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WEIGHT MINIMIZATION OF ELASTIC PLATES USING
REISSNER-MINDLIN MODEL AND
MIXED-INTERPOLATED ELEMENTS
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Summary. The problem to find an optimal thickness of the plate in a set of bounded
Lipschitz continuous functions is considered. Mean values of the intensity of shear stresses
must not exceed a given value. Using a penalty method and finite element spaces with
interpolation to overcome the “locking” effect, an approximate optimization problem is
proposed. We prove its solvability and present some convergence analysis.
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INTRODUCTION

We consider a weight minimization problem for an elastic plate, the bending of
which is described by means of the Reissner-Mindlin model. The constraints are
given in terms of the intensity of shear stresses. The role of design variable is played
by the function of thickness, belonging to a class of Lipschitz-continuous functions.

We consider two cases of boundary conditions, namely those for (i) hard clamped or
(i1) hard simply supported edges of the plate. The finite element method proposed by
Brezzi, Fortin, Bathe and Stenberg (see [3] and the literature therein) was extended
to plates of variable thickness in a recent paper [1]. Here we employ penalty method
and some results of [1] to introduce an approximate optimal design problem, to prove
its solvability and to present some convergence analysis. The existence of an optimal
thickness function for the weight minimization problem is proved, as well.
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1. SETTING OF THE OPTIMAL DESIGN PROBLEM

Throughout the paper we consider an elastic homogeneous anisotropic plate, which
occupies a domain QX (—t(z1, z2), t(x1, T2)), where § is a bounded, simply connected
domain in R? with a polygonal boundary 89 and t belongs to the set

Uypq = {t € CO1(Q) (i.e., Lipschitz functions) |
tmin < 8(Z1,%2) < tmax, |0t/0z;] < Ci, i =1,2}.

Here tmin, tmax, C1, C2 are given positive constants, ¢min < timax-

Let the transverse displacement w (deflection) of the midplane belong to Hg(f2)
and let the rotation vector (3 of fibers normal to the midplane belong either (i) to
[H$(€2))? for hard clamped plate or (ii) to V = {8 € [H!(Q))? | B-7 =0 on 90} for
hard simply supported plate. Here 7 is the unit vector tangential to the boundary.

The components of the small strain tensor are

9Bs |, 9Bs
B2p T axa)’

a3 = (8za ﬂa) a=1,2, ez3=0.

ea,a=—rr3—( a,f=1,2,

Henceforth, we use Greek subscripts within the range {1,2} and the summation
convention for repeated subscripts.
The following stress-strain relations are considered

(11) Oap = Cafv5€v6,
Oa3 = 6upeps,
where the coefficients ca,6, 6up are constant,
(1.2) Cafys = Cyéaf = CRays
Cap~sTaBTys 2 CoTaBTag

holds for all symmetric matrices (7o) with some positive co; & is a diagonal matrix
with positive entries.

Assume that body forces are zero and an external surface load f = (0,0, f)T acts
on the upper surface z3 = t(z1, 22).

The total potential energy is

(1.3) (8, w) = 3a(t; 8, 8) + 3¢(Vw — B, Vw - f] = (f,w
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where
- 2 3
(1.4) a(t; B,n) = §/nt Capv6(0Ba/0zp)(0ny /0zs) dz,
t[u,v]:/t(é’u)Tvdx,
Q

(f,w) =/wadz.

The latter brackets will be used also for vector-functions from [L%*()]2, so that
t[u,v] = (t&u,v).
Let a specific weight w = const be given. Then one half of the weight of the plate

i) = /Q tw dz.

The optimal design will be constrained as follows. We choose the second invariant

is

of the stress tensor deviator (intensity of shear stresses)
I = 03, + 05y — 011022 + 3(015 + 033 + 033)

at the extreme fibers (z3 = *t) of the plate or at the midplane (z3 = 0) to play the
decisive role. Inserting the relations (1.1) and realizing that o43 = 0 for 3 = £t by
symmetry of stress tensor and g,3 = 0 for z3 = 0, we obtain

(1.5) I, =215, (VPB) for x3 = %t
I, = Iny(Vw—-6) forz3z =0,

where I3;, Iz; are homogeneous quadratic forms, namely
(1.6) I (V,B) = (011753,37/8.'125)2 + ...+ 3(c12~,,;8ﬁ7/63:5)2,
3
Inao(Vw = B) = 3{(61,(90/9z, = ,))* + (62, (0w/02, — 8,))}.

