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Summary. The preconditioned conjugate gradient method for solving the system of linear
algebraic equations with a positive definite matrix is investigated. The initial approxima-
tion for conjugate gradient is constructed as a result of a matrix iteration method after
m steps. The behaviour of the error vector for such a combined method is studied and
special numerical tests and conclusions are made.
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ments

AMS classification: 65F10

1. INTRODUCTION

Let us consider the system of n linear algebraic equations
(1.1) Az =0

supposing that the matrix A is real, symmetric and positive definite. Let z* denote
the solution of (1.1). Before presenting an overview of the results of our work,
in this introduction, we will make the following consideration, which will contribute
towards better understanding of the whole problem. Let us mention here the notation
used in this article. By R™ we denote the real linear space of all column vectors
z = (z1,...,2,)T with real components. The symbol L(R"™) denotes the set of
all real n x n matrices. The vector e;(n) is the ith column of the identity matrix

This paper was supported by the Grant Agency of the Czech Republic under Grant
No 201/93/0429.

19



I € L(R™). We will write only e;, if the dimension n is prescribed. Let

e(n) = zn:e,-(n) =(,1,...,1)7T.

i=1

If u; € R*, i =1,2,...,s, then (uy,...,us) is the matrix with columns u;. The
symbol © denotes the null vector in R™.

Let C be a nonsingular matrix n x n. If we multiply the system (1.1) from the
left by the matrix CT, we obtain

(1.2) cTAacCc 1tz =C"b,

and if we substitute

(1.3) A=CTAC; z=C"'z; b=CTb,

we obtain from (1.2) the system

(1.4) Az =D

with a symmetric and positive definite matrix A, having the solution z* = C~1z*.
Let &, € R™ and let us put 7o = b— AZo. Let us suppose that the Krylov subspace

span{7o, Afo, . ,/ik_lf‘o} has the dimension k. The vector Z; that we obtain in the

kth step when applying the conjugate gradient method is just the vector which lies
in the linear variety

(1.5) o + span{o, A, ..., AF 717}

and fulfils the condition

(1.6) 7r = b— Az, L span{7o, Afq, ..., A¥17}).

Let us define

(1.7) M=CCT, p.=Cpr, xx=Ci, b=C"Th

Thus
7o =b— A% = CTb— CTACC 'ay = CT (b — Axy)

and if we write in the sequel
(1.8) r(z) =b- Az,
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then
(1.9) 7r = CTr(xy).

By analogy with the relations (1.5) and (1.6) the vector zx that we obtain in the
kth step when applying the well known conjugate gradient method with precondi-
_tioning given by the matrix M is such a vector in the linear variety

(1.10) xo + span{Mr(zo), (M A)Mr(zo), ..., (MA)*~ Mr(zo)}
that fulfils the projection condition
(1.11) r(zx) L span{Mr(zo), M AMr(xo),...,(MA)* Mr(zo)}.

(For details see [D.O’L].)

There are more possibilities how to practically realise the calculation of z,. For
programming purposes the preconditioned conjugate gradient method for solving the
system (1.1) is usually formulated by the following sequence of recurrences.

Algorithm 1.1

1) Choose zo € R™ and put r(xo) = b — Azo, po = Mr(xo).
2) Fork=1,...,ndo
if r(z—1) =0
then
set z* = xx_1 and quit
else

M1 = 7(zh—1) T Mr(zx-1)/PE_1 ADk—1
Tk = Th—1 + Ak—1Pk—1

r(zr) = r(Tk—1) — Ae—1Apk—1 (or r(zx) = b — Axy)
Br = r(zk)T Mr(zy) [r(xh—1)T Mr(zr_1)
Pk = Mr(zx) + Bepr—1

endif
endfor
3) ¥ =z,
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The other possibility is to construct the sequence {zx}}_, by the three-term re-
currence algorithm given by the formula

(1.12) Tht1 = Th—1 + W1 (Vet12k + Tk — Tk—1)

where the coefficients wi+1 and 7,41 are calculated according to well known formulas
(see [G-L]) and zx = Mr(zx). Putting vx = wx = 1 for all k, we obtain the iterative
process

(1.13) 1 = (I — MA)xy, + Mb.

