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Local monotonicity of Hausdorff
measures restricted to curves in R"

RoBERT CERNY

Abstract. We give a sufficient condition for a curve v : R — R™ to ensure that the
1-dimensional Hausdorff measure restricted to 7 is locally monotone.

Keywords: monotone measure, monotonicity formula
Classification: 53A10, 49Q15, 28A75

1. Introduction

Study of monotone measures is motivated by open problems on existence and
regularity of minimal surfaces. For known results, compactness argument is used
to achieve existence of a generalized minimal surface (e.g. a stationary varifold)
and then the monotonicity formula is used to obtain the tangential regularity and
the regularity of the surface, see for example [6].

Definition 1.1. Let p be a Radon measure on R™ and k € N. We say that u
is k-monotone if the function r — % is nondecreasing on (0, c0) for every
z € R™. Instead of 1-monotone, we simply write monotone.

In 1999, Huovinen, Kirchheim, Kolaf and De Pauw studied the question con-
cerning the generalization of the famous Allard Theorem, see [1]. It was natural
to ask whether there exists a monotone measure with non unique tangential be-
haviour. Such a measure was given by Koldf in [4]. However, this measure is not
minimal surface-like enough to be applied to the question concerning the Allard
Theorem.

As another candidate for a suitable measure, there was further considered the
1-dimensional Hausdorff measure restricted to a symmetrical pair of logarithmic
spirals. For such measures, it is difficult to check the monotonicity directly from
the definition, because of long technical computation even for very small radii.
These measures were found not to be monotone, but locally monotone. For future
trials to construct a measure denying the generalization of the Allard Theorem,
it would be useful to have a simple method to check the local monotonicity.

In recent paper [2], it is shown that if v : R — R? is a C?-curve and its
curvature is bounded, bounded away from zero and uniformly continuous, then
the 1-dimensional Hausdorff measure restricted to <y is locally monotone. In this
paper, we want to obtain a similar result for curves in R™. We prove
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Theorem 1.2. Let0 < o < K < 00, tg > 0 andw : [0,00) — [0, 00) be a function

satisfying w(t) < g5 on (0,%0). Then there is o > 0 with the following property:

If —00 < a < b < ocoandrv: [a,b — R" is a C%-curve such that || = 1,

[5(s) =4(t)] < w(|s—t]), s,t € (a,b), with the curvature k~ satisfying k~((a,b)) C
)

[, K], then r — 1B 4 nondecreasing on (0, min(o, |z —y(a)|, |z —(b)])) for

T
every centre z € R".

Hence we observe that if the assumptions of Theorem 1.2 are satisfied, then
the torsion does not disturb the local monotonicity. This result is used in the
proof of the main theorem in [3], where the local monotonicity in the case of real
analytic curves is considered.

In the last section, we show some interesting facts about the local k-monoto-
nicity. Our main goal is to prove that the (n — 1)-dimensional Hausdorff measure
restricted to a sphere in R" is locally (n — 1)-monotone for n = 2 and n = 3 only.

We refer to [5] and [6] for other information about the geometry of measures
and the Monotonicity Formula.

2. Preliminaries

The scalar product of x,y € R™ is denoted by z - y and the Euclidean norm
of z is denoted by |z|. Further

B(z,r)={z eR": |z — 2| < r} and S(z,r)={zeR": |z —z|=r}.

For h € R, g € R" 2, 2 > 0 and functions f : R — R and u : R — R" 2, we
define

Zh,g = (0,h,g) € R" and Thg(x) = [(2, f(2),u(z)) — 21 g|-

We write u/(x) instead of (u](z),...,ul,_o(x)), similarly for u”(z).

We say that a Radon measure u is monotone at (z,r) if D, M > 0, where
D = liminf fr+0)—f(r) .
D, f(r) = limin 5

Some notes on curves in R™. Let I C R be an open interval and let v :
I — R™ be a regular C%-curve. We denote (t) = (%lé—t),,%) and

. %y (t O (t
’Y(t) = gt12( )7 A gt2( )
is obtained, for a regular curve, after a change of parameterization. In this case,
the curvature is defined by k~(t) = [5(t)|.

