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Math. Slovaca 4 1 , 1991, No. 3, 261-276 

PALINDROMIC SQUARES FOR VARЮUS 
NUMBER SYSTEM BASES 

IVAN KOREC 

A B S T R A C T . Polynomials generating infinitely many nontrivial fc-adic palin­
dromic squares are constructed for every b > 2 . 

1. Introduction 

M. H a r m i n c in [1] considered (decadic) palindromic squares and has found 
several of them by a computer. He has found several nontrivial ones (in the 
sense explained below) and stated a problem whether there are infinitely many 
nontrivial palindromic squares (for the base ten). In the present paper a positive 
answer will be given not only for the base ten but also for all bases b > 2. 
This part, with the exception of the case b = 5, is contained also in [2]. Here 
we prove that the obtained formulae are in some (although rather weak) sense 
universal: They give all polynomials g(x) with integer coefficients such that for 
all b > 9 and all sufficiently large integers k the values g(bk) are nontrivial 
6-adic palindromic squares. 

2. Definition and notation 

Z will denote the set of integers and Z[x] the ring of all polynomials over 
Z . A polynomial 

f(x) = anx
n + an-\Xn~ + • • • + a\x + a0 , an ^ 0 , 

will be called reciprocal if an-i = a; for all i = 0 , 1 , . . . , n . 

The digits 0 , 1 , . . . ,9 will be used in their usual sense and for an arbitrary 
number system basis. Since we shall consider arbitrary number bases we shall 
assume that to any integer c > 9 a digit is also associated. (However, we shall 
not need these digits in explicit numerical examples.) Superscripts in parenthesis 
will denote repetition of the digits they belong to. When a base b is considered 
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all sequences of digits mus t be unders tood as 6-adic expansions. T h e same let ter 
will be used for a (nonnegative) integer and the corresponding digit. T h e bar 
is used to dist inguish the 6-adic expansion cncn-\ ... C\Co from the produc t 
CnCn-\...C\C0. 

D e f i n i t i o n 2 . 1 . (i) A positive integer will be called a b-adic palindrome 
(b > 1) if its b-adic expansion cncn-\ ... C\CQ (without any leading zeros) sat­
isfies Ci = cn-i for all i = 0 , 1 , . . . , n . Otherwise it will be called nonpalindromic 
for the base b. 

(ii) A positive integer will be called a b-adic palindromic square if it is a 
square (of an integer) and simultaneously a b-adic palindrome. 

(iii) A b-adic palindromic square y = cncn-\ ... C\CQ will be called trivial if 
the b-adic expansion anan-\ ... a\ao of y/y (with leading zeros if necessary) 
satisfies 

i 

y a^ai-k = c, for all i: = 0 , 1 , . . . , n . 
Jt=o 

Otherwise the b-adic palindromic square y will be called nontrivial. 

For example , 121, 10201, 484, 40804, 12321, 102030201, 14641, 104060401, 
44944, 404090404 are decadic pal indromic squares . It is easy to construct in­
finitely m a n y similar pal indromic squares by inserting zeros, bu t they will be 
trivial in the above sense . (Also 1, 4, 9 are trivial pal indromic squares .) Nontrivial 
decadic pal indromic squares are e. g. 676 = 262 , 69696 = 2642 , 94249 = 3072 , 
698896 = 8362 . 

T h e idea of (iii) is t ha t a pal indromic square is nontr ivial if a carry occurs 
by the corresponding squaring . In [2] (and implicitly also already in [1]) a little 
s tronger criterion of nontriviali ty was considered . A pal indromic square was 
called nontrivial if its square root was not pal indromic . For example , for b = 2 we 
have 1001 = l l 2 and for b = 7 we have 23300332 = 41142 . These pal indromic 
squares are trivial by the original definition bu t nontr ivial by the present one. 
T h e new definition seems to be more adequa te . However, pal indromic squares 
const ructed below will be nontrivial by the original definition, too . (Larger initial 
numerical examples must be sometimes used to obta in this proper ty; however, 
6 = 5 is n o t the case.) 

D e f i n i t i o n 2 . 2 . (i) We shall say that the polynomial g(x) G Z[x] produces 
b-adic palindromic numbers if it is non-constant and for every sufficiently large 
integer k the value g(bk) is a b-adic palindromic number. 

(ii) We shall say that the polynomial g(x) G rL\x\ produces /nontrivial/ b-
adic palindromic squares if it is non-constant and for every sufficiently large 
integer k the value g(bk) is a /nontrivial/ b-adic palindromic square. 
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The words "for every sufficiently large integer A;" ought to be understood 
here as "for all k such that bk is greater than the maximum of the absolute 
values of coefficients of g(x)". 