Therefore the conjugate gradient method represents an acceleration of convergence
of the successive iteration (1.13). To give some quantitative connection between the
iterative process (1.13) and the preconditioned conjugate gradient algorithm we will
consider the following algorithm.

Algorithm 1.2

1) Choose yo € R™ and an integer m.
2) Calculate the mth iteration y,, by the following iterative process:

(1.14) nw={I—-MAy_1+Mb [=12,...,m

3) Put 2o = ym and carry out k steps of the preconditioned conjugate gradient
method (i.e., Algorithm 1.1).

In the sequel we set
(1.15) S=MA, Q=I-S5
Let us note that in the notation (1.15), the iterations (1.14) have the form
(1.14') Y1 = Qi1 + Mb.
From the equalities (1.14)" and z* = Qx* + Mb it follows that
(1.16) y -z =Qy—1—77).

If the matrix Q is convergent then the sequence {y;}{2, constructed by an iterative
process (1.14) converges to the solution of the equation (1.1). From (1.16) it follows
that

(1.17) v —z* = Q' (yo — ¥).
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The aim of this paper is to investigate theoretically the behaviour of the sequence
{zk — z*}7_,, where the sequence {zx}}_, is obtained by using Algorithm 1.2, and
on the basis of the results obtained to draw conclusions for practical calculations.
In view of the connection between extrapolation and projection given in the paper
[Si 88], it could be expected that we obtain an analogous formula as in [Si 86] or
[Zi 84]. The formula (3.16) in Theorem 3.1 inspired us to use some small number of
successive iterations (1.14) before starting conjugate gradients. This approach could
be of advantage if one iteration (1.14) costs substantially less work than one step of
Algorithm 1.1. For the demonstration of this idea two examples are presented. The
numerical experiments show that if we do not calculate with a high accuracy then
the use of Algorithm 1.2 could be more advantageous.

In Section 2, preparatory considerations are made. In Section 3, the formula for
the difference =, — z* is derived and formulated in Theorem 1.3. Some numerical
experiments are demonstrated in Section 4.

2. PREPARATORY CONSIDERATIONS

For the vector z € R™ we have defined r(z) = b — Az. Let us further set
(21) 7(z) = Mb— (I - Q)z = Mr(z).
First, we shall prove the following lemma.

Lemma 2.1. For any positive integer k and any nonzero vector v define spaces

W, = span{Mwv,SMv,S*Mv,...,S**Mv},

(2.2) .

W, = span{Mv,QMv,Q*Mv,...,Q* 1 Mv}.
Then
(2.3) Wi = Ws.

Proof. Let us consider a matrix polynomial G in the form
(2.4) G=G(S)=pol +mS+ ...+ ur_18*1.

Then let us modify the equality (2.4):

k
G=) (- -S-D*

=1
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k—1
= o1 (1)1 (k : 1) (—1)'(I = §)F-1-

=0

k—2
+ pe—a(-1)72 Y (’“ : 2) (-1)'(I = S)k—2—1 4 .

=0
1
+ 1 (=1) Y (=1)°(I = 8)'~F + pol
=0
= Vk_l(I - S)k_I + l/k_z(I - S)k_2 +...+un( - S) + vol,

where numbers v,_; are defined by the last equality according to which
d k—i
— k-1 - —
(2.5) Vg—1 = (=1) iél Hk—i(l_i) forl=1,...,k.

Let Ni—1 be a lower triangular matrix whose [th row is the row vector

(2.6) (=1)*! [(';:11) (’;:;) (k;l),o,...,o] .

