi-
tion (2.1) is fulfilled. Condition (2.2) follows from the well-known inequality

(2.4) \ > Cllvllo.q Yo € Hy(Q).

Indeed, we may write

1
(2.5) 5! 2| L1llf g

60 <lvy—ulfo+lullie<|

and (2.2) follows from (2.5) and (2.4).
A weak formulation of the general problem (2.3) reads: Find u € V' such that

(2.6) a(u,v) = (f,v) Yw eV,

where (f,v) denotes the value of a linear continuous functional f € V' for the

function v,
a(u,v) = (ALu, Lv))o,q
and
k
((U), Z))O Q= Z(w’r‘a Z’r‘)O Q
r=1
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By (2.1) and (2.2), we find that a(-,-) is a symmetric V-elliptic bilinear form, i.e.,
(2.7) a(w,v) = a(v,w),
a(v,v) > Clv|l

holds for all v,w € V, where C' is a positive constant. As a consequence, there exists
a unique weak solution for any f € V’.

Next, let 7}, be a finite (in general nonuniform) partition a = 2o < 1 < ... <
N < n+1 = b of the interval [a,b]. Consider a finite element space

Vi ={vn € V| L*AL(v4| ) =0 VK € T},

where K stands for a subinterval [z, z¢41] for e =0,..., N.
By a finite element solution of problem (2.6) we mean a function u, € V}, such
that

(2.8) a(up,vn) = (f,vn) Yop € V.
Theorem 2.4. Assume that ngj, € C*~1(Q) for all s,j, « under consideration

and Aj, € C¥(Q) for all j,r < k, where w = maxss — 1. Let (2.1) and (2.2)

s<m

hold. Denote by 1u and su the weak solutions of (2.6) corresponding to f1 and f,
respectively. Let yup and suyp, be the associated finite element solutions. Let

1ug"5*j*1)(xe) = gug"“jfl)(:ﬂe), s=1,....m, j=0,...,3¢s—1
hold for all nodal points x., ¢ =0,...,N + 1. Then
1Up = 2Up

holds in the whole interval [a, b].

Proof. Using (2.6), (2.8) and the definition of V;,, for
W= 1U — 22U, Wh = 1UK — 2Up
and any vy, € V}, we may write

a(wp,vp) = alw,vp,) = Z (ALw, Lvp))o,x

KeTy,
k k N Teit k
=Y (S auteto) =% [7Y ety L) as
KeTp r=1 Yj=1 0,K e=0 Y Te jr=1
N oram el k B k Tet1
- {Z Z ngs_ﬁ_l) Z(_l)t(”js(%sfﬁﬂ) ZAerrvh)(t)] =0.
e=0ts=1 =0 7j=11t=0 r=1 Te
Therefore, a(wp, wy) = 0 and (2.7) implies that ||wp|w = 0. 0
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Corollary 2.5. Denote by ur the Vj,-spline interpolant of the weak solution u,
i.e., ur € Vi, such that

ug"s_j_l)(a:e):ugfrjfl)(a:e), s=1,....m, 7=0,...,%s—1, e=0,...,N+1.

(29) Up = UT

holds in the whole interval [a, b].

Proof. In Theorem 2.4 we put 14 =u and su = uy, f1 = f and fo = L*ALu;j.
Since
a(u; — 2uh,vh) =0 Yop € Vi,

by (2.6) and (2.8), we have uy = suy, due to (2.7). Now Theorem 2.4 yields
Up = 1UR = 2Up = UT in [a,b].

O

Remark 2.6. Corollary 2.5 states that there is no discretization error at nodal
points when the above-mentioned finite element method is applied.

Example 2.7. For simplicity, let us take p(x) = 1 and ¢(z) = ¢ = const in
Example 2.1. Then the general solution of the equation

L*ALv= "+ ¢@v=0
is
v(x) = Cy cosh oz + Co sinh gox.

For any Y1,Y2 € R there exists a unique pair {Cq,Cs} such that v(z.) = Y;
and v(ze41) = Ya. Indeed, the determinant of the corresponding matrix equals
sinh qo(ze+1 — ze) # 0. The finite element space V}, is formed by continuous func-
tions which belong to span{cosh gz, sinh gox} on each subinterval [z, T¢41].