Let us define functions

Yk (B, w) = (meas Ag)~! /A 21, (VB)dr — 02, K=1,...,s,

YK (B,w) = (meas Ag)~! Ip(Vw—-p)dz-12, K=s+1,...,K < 400,
Ak

where Ag C Q are given subdomains and o4, 74 are given constants.
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We define the constraints

and the set of statically admissible design variables

Sea = {t € Y | f 1), w()]" = }

K=1

where {((t),w(t)} is the minimizer of the potential energy II(t;3,w) over (i)
[H ()2 x HE(Q) or (ii) V x H}(Q). We shall consider the following Optimal
Design Problem:

(1.8) to = argmin j(t).
t€S,a

2. EXISTENCE OF AN OPTIMAL THICKNESS FUNCTION

The solvability of the Optimal Design Problem (1.8) will be proved by means of a
penalty method. To this end, we introduce a penalized cost functional
K +
He (t:8(t), w(t)) = Y [ (B, w(1)]
K=1
where € > 0 is an arbitrary parameter. Then we define the following penalized
optimal design problem

(2.1) te = argmin £ (¢t; B(t),w(t)).

tEUaa

To prove the solvability of the problem (2.1) we shall need a continuous dependence
of the solution {8(t),w(t)} on the function ¢. The standard norms and seminorms
in H*(Q2) will be denoted by || - ||x and | - |x, respectively, k = 1,2.

Proposition 2.1. Let t, — t in C(2), asn — 00, t,, € Zq. Then
18(tn) — B + [w(tn) — w(t)y — 0.
Proof. For brevity, let us denote U = {B,w}, Z = {n,(}, Bn = B(tn), wn =
w(t,). Recall that [l—Lemma 1.3] positive constants ci, ¢z, c3, ¢4 exist such that

citd :
s (IBI + wl}) < (U Ul < (81 + )

min

(2.2)
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holds for all {8,w} € V x HA(Q) and all t € %,q, where
tlU, Z]a = a(t; B,n) + ¢[Vw - B, V( —n].
For any U, = {Bn,wn} we have (cf. [1—(19), (20)])
(2.3) talUns Z)a = (f,Q) VZ €V x Hy(Q) ([Hs())* x Hp(Q), resp.).

Inserting Z = U, and using (2.2) we obtain

C
18l + lwal} < Cllfllollwallo < Q—ETIIfllo +3CCpei|walf,
where the Friedrichs inequality
lwally < Crlwal?
has been employed. Choosing e; = (CCfp)~!,
(2.4) Ul = 181} + wal} < CUSIZ
follows for all n. Consequently, a subsequence {Uyx} C {U,} and a function U €
V x HL(), ([H3(2))? x HE(Q), resp.) exist such that Uy — U (weakly) in the
corresponding space.

We show that U = U(t), i.e., U solves the problem for the limit ¢.
First we prove that

(2.5) lim tk[Uk,Z]A :t[U, Z]A
k—o0
holds for any Z. In fact, we may write

=0+ 02 =0,

since
K1 < Otk = lloollBellallnlly — 0
due to (2.4) and
Jim =0
by virtue of the weak convergence of [y.
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An analogous argument yields that
(2.7) |t & (Vwi — Br),6) — (t&(Vw - B),8)] - 0 V6 € [LE(Q)]%.

Combining (2.6) and (2.7), we arrive at (2.5).
By (2.3),
178 [Uk? Z]A = (f) () VZ = (77, C)

Passing to the limit with ¥ — oo and using (2.5), we arrive at
t[U, Z]A = (fv C)

Since the solution of our boundary value problem is unique for any ¢t € %,a,
U = U(t) and the whole sequence {U,} tends weakly to U(t).
It remains to prove strong convergence. First of all, we have

(28) Jim ¢, [Un, Unla = lim (f,wn) = (f,w) = U, Ula.
Second, we can show that
(2.9) lt.[UnsUnla — t[Un,Un]a] = 0, asn — co.
Indeed, by virtue of (2.4), we may write
|a(tn; B Bn) = a(t; B, Bn)| < CIItS, = ool Bull} — 0
and
|((ta = )E(Vwn = Br), Vwn = Bn)| < lltn = taClIVwn — Balld = 0,

so that (2.9) follows.
Then we have
1}1{20 t[Uny UH]A = t[Ua U]A1

since

|t[Un, Un]A - t[Uv U]Al S lt[UnaUn]A — ta [Una Un]Al
+ ¢, [Un, Unla — ¢[U, U] 4| = 0.

follows from (2.9) and (2.8).
By virtue of (2.2) and the weak convergence of {U,} we obtain