If we set

pn= (uk—h#k—z,---,ﬂo)T

V= (Vk—1,l/k—2, .. -,VO)T,

)

then the above mentioned procedure reveals that
(2.7) V= Nk—lll-

At the same time Nj_; is a lower triangular matrix with +1 and —1 alternating on
the diagonal. Thus, it is nonsingular.

k=1
If g € Wi then ¢ = Y p;S*(Mv). However,

=0
k-1 k—1 )
> S (Mv) =Y vi(I - S){(Mw),
=0 1=0

where the numbers v; are defined by the relation (2.7) and thus ¢ € W,. As Ny,
is nonsingular, it is clear that the inverse implication, i.e., ¢ € Wy = ¢ € Wy, holds.
O
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Before examining Algorithm 1.2 let us present one of the characteristics of Krylov
subspaces. The matrix S is similar to the symmetric matrix CT AC and thus the
eigenvectors of the matrix S form a base in R™. Let (&,w1), (&2,w2), ... (&n,wn)
be all eigenpairs of the matrix S. The pairs are written as follows (eigenvalue,
eigenvector). Let us also define the sets N = {1,2,...,n} and N; = N — {i} for all
i. Let W = span{w; }ien, Wi = span{wj}jen;. Since dimW; = n — 1 there exists
a nonzero vector v; L W; such that vJw; # 0. (The equality relation is met only
for the null vector v;.) Let us also denote by P; (i = 1,...,n) the projection R™ to
span{w;}.

Theorem 2.1. Let & (i = 1,...,n) be mutually different numbers and let at
least k vectors (k < n) from the set Py Mr(zo), PPMr(zo), ..., P,Mr(zo) be nonzero.
Then the Krylov subspace

(2.8) span{Mr(zo), SMr(zo),...,S* T Mr(zo)}
has the dimension k.

Proof. Without any loss of generality, let us suppose that the first k vectors
Py Mr(zo), P,Mr(zo), ..., PcMr(zo)

are nonzero. Let us write the spectral decomposition

(2.9) Mr(zo) = Z P;Mr(zo).

=0

This implies that

(2.10) ST Mr(zo) = Zg P:Mr(zo), j=0,1,...,k—1.

=1
Let us suppose that the vectors on the left hand side of (2.10) for j =0,1,...,k—1
are linearly dependent. Then there exist real numbers g, ..., vx—1 of which at least
one is nonzero, such that

k—1
(2.11) Z v;8I Mr(z0) =
j=0
Let us multiply the equality (2.11) from the left successively by the vectors vT (s =
1,2,...,k) defined above (i.e., vs L W, and vIw, # 0) and let us substitute from the
relation (2.10), then we obtain
k—1

(2.12) Zvj£§UZPsMr(wo) =0 fors=1,2,...,k.
j=0
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Since the vector P; Mr(zo) is, due to the difference of the eigenvalues &;, a multiple
of the vector w;, then v7 P, Mr(zo) # 0 and after reducing in (2.12), we obtain

(2.13) Vo1 EF T 28524 =0 fors=1,2,...,k,

which means that the polynomial vk—12¥71 + y4_22¥"2 + ... + 49 of the (k — 1)th
degree has k different roots, which is a contradiction. 0O

From the proof of Theorem 2.1 it is easy to see how to reformulate this theorem
in the case that the eigenvalues are not mutually different. But such investigations
are not the purpose of our paper and therefore we will omit them. Let us mention
that according to Lemma 2.1 also the space

(2.14) span{Mr(zo), QMr(z0), Q2 Mr(x0),...,QF 1 Mr(zo)}

has the dimension k.
Let us suppose the following:

Supposition 1. The space (2.14) has the dimension k.