For a Cl-curve ~ : [a,b] — R™, —0co < a < b < oo and for a Borel set A, we

define
o) = [ ()]t
{te(a,b):y(t)eA}

), t € I. Further, we suppose |y| = 1 on I, which
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3. Local monotonicity

We prove Theorem 1.2 showing that jy is monotone at (z,7) for every centre
z € B(o) and for every radius r € (0, min(o, |z —~(a)l, |z —~(b)])). As every curve
in R2 can be considered as a curve in R3 with the third coordinate equal to zero,
let us suppose n > 3 in the sequel. The proof is based on the following proposition,
where we are interested in the curves of the type v(z) = (z, f(z), u(x)).

Proposition 3.1. Assume ¢,6 € (0, %] and let the functions f € C%((—4,6),R)
and u € C?((—6,6),R"2) satisfy

further
If"(x) =1 <e and |u"(z)] <e on (—6,6)

and v(z) = (z, f(x),u(zr)). Then r — w is nondecreasing on (0,9) for
every h € R and every g € R"2.

In the following, let f,u and €,d € (0, %] satisfy the assumptions of Proposi-
tion 3.1. Since

e f () BGhg: 1) = %(ﬂ(-,m-\>7u<|~|)>B(Zh7gvT> + “(-,f(—|~|),U(—I~I))B(Zh79’T))

and trivially
M’YB(Zhyg’ 'f') = Mﬁ/'{tER:w(t)EB(zhyg,r)}B(Zhvg7T)

provided h € R, g € R" 2, r > 0, we suppose, without loss of generality, that
f and each component of u are even functions satisfying 1 —e < f”(z) < 1+,
|u”(z)] < e on R. Hence

/ (1—-¢) o (1+¢)
W fi(@)e[(l—-e)x, (1+¢e)x], flz) e 5 22, 5 22|,
[ (2)] <ex,  Ju(z)| <

Further, let 2 € (0,6) and P, be the orthogonal projection to the two-dimensional
subspace of R™ generated by a; and ¢;. Now, let ¢(z) be the angle between ¢y
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and Prby, and let n(z) be the angle between ¢; and a,. We observe that if
u,v,w € R®\ {(0,...,0)} and Pw is the orthogonal projection of w to the two-
dimensional subspace of R™ generated by u and v, then u - Pw = u - w. (to see
this, it is enough to rotate the coordinates so that v = (a,0,...,0)),a # 0 and
v=(b,¢0,...,0)),(b,c) # (0,0).) Therefore we have

cos(p(x)) = Cy - Prby _ _Ca- by > Cy - by 7

(2) |ca| | Prba |ca|| Prba| |cz|[bz|
cos(n(a) — p(a)) = S Le _ G be o fode

||| Prbal |ag|| Pobe| — |az||bal

Lemma 3.2. Assume x € [0,0), |h| < % and |g| < % Then

S(zh,gu rh,g(x)) N spt piy = {(@, f(z),u()), (—=, f(2),u(x))}.

orp, g

Moreover, if z € (0,4), then | t=z € (0,00) and

(3) 1y B(zh.g, rh,g<w>> =2 / VI 20 + o) de
OuryB(zp g7
@ 12 ma) o Uy ) 1 P ) = 2la),
OuyB(2p,g,7) 4z
Ty 7 > —
(5) or " r=rpq(x) — 14 cos(n(x))

PROOF:

S(zh,g:Th,g()) N spt py O {(, f(2), u(2)), (=, f(x), u(z))}

is trivially satisfied. Conversely, as

Phg(t) = /22 + (F(1) = W2 + u(t) — g2,
using (1) we get
Orng(t) _t+ () —h)f'() + (u(t) —g) - v'(D)

ot Th.g(0)
b+ U921 — o)t — (1 + )t — (562 + et
h rh,g(t)

>0

on (0, 00). Hence, the continuous function ¢ — 7, 4(t) is increasing on [0, o0), thus

S(zh,gu rh,g(x)) N spt piy = {(@, f(z),u()), (—=, f(2),u(x))}.
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From which we obtain (3). Further (4) follows from (3).
Finally, let