C"Un - U“f g t[Un - Ua Un - U]A = t[Un1 Un]A - 2t[Un7 U]A + t[Ua U]A — 0.
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Lemma 2.1. Let t, =t in C(Q) asn — 00, t, € 4. Then

=

Jim [ (B(tn),w(tn)]" = Wr (B, w®)]", K=1,...,

Proof. We may write

| [k (B(ta), w(ta))] " = [k (B(t), w(t)] ™|
< I'I/JK (ﬂ(tn),w(tn)) - "pK (ﬁ(t),w(t))l
< (meas Ag)~ / 12121 (VB,) — 21 (VB)+

Ak

+ Ioa(Vw, — Bn) — Ina(Vw — B)|dz
< (measAK)’l/ (t2axlT21(VBn) — I (V)]

Ak

+ (2 = 2|12 (VB)| + | L2 (Vwn — Bn) — To2(Vw — B)]) da.

Since I2; and I, are homogeneous quadratic functions, the integral has a following
upper bound

C{l1Bn = Bl (1Ball + 118l11) + 15 = £lloo
+ (IVw = Bllo + [Vwn = Ballo) IV (wn — w)llo + 182 — Bllo)},

which tends to zero due to Proposition 2.1. O

Proposition 2.2. The penalized problem (2.1) has a solution for any € > 0.

Proof. The functionals j(t) and [¢x (ﬂ(t),w(t))]+ are continuous in %,4 by
virtue of Lemma, 2.1. The set %,4 is compact in C({2). Hence a minimizer t, € %,q
exists. O

Theorem 2.1. Assume that S,q # 0. Let {€}, € — 04, be a sequence and
let {t:} be a sequence of solutions to the penalized optimal design problem (2.1),
{B(te),w(tc)} the sequence of corresponding rotation and deflection fields.

Then there exist a subsequence {€} C {e} and to € Sqq such that

t: > to iIn C(Q),
1B(te) — B(to)llr + |w(te) — w(to)r — 0,
where g is a solution of the Optimal Design Problem (1.8).
Proof follows from Proposition 2.1, Lemma 2.1 and the compactness of the set

%aa. For the details, see an analogous proof of Theorem 2.1 in [2]. O
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Corollary 2.2. If S,q # 0, there exists at least one solution of the optimal design
problem (1.8).

Proof. An immediate consequence of Proposition 2.2 and Theorem 2.1. a

3. APPROXIMATE OPTIMAL DESIGN PROBLEM

We are going to define an approximate problem, combining the penalty method
with a finite element discretization, by means of mixed-interpolated elements [3]. In
contrast with [3], however, we need a more general method, which includes plates
of variable thickness. Such a generalization was given by the author in [1] together
with an error analysis, concerning a particular choice of piecewise polynomial finite
element spaces. Here we employ the same finite elements and exploit some results of
the above-mentioned paper.

Let us consider a regular family {Z,}, h — Oy, of triangulations of the domain (2.

We denote by .ZF the space of piecewise polynomials on J}, of degree < s, which
belong to H*(2). Let B3 be the space of “bubble functions” on J;, of the third
degree, i.e.,

B; = {v|v|g € P3(K)NH}(K) for all triangles K € }.

Let Hy, be the intersection of (£} @ B3)? with [H}(Q)]? or V, respectively, (Crouzeix-
Raviart elements), W), = £} N H} ().

Moreover, we use the space RT) of Raviart-Thomas elements of the first degree.
Recall that (see [3])

RTy(K) = (PL(K))? + zPi(K) VK €
and RT; C H(div;), i.e., the degrees of freedom are chosen in order to ensure
continuity of the flux at interelement boundaries. Let (RT})* denote the rotation

of vector-functions from RT) by n/2, defined by a* = (—as,a;)T. We define the
interpolation II, : H, — (RT})* by means of

/(nh ~pme) -Tuds =0 Yy € Pi(e)
for all sides e € 0K € , and
/ (mn — Opnp)dz =0 VK € G,
K
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Here P;(e) denotes the space of linear polynomials on the side e.
Instead of %,q4 we introduce an internal approximation
UL = U0 LL.

a

We define the Approzimate Optimal Design Problem

(31) i =argmin /6 (th;ﬂh(th)7wh(th)),
thE@/ﬂ"d

where

(3:2)  {Bu(tr),wa(tn)} =  argmin  {5a(th;nn,mm)

{m.CYEHL X W),
+ 5 (tn&(Vh = Tamn), VCn = Tana) = (£, Gn)}-

Next, let us prove the solvability of the problem (3.1). To this end we first establish
Lemma 3.1. Let , be fixed and let t7 € %}, n=1,2...,
ty = th, asn — oo.