And now we will go back to the conjugate gradient method.
With respect to Lemma 2.1

(2.15) Tk = To + voMr(zo) + hHQMr(zo) + ... + Ve—1Q¥ I Mr(zo),

where the numbers v, 11, ...,Vk—1 are constructed so that the conditions of verti-
cality (11.1) are fulfilled, i.e.,

(2.16) r(zk) L Q°Mr(zo) forj=0,1,...,k—1.
Let us define the numbers a(()k), agk), e ,afck) as solutions of the following system
of linear algebraic equations:
o 1a® 4. ral® 4o =
aik) +a£k_)1 + i +a§k) =1
k k
(2.17) A ="
ol +al?, = Vk—2
aik) = Vg-1

According to (2.1), #(z) = Qz + Mb—=z. If {y:}{2, is a sequence obtained by the
iterative process (1.14’) then

(218) ';'(-TO) e f(ym) =Ym+1 — Ym
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and it follows that

(2.19) Q' (Zo) = Ym+t+1 — Ymte-

If we put #(zo) = Mr(xo) in the relation (2.15) and substitute for v, .. .,vk_1
from the equalities (2.17), we obtain according to (2.19)

(Za(")) + (g&’”) (Ym+1 = Ym)
+(Za§’°)> (Ymt2 = Yms1) + .. + <§;a$k)> (Ym+k — Ym+k—1)

= 01(() )ym ol )ym+1 +. fc )ym+k

(2.20)

Let us calculate r(zx) by substituting from the first equality (2.17) and (2.20):

k
r(z) =b— Az, =b - Zask)AymH

t=0

= Zagk)(b AYm+t) _Zat T(Ym+t)-

t=0

(2.21)

Now we will formulate the conditions of verticality (2.16) by substituting from
(2.20), (2.21) and (2.1) thus obtaining the following system of linear algebraic equa-
tions:

Z(QST(IEO ym+t) (k) = O, s = 0, “o ,k - 1,

Za(k) =1.

Lemma 2.2. If we denote by B = (bst) s=o,....k (rows) the matrix of the system

t=0,...,k (columns)

(2.22)

(2.22), then

(2.23) bst = (CT1Q*#(20))T(CT'Q*(x0))
fort=0,...,k,s=0,...,k—1, and

(2.24) bee =1

fort=0,...,k.
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Proof. Let us modify the coefficients of the system (2.22) according to (2.1)
and (1.7)

(Q°#(0)) T (ym+:) = #(20)T(Q*)" M 7 (ymys)
— f(xo)T(Qs)TC—IC_IQtf(xo)
= (CT1Q%(20))" - (CT'Q*#(20))-

It follows from the relations (2.20) and (2.17) that

k
(2.25) Ty —z* = Zagk)(ymﬂ —z).
=0

The conditions (2.16) yield a system of linear algebraic equations for the unknowns
Vo, ...,Vk—1. The matrix of this system is positive definite because of Supposition 1
and the vector a(*) = (a((,k), agk) yen ,afck))T fulfilling (2.17) solves the system (2.22).
If the matrix B of the system (2.22) is singular then the kernel N(B) 2 {0} and
every vector a¥) + w, with w € N(B) solves (2.22) which is in contradiction to the
existence of only one solution of (2.16) in view of (2.17).

Therefore, the matrix B is nonsingular.

Note. We do not indicate the dependence of the matrix B on m and write only B.

3. CALCULATING THE DIFFERENCE z; — z*

Let (\;, u;) be eigenpairs of the matrix @ = I — M A. Since the matrix Q is similar
to the symmetric matrix I — CT AC, all the numbers ); are real. Let the eigenvalues
be numbered so that

il > Pal >0 > Al

In the following it will be seen that without any loss of generality we can suppose:

Supposition 2. Let

(3.1) [Akt1] > [Aks2] and A #1Vi.
Let
(8.2) Yo — " = Z Biu;
=1
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be the spectral decomposition of the vector yo — z*. According to (1.17) and (3.2),

(3.3) Ymit — 2" = Y BidHu;,
=1
(3.4) Ymttr = Ymir = O BN — DA = Q#(za).
=1

The last equality follows from (2.19).
If we set

(3.5) Vi = C—I,Bi()\i - l)ui, i=1... , N,
then v; is the eigenvector of the symmetric matrix I — CT AC and thus

(3.6) vIv; =0 fori#j.