F(a,r) =2 + (f(2) = h)? + |u(z) — g* -

en = 2a;-by and T = —2r. e Implicit Function eorem, the identities
Then 9E = 24,-b, and 2€ = —27. The Implicit Function Th he identiti
lilcgi = %2 =1, rh7g(x) = |bg|, 2cosa cos B = cos(a — ) + cos(a + 3), (4) and

or r=rp ¢(x)
Oy B(shg g (@) O _ G (1)
= 8 8—7' = 2|ax|(_1)aF7T
x T Ar=rp g(x) 8—(:17 ’I”) r=rp,4(7)
2rp,4() |ba | zlez| |ax[ba| [bz||cal
= 2a,| I =2 b =
|a$|2ax'bm rh,g(x) |a’113|a | Z‘| 2 Ca alm'b:p bx'cm
S 2z _ 4x
— cos(n(z) — p(x)) cos(p(x))  cos(n(z) — 2¢(x)) + cos(n(z))
S 4x
~ 1+ cos(n(z))
O
PROOF OF PROPOSITION 3.1: Suppose €,0 € (0, ] heR, ge R"2 and
€ (0,9). If |h| > % or |g| > %, then for every z € ( d), we have by (1)
Thg(®) = \/w2 +(h = f())? +1g — u(@)* = max(|h — f(2)]|g — u(@)])
1
I+39
> & —max(|f ()], Ju(z)]) > § -2 > 5 - =B A > L >5>r

Hence B(zp,g,7) N sptpy = 0 and therefore for any r1 € (0,7) and ro > r we
have
pyB(2h,g,71) < pyB(2h,g,7) < py B(2h,g,72)
r1 r )

and thus /i, is monotone at (2}, g, 7). Similarly, if || < L9l < % and S(zp, 4,7) N
spt piy C {(0,...,0)}, then iy B(zp, 4,7) = 0 and we are done again.

(0,9)
such that r = rp, 4(x). Hence we can use Lemma 3.2. From (1) and z,¢ € (0, %]
we obtain

In the remaining case, we have |h| < %, lgl < % and there is x € (0,7] C

(6) (1=~ 1(1+e) +22%% > 23 ({1 1200 4 Py +1).
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Now, using the estimate 1 —i— 3—% < V14t fort > 0 and estimates (1) we obtain

1ay/1+ (@) + /P (x)
> 20y/1 4 12(0) + o P(a) + 20 (1 + 5 72(@) - 3 (£720) + 1))

> 9m\/14 2(@) + @) + 22+ (1 — 0% — 2((1+ )% + )25

Further by (6), (1) and v1+t <1+ % for t > 0 we have

dn\ /14 () + ' (@)
22x\/1+f’2(:v)+|u’| (x )+2x+(1+€7 (\/1+f’2 ) + [/ (@) + )
=200 + 12208 4 %) (V14 £2(@) + P @) +1)

> 2/Ox L 270 + sl dt (V1 @) + o Pa) )

> 2/; V1+ F2(0) + [/ 2(t) dt (\/1+f/2(x) + [P @) +1).

And thus, (3), (5) and cos(n(x)) = 1aty = \/l-i-f/?(l)-l-\ /P (a)
xr u xr

imply

2 ,U“/B(Zh,ga T)
or T r=rp, q(x)

1 (OpyB(zpg,7)
— (I 1 B )

r2 r=rp q(z)
1 4x
> (— 2 Bz, )
=2 (1 + cos(n(z)) HyB(zhg:7) r=rp, 4(z)
1 4x4/1 + f’2 + [u![? x
- \/ &) + ) 2/ \/1+f’2(t)+|u’|2(t)dt > 0.
’f‘h,g \/1+f12 + |u/| ( ) 0
Therefore, ji is monotone at (zj, g, 75 4(7)). O