Example 2.8. Let us take EI(z) =1 and f € [C*(Q)]) in Example 2.2. The
space V}, consists of cubic Hermite splines on 73, i.e.,

Vi = {vn € CH(Q) | vn|, € P3(K) VK € Tp}.
From Theorem 2.4 we know that if
1u(ze) = qu(ze), 1u/(ze) =2u' (xe), €=0,...,N+1,
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then the associated finite element solutions coincide, i.e.,
1up = qup,  in [a,b].

Let u; be the cubic Hermite interpolant of the true solution u. Then by Corollary 2.5
we have u;, = uy in the whole interval [a,b]. This means that the finite element
solution produces exact values of the true solution and its first derivatives at all
nodal points,

(2.10) u () =u9(z,), j=0,1, e=0,...,N+1.

Another proof of (2.10) is given in [15], p. 110. (See also [4] and [12].)

Example 2.9. Consider the beam from Example 2.3 of a rectangular cross-
section, the height ¢ of which is variable, namely t € C(Q) (e.g., piecewise linear).
Then I(x) = Iyt3(x), A(z) = Aot(z), where Iy and Ay are positive constants. The
solution of the corresponding homogeneous system has the form

u = C4 / 2t73(2) dz + Oy / t73(2) dz + Cs,
0 0

ug = Cq </0$(x —2)2t73(2) dz — 2(1;;7;)% /: 2t71(2) dz>

+Cs / (x — 2)t73(2)dz + Csz + Cy.
0

By means of these formulae we can construct basis functions of the space Vj,
ie {gic},i=1,2,e=0,1,...,N + 1, such that

Vie(Tr) = ber, €,r=0,...,N+1.

Then we may write the finite element solutions in the form

N+1
vin(x) = Z Vin(Te)pic(x), =12
e=0

By Corollary 2.5, the finite element solution is exact at all nodal points =z,
ie., up(ze) = u(ze) fore=0,...,N 4+ 1.
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3. EXACT RESULTS FOR ENHANCED FINITE ELEMENT SPACES
Let us consider again the general problem (2.3). We can prove that the same exact

results at the nodal points as those in Section 2 are valid, if we enhance the space
Vi, by the space of “bubble functions”, i.e., if we replace V}, by the space

Vh == Span{@l, .. -,<Pn5¢01,1/102, cee awNm}a

where
Vi, = span{p1,...,on}

and ¥;s € V,i=0,...,N, s=1,...,m, are vector bubble functions such that their
all components are zeros except the sth component,

supp ¥;s C [, ip1] fori=0,...,N, s=1,...,m,
and
() =0 forj=0,...,5¢,—1, i=0,....N, s=1,....,m, e=0,...,N+1.

Let
U;? = span{vo1, ..., UNm}

The subspaces Vj, and U} are a-orthogonal, i.e.,
(3.1) a(vp,uf)) =0 Yo, € Vi, and Vui) € Uy,

Indeed, arguing as in the proof of Theorem 2.4, we have (cf. also [1])

N
a(vp,ul) = Z/
e=0v7%
N rm »xs—1 k B k (t)7 Tet1
=3[ Y @SS (e oA ) | =0,
j=1t=0

e=0ts=1 =0 r=1 Te

Te+1 k
> Ljuj(AjrLyvs)dz

e jr=l

since
(u%s)(%_ﬁ_l)(we) =0 fore=0,....N+1, 3=0,...,22,—1, s=1,...,m.
Any function @, € Vj, can be decomposed into the form
oy, = vr + 0,
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where vy € V}, is the Vj-spline interpolant introduced in Corollary 2.5 and vg e U}
is a bubble function. Therefore, we can write

(3.2) ‘N/h =ViL® Ui?’
making use of (3.1).
Let ur be the Vj-spline interpolant of the weak solution v and let uy € Vh be the
finite element solution, i.e.,
a(iin, o) = (f, ) Von € Vi
Since V}, C Vh, the relation
(3.3) a(tp —ur,vp) = alu —uy,vp) =0 Yo, € Vp

can be derived by an argument parallel to that in the proof of Theorem 2.4. Setting
wp, = Up — ur € V3, we may use the decomposition (3.2) to obtain

Whp = Wh1 + w%, wpr € Vi, wg S U;(L).
Then (3.3) yields that
0 = a(wnr +wh, wnr) = a(wnr, wir)
and wp; = 0 follows from (2.7). As a consequence,
(3.4) i —uy = wj, € Uy,

so that _
Ay ) = )

holds for s=1,...,m, j=0,...,¢s —1lande=0,..., N + 1.