1

Lemma 3.1. If~v; = viT v; then for the elements of the matrix B, defined by the
relation (2.23),

(37) by = Z,yi/\?m-i-s-i-t

=1
holds for s =0,...,k—1,t=0,...,k.
Proof. According to (3.4), (3.5) and (3.6),

T
bot = (c-lc;w(xo)) (C71Q"(z0))

n T n n
(B () -
=1 Jj=1

i=1
holds. O

If
otk = (a(()k), R afck))T

)

we can rewrite the system (2.22) in the form

(3.8) Ba'®) = ¢4,

Now we will calculate the coefficients agk) according to Crammer’s rule, substitute
them into the sum (2.25) and express this sum in the form of a quotient of determi-
nants. This procedure is well-known (see [Si 86]) and so we can write directly the

expression for z — 2* using the following simplifying notation.
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For any positive integer ¢ and an integer s € (1,...,n) let us define the following
vectors c; € R¥, g, € R and d;, € R*:

n n n i
B (Z%’\f’ PRED TS ~,Z%/\$+k_l> ,
= =1 =1

(3.9) d) = (AL, A1 L ABFR=)T

gt = Z Biriu;.
=1

According to (2.25), (3.7), (3.8) and (3.9),

det <02m, Com+1, .-y Comik )
(310) Tk — x* — 9m, Im+1, ey Im+k
det Co2m, Com41, .-, Com4k
1, 1, RN 1

In view of the notation (3.9) we have

(sz, Com41, -5 Com4k )
9m, - Gm+1, DR 9m+k
n 2 2m+1 2m+-k
D1 VAT 21—1 Vi EEE 21_1 VA"
n 2m+1 2 +2 2m+k+1
2oi1 Wik ) S AT Ez— i\ mrkt
n 2m+k—1 n 2m+k n 2m+2k—1
Zi:l 'Yi)‘i ) Zi:l '71')‘:' Yot Zi:1 'Yi)‘i
n n m+1 n +k
Yica Bidlus, L BN, L BT

and analogously in the denominator of (3.10). The determinant of this matrix is
taken exactly according to definition. Thus it is the sum of (k + 1)! vectors. Each
term of addition is a multiple of one of the vectors uy,...,un, which will become
evident from further modifications. A modification of the determinant of a similar
type is described in the works [Si 86], [Zi 84] or [He]. For our case the process
presented in [He] is the most suitable and we will now briefly outline it to elucidate
the whole situation.

By K we denote the set of all (k + 1)-tuples (I1,l2,...,lk+1) of integers such that
l; € {1,2,...,n}and l; # l; for i # j. Further, let £ be the system of all permutations
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of the numbers 1,2,...,k. According to this notation,

det (02,,,, Comtly ---» sz+k)
gm;  Gm+1, -5 mtk "
_ Z det (’Yhdgn); I 7tzd§'f,),+1 Iy 7’k+ld§m_:;ck,lk+l )
(l1yeenli41) EK BuAliun, Bk u;z, s P A
huln Bia Ay, -, IBIkH )‘lk+1ulk+1

(L1, le41)EK

(we expand the determinant with respect to the last line)

k+1 2m k41
Z {ﬁllullAl";(HAlj) (H’)‘lj)/\zz)\[zs...,/\fk“

(l],...,lk+1)€K j=1 j=1
1 #1

k k k
x det(dSy), dSy), ..., dSy) )(~1)F

k+1 k+1
+ Bia My ui A ( II ,\,,.> ( II 7,,.> ML AR,
"

j=1
j#2 #2

x det(dSy),dSy), ... Jdgr) (=11 +

k+1 2m ;s k1
+ﬂ1k+lAﬁ;+1ulk+l/\‘l’:+1< H /\1].) ( H "/[)/\ /\lz..,,\fk_l

jAk+1 g¢k+1

x det(df)’fl),---,d(()'fz)(—l)o} = (*).