As every regular C2-curve in R is locally a graph of a C2-function from R
to R™, up to a rotation, Theorem 1.2 follows from Proposition 3.1 after suitable
rescaling of the coordinates. The rest of this section is devoted to its detailed
proof. In the following lemma, our goal is to show that the assumptions concern-
ing 4 and k- in Theorem 1.2 imply assumptions concerning f, f/, f”,u, v/, v” in
Proposition 3.1.
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Lemma 3.3. Assume ¢ € (0, 20] K €(0,00) and 7 € (0, 55]. Let I C (=&, %)
be a closed interval such that 0 € I and let v : I — R™ be a C?-curve satlsfymg
7(0) = (0,...,0), #(0)=(1,0,...,0), ~{(0) =0, ~5(0)="---=~1(0)=0,

fl=1, k(D) C[0,K] and [5(t) =5(0)| < k(0) onl.
Then
F@) =m0 @)  and  A(@) = (O7H@) w07 @)
are C2-functions defined on ~1(I). These functions satisfy
F(0) = F(0) = [a(0)] = a(0)| = 0

and

T

PROOF: First, since I C (=%, i), for t € I, we have

() = F/O)] < ehy0) = (0, ["(@)] < ks (0) om (D).
o 0200 [ prels] == | [l

t
— 1| [ Il
0
>1-Kjt|>1-1.

As 7 < 1, f(2) = 9200 @), @@) = (307 @), (1 (@) are well
defined on 71 (). Further, it can be shown that f and @ are C2-functions, by the
Implicit Function Theorem. Moreover we obviously have

F(0) = J(0) = a(0)| = [@'(0)] = 0.

Using (7), ﬁg —1 < 37 and the assumptions on 4 and 4 we obtain for z € v1(I)

2 2
TR Cre 25 JN
1 1 P T Wor'@) L 0
~ [5tr @) gy ~ 10T @) s 0 (0))|
L .= .= 1
< BOT @) =367 )1+ O @)l -~z
| KO @IM 6T @)
0 (@)
5,0

IN

Sk (0) + (1+ §)ky (0) (ﬁ - 1) e
T 1

Shy(0) + (1 + g5)k4(0)3

IN

95
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Since f(z) and @(z) are defined as components of Py("yl_l(:zr)) the estimates con-
cerning f” and @” follow from the above estimate. O

PROOF OF THEOREM 1.2: Let us set ¢ = 2—10 and 7 = min(g;, Ktg). Hence the
assumption w(t) < &5 on (0,tg) implies w(t) < 5* on (0, 7). We set 6 = . By
the geometrical meaning of the curvature, there is g9 = 0g(K) > 0 such that for
any C%-curve v: [a,b] — R” satisfying k(z) < K on [a,b] and any z € R™, there
are

a<ar<bi<ag<by<---<am<bn<bd

such that [b; — a;| < &,

lat

{t € [a,b]:y(t) € B(z,00)} = | Jlai, bi,

=1

and for any o € (0, o]

{t € [a,bl:7(t) € B(z,0)} = |J L,
i=1

where either I; = [a;,b;] C [a;,b;] or I; = ) is satisfied for every i = 1,...,m.
We set 0 = min(d, gg). Let us prove that this is the estimate of the radius we
demand.

Let v be a curve satisfying the assumptions of Theorem 1.2 and z € R™. We
set 0 = min(o, |z —(a)l, [z — y(b)]).

If {~(t) : t € [a,b]} N B(z,0) =0, then r — %;@B(z, r) is trivially nondecreas-
ing on (0, g].

Otherwise
m

{t€la.bl:1(t) € B(z.0)} = | I
i=1
For fixed i € {1,...,m} such that I; = [di,i)i] # (), let us find t; € [di,l;i]
satisfying ~
[y(t:) — 2| = dist (2, {7(t) : t € [a;, bi]})-
As |¥(t)| = 1 implies 0 = %(W(t) (1)) = 2%(t) - 4(¢) and thus 4(t) and %(¢t) are
orthogonal, we can shift and rotate the coordinates so that
(8)

Otherwise we rotate and shift the coordinates. There are h € R and g € R" 2
such that z = zj, ;. Since we have (8),

- T T T T
[aiubi] - (tl - Eutz—i_ ?) = (_Eug)
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and w(t) < & < $ky(t;) for t € [@;, bi], we can use Lemma 3.3 and we obtain
C2-functions f and 4 satisfying