Remark 3.1. Note that at nodal points, we have obtained the same exact results
as in Corollary 2.5.

Example 3.2. Consider the Dirichlet boundary value problem for the equa-
tion —u” = f, i.e., m = 55y = k = 1. Let V) be the space of continuous piecewise
linear functions. If UY consists of piecewise quadratic bubbles, then the Galerkin
approximation 4 equals the true solution u at all nodal points ., e =0,..., N + 1.
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4. BIHARMONIC PROBLEM IN THE PLANE

Let Q C R? be a bounded domain with a Lipschitz-continuous boundary 99 (see
[18]) and the outward unit normal n = (ng,ny). Let 02 be piecewise smooth with a
finite number of corners. Consider a model of an elastic plate

Aw = (Waz + 0Wyy)az + (Wyy + OWaz)yy + 2(1 — 0)Wayay = f in Q,

1

where o € [0, 5) is the Poisson constant. The associated bilinear form reads

a(u,v) = / [(Ugg + OUyy ) Vza + (Uyy + TULe)Vyy + 2(1 — 0)UgyVgy] dz dy.
Q

For all u € H*(Q2) and v € H%(Q) we have (see [19], Chapt. 23)

ov

J
(4.1) a(u,v) = (AZU,U)0,9+<%,M(U)> o T)opat+ > v(sy) H(w)](s;),
j=1

0,090
where s; are corner points of the domain €2, J denotes the number of corners,

0%u

on2

I(Au)  O(H(u))
on * Os

H(u) = (1 — 0)((Uzz — Uyy)nany + ny(ni —n2)) (twisting moment),

M(u) =cAu+(1—o0) (bending moment),

T(u)= — (effective force),

and [H(u)](sj) = H(s;+) — H(s;j—) is a jump of the twisting moment.

Let us point out that [H(u)](s;) =0 for all j=1,...,J if u =0 on 99.

Consider the so-called intermediate boundary value problem, which corresponds
to a simply supported elastic plate, i.e.,

A%u=f inQ,
u=M(u)=0 ondQN.

Introduce the space V = HZ2(Q) N H(2). We look for a weak solution u € V
satisfying

(4.2) a(u,v) = (f,v) Yo eV,

where f € [C(Q)] is a given load. The approximate solution is searched in the finite
element space

Vi = {vn € CH(Q) | vn|, €b(K;) VK; € T, v, =0 on 90},
where vy, € b(K;) are biharmonic functions on each subelement K; (i =1,...,7) of
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the element K € 7p, i.e.,

(4.3) v, € HY(K;), A2v, =0in K;.
Define the finite element solution uy, € V};, by the equation
(4.4) a(up,vn) = (f,vn), vn € Vi

Theorem 4.1. Let u; and us be two solutions of (4.2) corresponding to two
right-hand sides fi1 and f,. Denote by uip and usp their finite element solutions,
i.e., solutions of (4.4) for fi and f2, respectively. If

8’11,1

8’11,2
g, = g, e

B, On

b
By,

where

By,= OaKu

KeTy, i=1

then w1 = ugp on the whole €.

Proof. By (4.2) and (4.4), relations (4.1) and (4.3) can be written as

(4.5) a(up, — ugp,vp) = a(ur — ug,vp) = Z Za(ul — U2, V) K,

KeT, i=1
— K;h ; {(u1 — Uz, szh)o,l{i + <%(u1 — u2), M(vh)>07am
J
o~ T ore, + D (o w)(s»[H(vhn(sg—)} 0

for any v, € Vj,. Here a(-, ")k, is defined similarly to a(,-), where integration is
taken over K;. By [10], the following Korn’s inequality holds:

(46)  a(v,0) > (1= 0)(|lvaell3 o + lvyy

5.0+ lvayll 0) = Clloll3 o Yo eV,

where C' is a positive constant. Since V}, C V, from (4.5) and (4.6) we arrive at
C||wh||§7Q < a(wp, wy) = 0 for wy, = uyp — ugp. Hence, ugp — ugp = 0 in Q. O
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