In what follows, let the inequality
(3.1) [Ae] > [ Ak+1]

be valid. Then due to Supposition 2 we can find a dominant member in each term
of summation. E.g. for the first term of summation we obtain it if we put l; = k+1
k+1
and [ A ; = A1A2... Ak and analogously for the other terms of summation. Let us
j=1
Jj#1
proceed further in the modification from ( * ) and to make it shorter let us also set
fori=1,2,...,k+1

k k k k k
(3.11) D = det(dSy),...,dSy)_,dS)) ,....dSp). ).
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We have

k 2m
(*) = Brrrurs1 ATy, < ’\j)
e}

7

k+1 k+1 k+1
p=1 (I lp=13lpt1se-slkt1) EL Jj=1 j=1
J#p i#p

+ w(m) = (xx),

where w(m) is a vector for which

(3.12) lim_w(m) / ( ;;;1(:1 ,\j)zm) =0

holds.

To make things clear we shall expand [EH’I

p=1 ] and denote the k-tuple from the

set £ by (s1,...,Sk).

k 2m k
(*%) = Brrr1uks1 A4 ( H )\j) (H 'yj) det(d(()’;), o ,d(()’,?)
. 1, 2, ..., k . .
X {[(—l)k Z Slgn<31, $2, ..., sk) )‘slAiz/\Ss""\sk
(s15-581)EL
k—1 . L, 2, ..., kY .0 .\2.3 )
+ (1) " At Z SR o s AN Y
(s1,...,sk)EL 1 2y ey k

(1,02 ..,k B
+(-1)°2F 4, Z sign (31 o ) A0 ALAZ Lk 1]

where

(3.13) lim w;(m) = ©.

m—00

The expression in the brackets of (3.11) is equal to

1 A Ao X
I D YRRED Y S Y

det . . . . )
IRED YSRRED SR V)
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which equals, according to (3.9), to

T
det (dfi+0, dffH0, ... )

Ok-+1
Let us mention that if | is an integer then (dgl) ,d((,lg, .. .,dg,)) is the Vandermond
matrix.

Thus the numerator in (3.10) equals

(3.14) Br+1 A1 ( f[ /\j) ” ( f[l w)
=

j=1
x det(d, ..., d)) det(@Et, ..., dEMNT (up s + w(m))

and the sequence {w(m)} satisfies (3.13).

The denominat. in (3.10) is handled in exactly the same way. Let us write only
the result. The denominator in (10.3) is equal to the expression
(3.15)

k 2m k
( II Aj) ( II 7j) det(dSy,. .., dlE)) det(@it, ..., dEY e(k +1))T (1 + p(m)),
j=1 j=1

with Jl_r}noo p(m) =0.

And now we can summarize the results of the whole study in the following theorem.

Theorem 3.1. Let the matrix A in the system (1.1) be symmetric and positive
definite. Let (\;,u;) be eigenpairs of the matrix Q. Let z* be the solution of the
system (1.1) found by applying Algorithm 1.2. Let Supposition 1, Supposition 2 and
(3.1') be fulfilled. Then

(3.16) T — T = Op41 AL (Be+1uk41 + v(m))
holds, where

det(doy V), dstY, L dl, dEYD)

(3.17) kg1 = Ok+1
i det(dt), d%D | d*FD )
does not depend on m and
(3.18) lim v(m) = 0.
m—o0

Proof of (3.16) follows directly from the relations (3.14) and (3.15), the relation
(3.18) follows from (3.13). a
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Note 1. The sequence {v(m)} converges towards zero asymptotically as the
quotient ()‘—f\"kﬂ)"‘.

Note 2. From (3.16) we can see directly that after n steps we obtain the exact
solution z*.

Let only Supposition 2 be fulfilled. For example, let the following equality be
valid:

I’\ko| = l)‘ko+1| == I'\kl = |’\k+1|-
It is easy to see from the calculations before Theorem 3.1 that the relation
(3.16") Tk — 3% = S AT (@5 Y + §(m))
holds, where
(3.17") a@**) € span(uky, Ukg 41, - - - » Ukt1)

and 8r4; is a constant depending only on k. We do not know any elegant formula
for éx+1 analogous to (3.17).