Then

Br(th) = Br(tn),

wh(t;:) — wh(th).

Proof. We shall drop out the subscript “h”, in what follows. Let us denote
Bn = B(t"), wn = w(t"), B = B(t), w = w(t), U™ = {Bn,wn}, U = {B,w}, Z =
{n, ¢},

(3.3) (U, 21 = a(t; B,n) + (t6(Vw — 118), V¢ — TIn).
The definition (3.2) implies that

(3.4) = [U™, Z)h = (£,¢) VZ e Hy x W,

Let us denote

1T = (1812 + fwf?)'72,
An=U"—U = {B — B, wn — w}.
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Using some results of [1—(16), (27)], we can prove that the form ,[U, Z]% is uniformly
elliptic, i.e.,

(3.5) (U, UL > cllU|?

holds for all U € Hp, x Wy, h € (0,1] and t € %4, where ¢ > 0 is independent of U,
h, t. (The proof is parallel to that of [l—Lemma 1.3]).
Since %, is closed, t € %,. By definition, we have

(36) (U, 2] = (£,¢) YZ € Hy x Wy
From (3.5) and (3.4) we get
clU™? < e (U™ U5 = (f,wn) < ClSlollU™

so that the sequence {||{U™||} is bounded.
It is readily seen that

(37 e [U, ARl = o[U, Al
< |a(t™, B, Bn — B) — a(t; B, Bn — B)|
+ (" = )&(Vw - TIB), V(wn — w) — (B, — B))|
< C{lIt™)® = ElloollBlI 1B = Bllx
+ [[t" = tlloo (fw]1 + ITLBll0) (Jwn — w1 + (T1(Bn = B)llo) }
S C(It™)? = tloo + [I1t™ = tlloo) U AR] = O,

since ||A,|| are bounded and
IMnllo < lInllx Vn € Hy

(see [1—(27))).
Finally, we may write

cllAn]l? < e [U™, ALY — = [U, An)h
= (t" [Un7 An]}/ll - t[Ua Aﬂ]’:&) + (t[Uv An]% -t [U, An]}:‘)

Form (3.4) and (3.6) we see that the first term vanishes. The second term tends to
zero by virtue of (3.7). O
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Theorem 3.1. The Approximate Optimal Design Problem has at least one solu-
tion for any (fixed) triangulation 9 and any positive €.

Proof. Making use of Lemma 3.1, we prove that the functions

th = [V (th; ﬁh(th),wh(th))]+

are continuous in %, (cf. the analogous proof of Lemma 2.1). Consequently, the
function tp, = _Z (th; Bu(tr), wa(ts)) in (3.1) is continuous, as well.
Obviously, we have

th € UL <= {th(Qi)}i:, € o C R™,

i=1

where @Q; are vertices of ;. The set & is compact, being bounded and closed.
Hence the functional _Z, attains its minimum in %", a

4. FINITE ELEMENT ANALYSIS

A natural question arises, what happens if we keep the parameter ¢ fixed and
refine the mesh size h. We can prove, that a subsequence of solutions {t5}, h — 04,
exists, which converges to a solution t¢ of the penalized optimal design problem.

Lemma 4.1. Let us assume that the solution {((t),w(t)} is regular, so that
(A1) B(t) € [H*(Q)P, w(t) € HX(Q) Vt € Zu,
and there exists a constant C > 0 such that
1Bz + lw@®)ll2 < C Yt € Zaa.

Then
18(t) = Bu(®)ll1 + [w(t) — wi(t)]y < Ch Vt € X, Yh € (0,1]

holds, where the constant C is independent of t and h.

Proof. Denote again U = {8,w}, Z = (n,(),
tlU, Z)a = a(t; B,m) + o[Vw — B,V — (].
The solution U = U(t) satisfies the condition
(4.1) U, 2]a = (£,0) VZ € [Hy(Q))® x Hy(Q) (or V x H3(R)).
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The approximate solution Uy = Ux(t) = {Br(t),ws(t)} satisfies the analogous con-
dition

(42) tUn, 20)% = (f,Ch) V2 € Hy x W,

(cf. (3.2) and (3.3)).
Subtracting, we obtain

(4.3) tlU, Z)a — t[Un, Z0)a =0 V2, € Hy x W

For the time being, let ¥}, € Hy x W), be arbitrary. From the uniform elipticity (3.5)
of the second bilinear form and (4.3) we obtain

(4.4)c||Un = Y41 < o[Un — 4, Un — %)%
tlUn = Yy Un — Yhla + [ % Un — Yh)a — e[ %, Un — %44
< CNU = %lllUn = 4l + e[ %4, Un — V)4 = e[%4, Un — %]4.