(0) = f'(0) = [a(0)| = |&'(0)| = 0,

f(0
FrO) <ef’(0)  and  [@"(x)] < <f"(0)

| () -

such that (z f(:z:), @(x)) parameterizes the set {y(t) : t € [a;, bi]}.
Let 8 = f”(o , @) = %f(ﬁx) and u(z) = %ﬂ(ﬁx) This is a suitable rescaling

of coordinates, because we have f”(0) = 1 and thus we can use Proposition 3.1.
Moreover, observing that the rescaling of coordinates does not change the ratio
Byl - B(z r)
% we obtain r — %Mﬂ[__ 5_]B(z, r) is nondecreasing on (0, ¢). There-
fore the function r — %ufyB(z, r) =y %/L,ﬂ[&bgi]B(z, r) is also nondecreasing
on (0, o). O

Remark 3.4. The estimate of the maximal radius € given by Propos1t10n 3.1 was
influenced by assumptions |f"(z) — 1| < e, [u”(z)| < &, with ¢ € [0, 5], and the
fact that we always considered the worst possible case when dealing with f(x),
f(z), f"(x), u(z), v/(z) and v”(x). Therefore the computations for a particular
function usually give better estimate of the maximal radius.

4. Local k-monotonicity
Throughout this section the local k-monotonicity has the following meaning.

Definition 4.1. Let p be a Radon measure on R™ and k € N. We say that u
uB(z,r) .
Yk

is locally k-monotone if there is rg > 0 such that the function r — is

nondecreasing on (0,79) for every z € R™.

Positive results in this paper and in [C] are motivated by a well known fact
that the 1-dimensional Hausdorff measure restricted to a circle in R? is locally
1-monotone. Let us prove

Proposition 4.2. The (n — 1)-dimensional Hausdorff measure restricted to a
sphere in R"™ is locally (n — 1)-monotone for n = 2 and n = 3, but is not locally
(n — 1)-monotone for any n > 3.

PROOF: Because of the symmetry of a sphere and the fact that for the restricted
(n —1)-dimensional Hausdorff measure the ratio £ B(z T) is rescaling invariant it is
enough to consider the unit sphere centered at (0,...,0,1) and test balls centred

at z = (0,...,0,h), for h € R sufficiently close to the origin, with very small
radii. Suppose uB(zp,r9) # 0, otherwise we trivially have D, M‘ > 0.

r=rg —

In our case there is x > 0 such that (z,0,...,0, f(z)), where f(z) =1— V1 — 22,

97
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is a point of intersection and rg = r,(z) = |(«,0,...,0, f(z)) — z,|. Hence our
measure u satisfies

X x
— _ 2
uB(zp, i (z)) —/0 an—at" 2\/1+f'2(t)dt:/o an—ot" A\ /14t dt
xr

= / Oén_Qtn_2 ﬁ dt,
0

9)

where ay,_ is the surface of the unit sphere in R”~1. Therefore we have

(10) WBen @) _ o, o2\ 15 20,

Let n(x) be the angle between the vectors (z,0,...,0,0) and (1,0,...,0, f(z))
and () be the angle between (z,0,...,0,0) and (z,0,...,0, f(x) —h). Similarly
as in the proof of Lemma 3.2 we obtain from (10)

OuB(zp, ) opB(zp, rp(x)) O
_ T = - —7"
or r=rp(z) or or lr=ry(z)

2x
cos(n(z) — 2¢(x)) + cos(n(z))

1
1 + Cos(n(‘r)) " 1 + m
1 L 1

=2qy,_92" — ——— .
" 14+ V1I—a?

If n = 2, then from (9) and (11) we obtain for z > 0 small enough

or T r=rp(z) T

0 /LB(Zhv T) _ 1 8:LLB(Zha T)
T ﬁ(Tr—ﬂB(Zth))

r=rp(z)

Y

g ( 2x /1’ 1 dt)
) \1+vVi-a2 Jo VI-i2
ag

1
2 (I Vi—z2-1
)\ Vi

- arcsin(z))

- 325 (ele o) - (e v 0en)) 20

is nondecreasing on (0,71) for some r; > 0.