Note 3. It is well known (see [D.O’L]) that the vector zx minimizes the func-
tional (z — z*)T A(z — z*) over all z such that

T € zo + span{Mr(x0), QMr(zo),...,Q* *Mr(z0)}.
Let ||z]|a = VzT Az. From (2.25) we have

k
(3.19) lze —2*lla = || Y af Umse —2")7

t=0 A
If we substitute in the formula (3.19) instead of afck) , aik_)l, ey a(()k) successively the

coefficients of the polynom ¢(t)/q(1), where
Q(t) = (t - /\1)(t - /\2) . (t - /\k),

and instead of Y4+ — z* the right-hand side of (3.3) we obtain the estimate

n

> AT Big(h)us

i=k+1

(3.20) lze —z*||a <

= A1x(m)
A

where lim sup x(m) < oo. We have that ¢(1) # 0 according to Supposition 2.

m—o0

Note 4. It follows from the relations (3.16), (3.17), (3.18) or (3.16') or (3.17’)
that if we set n(m) = ||zx — z*|| for a given m in Algorithm 1.2, then there exists
m > m such that () < n(m). Numerical experiments show that n(m + 1) < n(m)
for all m.
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4. NUMERICAL RESULTS
In the paper [E-G] the authors consider the convection-diffusion equation
(4.1) ~Ax(s,t) + o(s,t)xs + 7(s,t)x; = £(s,t)

on the unit square = (0,1) x (0,1) with the homogeneous Dirichlet boundary
condition on 0. We suppose that 7(s,t) > 0 and o(s,t) > 0 on Q. For discretization
we consider a uniform mesh with the mesh size h = 1/(N + 1), where N is a number
of inner mesh points in both directions s and ¢.

For the five-point finite difference discretization and red-black ordering of mesh
points the authors obtain a system of linear algebraic equations

D C (r) (r)
(4.2) ") < (4

E F 2(® f®
for the approximate solution at mesh points represented by the vector (z("),z(®)T.
The components denote successively the approximate values of x at red and black
points. The matrix of the system (2.4) is o;-ordered. With one step of cyclic re-

duction the red points are eliminated. If the reduced black points are ordered by
diagonal lines in the NW-SE direction, then the matrix of the reduced system

(4.3) (F - ED-lc)z“) = f® _ gp-14()

has the block tridiagonal form and the diagonal blocks are tridiagonal matrices. Let
us assume that o(s,t) = o and 7(s,t) = 7 are constant. If max (o,7) < 2/h then
the matrix in (4.3) can be symmetrized with a real diagonal matrix. (See [E-G] or
[2i 92].)

Acording to this, if we leave this NW-SE direction alone and number the black
points again by red-black then after easy transformations by a diagonal and permu-
tation matrix the system (4.3) can be transformed into the form

~ T _(blred)y Z(b{red)
(4.4) (Dc,l CD ) (x.l(b) ) = (f~1(b) ) )

2 Ty >
where in the case of constant coefficients all nonzero elements of the matrix C equal
—1, Dy and D are Stieltjes matrices and the matrix of the system (4.4) is positive
definite. The dimension of the system (4.4) equals the number of the original black
points.

Now, we compare the numerical results which we obtain by applying Algo-
rithms 1.1 and 1.2, respectively. We have used Algorithms 1.1 and 1.2 with

f=0, o=1, 7=2 and M™!=diag(D;,D,).
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The numbers log,, ||zx — z*|| are compared for both the algorithms. On the fol-
lowing Graph 1 the lines (1] and [2] correspond to the behaviour of log,q [|zx — z*||
for Algorithms 1.1 and 1.2, respectively. We have taken m = 50. The system was
tested for a sequence for various N and the behaviour was similar. In this case we
see that if k11 (¢) and kj2(e) denote the first integer for which

logyo llzx — z*|| <&,

obtained by using Algorithm 1.1 and 1.2, respectively, then kj;(€) — ki2(e) = m
for sufficiently small e. However, one iteration of (1.14) needs only the inverse of
diag(D1, D;) if we have in view that the other elements out of the block diagonal
equal -1. One iteration in Algorithm 1.1 needs, moreover, 10n multiplications where
n=N2?/2or (N2 +1)/2if N is even or odd, respectively. The numerical tests show
that using Algorithm 1.2 could be more advantageous for m € (5, 50).