We use the triangle inequality and (4.4) to derive that

. Yhy Z0)a — ¢[Vh, 2014
4.5) U -Ux|| L C inf U-7%]+ su il ’ AL
@5) (U-Uul<C, inf {IU=%) Ll TZ] }

(which is a consequence of the First Strang Lemma—cf. [5—Th. 26.1, p. 192]).
Let us substitute ¥}, := Uy, i.e. the projection of U into Hj, x W} with respect to
the inner product
(Uh, Z3)10 = (Br,mn)1 + (Vwa, VEr)o.

Thus we arrive at

(4.6) U = Unll < C{IU - Unll + S;p(t[Uh,fh]A = Un, Za)) /| 2311}
h

The classical approximation theory yields

(4.7) U =Uwll < ( {18 = nally + lw = Culi} < CA(IB(E)|2 + |w(?)]2)

inf
M Cn YEH, X W),

Next, we may write

0, Z0)a — t[On, Z0)% = V@i — Br, Vi — mn] — [V@ — TaBh, VEh — Iana]
= [=Bn + OnBh, VCh] + [V@n, —nn + Ounn] + [Brymn) — (aBh, M, na) £ [IaBr, ma)
< C{(I¢]r + 1Bl TR BR = Bullo + (|1@aly + ITTABAllo)ITThnn — nallo}-
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Making use of the estimates
IThBr — Bullo < ChlBalls,  ana = nallo < Chlinllx
and [1—(27)], we obtain
(4.8) ([Un, 234 = [On, 25)0) /11251l < Ch(|IBrllx + @)
Since ||Uy|| < ||U|| follows by definition, we have
(4.9) IBally + |@rl < V2(1Tsll < V2(IB®)1l1 + w(®)]1)
Inserting (4.7), (4.8) and (4.9) into (4.6), we arrive at
(4.10) U = Unll < CR>IB@) Iz + lw(®)]l2)-
Consequently, Lemma 4.1 follows from (4.10) and (A1). O

Proposition 4.1. Let the assumption (A1) of Lemma 4.1 be fulfilled and let {t;},
h — 04 be a sequence of t,, € %}, such that

t, =t in C(Q).

Then
1B (tn) — B(E)I1 + |lwh(tn) — w(t)y =0 ash — 04

Proof. By triangle inequality, Lemma 4.1 and Proposition 2.1 we have

U () = U < [IUn(tn) = Ul + U (82) = U@l
< Ch+||U(tn) = U(t)|| = 0.

O
Proposition 4.2. Let the assumptions of Proposition 4.1 be fulfilled. Then
Fe(th; Br(tn), wn(t)) = 2. (t:8(1), w(t)), ash— 04.
Proof is analogous to that of Lemma 2.1. O
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Lemma 4.2. Let each triangle K € 9, € {4}, h — 04, have two sides parallel
with the coordinate axes. Then for any t € %,q there exists a sequence {ty}, h — 04,
such that t, € %}, and

tn =t in C(Q).

For the Proof—see [2—Lemma 4.2].

Theorem 4.1. Let the regular family of triangulations {Js}, h — 0., satisfy
the assumption of Lemma 4.2. Let the solutions {((t),w(t)} satisfy the assumption
(Al) of Lemma 4.1.

Assume that {t5}, h — O, is a sequence of solutions of the Approximate Optimal
Design Problems (3.1).

Then there exists a subsequence {t5} C {t;} and an element t. € %,q such that

(4.11) t5 =t inC(Q)
(4.12) 185,(25) — B(te)llr + lwy, (85) — w(te)r = O,

where t. is a solution of the penalized optimal design problem (2.1).
Each uniformly convergent subsequence of {t} tends to a solution of the problem
(2.1).

Proof. Since %), C %q and %,q is compact in C(Q2), a subsequence of {5}
exists such that (4.11) holds with t. € %,4. Then (4.12) follows from Proposition 4.1.

Consider any t € %.q. By Lemma 4.2, there exists a sequence {7;}, 7; € “Z/j&,
such that 7;, — ¢t in C(Q). By definition of the problem (3.1)

e (5 B1(85), wi (8)) < e (735 Bi (1), wi (73)).
Passing to the limit with h — 04 and using Proposition 4.2 on both sides, we obtain

Lo (te; Blte),w(te)) < £ (4 8(1), w(t)).

Consequently, t. is a solution bf the problem (2.1). The rest of the theorem is obvious.
O
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