Therefore r — %
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In case n = 3, from (9) and (11) we obtain

0 :LLB(Zhvr) _ 1 8,[LB(Zh,T)
or r2 r=rp(z) N T3( or " QHB(Z}“T)) r=rp(z)
201 z2 z t
> — —dt
_T?L(I)(l-i-\/l—:ﬂ 0 V1-—1¢2 )
2a1 z2
= —V1-a2+ V1)
( ) (1 + V1 — 22 v )

2a1( z2 1—(1—:02))70
@)\ +VI—22  14+V1— a2 '

And thus 7 +— % is nondecreasing on (0, r1) for some 1 > 0.
In case n > 3, let us find h = h(z) such that n(z) = 2¢(z). For this h, the
only inequality in (11) turns to equality. Further we observe

1 1 a2
n—1 — on—1 — on—1 < 4
(12) 2= A @ (1+4+O(x )),
x 1 x
(n — 1)/ 72,/ 5 dt = (n — 1)/ TR+ 42 4 O(td) di
0 1—t 0
(13) =(n— 1)/ t"—2(1 + =+ O(t4)) dt
0 2
_ n—1 n—1 n+1 n+3
=z 2(n+1)x + O(z"™).
Since 4 5 < 2( +1) for n > 3, if £ > 0 is small enough, then from (9), (11), (12)

and (13) we obtain

0 pB(zp1)
or r=1  lr=r,(2)
_ 1 /0uB(zp,7)
N T_”( or r—(n- UMB(Z}“ )) r= rh(x

_ an—Z( 2271 / 2
@)\ + V122 V1

Therefore the measure p cannot be locally (n — 1)-monotone. O
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Remark 4.3. The 2-dimensional Hausdorff measure restricted to the graph of
the function |z|2, z = (x1,22), in R3 is not locally 2-monotone (even though the
graph of |z|? and a sphere in R3 are very similar in the sense of curvature).

PROOF: We use similar computation to the one from the proof of Proposition 4.2
and the result follows from

21 + 422 1 3 x
x T 2\ 3
7<—(1+4x 2_1):/ /1 + 42 dt,
14+vV14+422 12 ( ) 0

which is satisfied for x > 0 small enough. (|

More generally, we can show the same way that the (n — 1)-dimensional Haus-
dorff measure restricted to the graph of the function |z[P, p > 1, in R" is not
locally (n — 1)-monotone for p < "T'H In [3], it is shown for n = 2 that if

p> "T'H, then the restricted measure is locally 1-monotone. Even in such a small

dimension, the computations become very complicated when we consider the test
ball centres with a non-zero first coordinate. For n > 3, the question concerning
the sufficient condition on p is open. We guess that p > ”T'H is still a sufficient
condition for the local (n — 1)-monotonicity in the higher dimension, because for
the test ball centres with the first (n — 1) coordinates equal to zero similar com-
putation as above gives r — % is nondecreasing on (0, r1), for some 1 > 0,
and moreover in case n = 2 the test balls with centres with the first coordinate

equal to zero were crucial for the local 1-monotonicity.

If we want to construct a locally k-monotone measure which is not just a
k-dimensional Hausdorff measure restricted to a k-dimensional subspace of R™,
it may be more convenient to use the following proposition instead of studying
graphs of |z|P.

Proposition 4.4. Let M C R™ be a Borel set, i1 be a k-dimensional Hausdorff
measure restricted to M and fi be a (k + 1)-dimensional Hausdorff measure re-
stricted to M X R = {(z,y):x € M,y € R}.

B )
If r— £ ;,fr)

is nondecreasing on [0, 7] for every # € R*T1,

is nondecreasing on [0, r¢] for every z € R"™, then r — £ fk.(f’lr)

Hence, if p is locally k-monotone, then [i is locally (k + 1)-monotone. If u is
k-monotone, then [i is (k 4+ 1)-monotone.

PRrOOF: Without loss of generality suppose that the last component of Z is 0.
Hence we can write Z = (2,0), where z € R™. Let 0 < r; < r9 < r9. Using the
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uB(zr)
T’k

monotonicity of r — we obtain

[iB(Z, ) 7/7”2 nB(z /13 =) at 7/’“1 1Bz (/18 = (39)) s

rhtl —ry rk r2 Jon rk 1
1 MB(Z,%\/T%—SQ) ds r pB(z, (/13 = $2) s
- /—rl rk 1 = /—rl rh(L)k r
_ BB(Z,11)
T

O
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