8 N =61, m =50
o 2

I
o 1 N

o

8o
2 0%p 0 50\\70 90 110 | 130 | 150
-1

\ N
-2 \\ \\
._3 \ \
— \

_j \\_\\\

- N2
-8

Graph 1

The second example is analogous to the first which is in Appendix B in [V]. The
matrix equation arises from discrete approximation of the second-order selfadjoint
elliptic partial differential equation

—(D(s,t)xs)s — (D(s,t)xt)e + 0(s,t)u = S(s,t) on R,

(4.5) dz/on =0 on I'(R),

where R is the square 0 < s,t < 2.1 divided into nine regions and the functions
D(s,t) >0, a(s,t) > 0, and S(s,t) are piecewise constant in every region. They are
defined by the table given in [V].
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We have used a finer mesh so that we have solved the system of linear algebraic
equations having 8100 unknowns. In the following table we compare the norms
of the errors ||zx — z*|| for chosen iterations k by using Algorithms 1.1 and 1.2,
respectively. We take the iteration (1.14) as preparatory work and compare only
conjugate gradients in both cases. The following table is for m = 5.

k ALGORITHM 1.1 ALGORITHM 1.2
25 043810 +1 0131040

30 0.81710—1 0.30310 —2

35 0.214,0 -2 0.52710— 4

40 0.403,0 — 4 0.87910—7

45 0.440,0 -7 0.19710 -9

50 0.15010 -9 0.839,0 — 12

Table 1

The following table is for the same linear system for m = 15.

k ALGORITHM 1.1| ALGORITHM 1.2
15 0.23410 +4 0.53310+1
20 0.267 10+ 3 0.364,9—1
25 0.43810+1 0.113190 -2
30 0.81710—1 0.58510 — 5
35 0.33510 — 2 0.33510 — 8
40 0.403 9 — 4 0.30510 — 10
45 0.440,0 -7 0.000
50 0.15010—9 0.000
55 0.53019 — 12 0.000

Table 2

Remark. Let us put the following question: “What happens if we apply Algo-
rithm 1.2 to nonsymmetric linear systems?” For the demonstration we have formed
the system

I-Ly)z = cy,
where
L, =(D-wC) HwCy + (1 —w)D),
€o = (D —wCpr) twb.
We have considered the system (1.1) with a block tridiagonal Stieltjes matrix A aris-
ing from the five-point difference approximation of the second-order selfadjoint ellip-
tic partial differential equation on a triangle. Asusual A= D—Cp—~Cy where D is a
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diagonal, Cr, a strictly lower and Cy a strictly upper triangular matrix, respectively.
We have substituted part 3) in Algorithm 1.2 by the well known GMRES process
and the SOR iterations introduced in part 2). We have used restarted GMRES after
ten steps and the following table compares the errors for various m. We have taken

n = 210 and w = 1.55.

k m=0 m = 20 m =50
10 0.51110+1 0.863 19 — 2 0.74710—9
15 0.118 19+ 0 0.18119 — 2 0.32710 — 10
20 0.996 0 — 3 0.464 19— 4 04249 - 11
25 0.15510—3 0.212;0—-6 0.0
30 0.35210—5 013010 —-7 0.0
35 0.106 10 — 6 0.174 10 - 8 0.0
40 0.71110—11 0.0 0.0

Table 3.

Let us add that k denotes the number of restarts of GMRES.
Table 3 is very interesting in view of the fact that one restart of GMRES needs
approximately the same number of multiplications as twenty iterations SOR. The
program for GMRES in FORTRAN 77 was prepared by my student Miroslav Fol-
precht.
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