For example, the polynomial x2 -|-2x-f-l produces 6-adic palindromic squares 
for every 6 > 2 and the polynomial x4 + 2x3 +3x2 +2£-f-l for every 6 > 3 ; how­
ever, the produced palindromic squares are trivial. The polynomials producing 
nontrivial palindromic squares will be given later. 

3. Existence of nontrivial palindromic squares 

Theorem 3.1 . Let S be a nontrivial b-adic palindromic square with all dig­
its less than | 6 . Then the polynomial g(x) = Sx2 + 2Sx + S produces nontrivial 
b-adic palindromic squares. 

P r o o f . Let C = \/S. Then g(x) = (Cx + C)2 and hence all values of g(x) 
(for integer x) are squares. Now let snsn-i .. .S\So be the 6-adic expansion of 
S and k > n. Denote r, = 2-s, for all i = 0 , . . . , n; obviously £, < 6. Then the 
6-adic expansion of g(bk) is 

snsn-i . . ..si-soO.. .0rn*n_i . . .tito0.. . 0 s n s n _ i .. . .sis0 , 

where both groups of zeros 0 . . . 0 have the same length k — n — 1. It is easy to 
see that this expansion represents a nontrivial palindromic square. 

Corollary 3.2. For every base 6 E {3,5,6,7,8,9} there are infinitely many 
nontrivial b-adic palindromic squares. 

P r o o f . We use the previous theorem. The appropriate palindromic squares 
(which were found by a computer in most cases) are e. g. 

11111 = 1022 for 6 = 3 , 

102201 = 2312 for 6 = 6, 

10212212221000111212121211100012221221201 = 

= 1010302212123241413442 for 6 = 5 , 

202 = 132 for 6 = 7 , 

112011331102111 = 30253032 for 6 = 8, 

430101034 = 206572 for 6 = 9, 

Notice once more that 6-adic expansions are used when the base 6 is considered. 

For the case 6 = 2 the above method obviously does not work. The au­
thor still does not know whether nontrivial palindromic squares suitable for this 
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method exist for the bases 6 = 4 and 6 = 10 (ten). However, these cases will be 
solved by another methods, one for 6 = 4 and another for all 6 > 7. (Hence for 
the cases 6 = 8 and 6 = 9 two constructions of nontrivial palindromic squares 
are given.) 

Theorem 3.3. For the base 6 = 4 the polynomial 

g(x) = 100x4 + 100x3 - 10x2 - lOx + 1 

produces nontrivial J^-adic palindromic squares. (In the coefficient of g(x) the 
base 4 is used!) 

P r o o f . Since g(x) = (lOx2 + 2x — l) the values of g(x) for all integers 
x are squares. Further, it can be easily seen that for every n > 0 the 4-adic 
expansion of g(4n) is 

1 0 (n ) 3 (n ) 2 3 (n ) 0 (n ) 1 = ( l 0(n)13(n)y2 ̂  

and it is obviously a nontrivial 4-adic palindrome. 

T h e o r e m 3.4. Let 

îx{x 

/з(* 

= x2r + X2T~S + xr+s - xr + xr~° + x* + 1, (F. l) 

= /i(.-) + * 2 p - 2 ' + * 2 * , (F.2) 

= / i ( * ) + : r 3 r / 2 + * r / 2 , (F.3) 

= fi(x) + xr+''2 + xr-'2 , (F.4) 

= /i (x) + x**'2-*'2 + x r l 2 + 3 ! 2 , (F.5) 

where the integers r,s satisfy the conditions r > 2s > 0 and, moreover, 

r ^ 3s for f2(x), 

r is even for h(x), 

s is even for h(x), 

r + s is even and r ^ 3s for h(x). 
Let gi(x) = f2(x) for i = 1, . . . , 5 . Then for every i = 1, . . . , 5 and every base 
6 > 9 the polynomial gt(x) produces nontrivial b-adic palindromic squares. 
Further, for i = 1 the same holds also for 6 = 8 and 6 = 9. 

P r o o f . By an easy computation we obtain 

gi(x) = x 4 r + 2 x 4 r " ' + x 4 r~ 2* + + 2 x 3 r + a + (G.l) 

+ 2x 3 r " 2 * + x 2 r + 2 a + 7x 2 r + x 2 r " 2 s + 

+ 2x r + 2 * + 2 x r " 5 + x 2 a + 2x s + 1, 
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g2(x) = xir + 2xir~s + Zxir~2s + 2xir~3s+ (G.2) 

+ xir~is + 2x3r+s + 2x3r~s + 2x3r~3s+ 

+ Zx2r+2s + 2x2r+s + 9x2r + 2x2r~'+ 

+ 3x2r~2s + 2xr+3s + 2xr+s + 2xr~s+ 

+ xis + 2x3s + Zx2s + 2xs + 1, 

g3(x) = xir + 2xir~s + xir~2s + 2x7r/2 + (G.3) 

+ 2x7r/2~s + 2x3r+s + x3r + 2x3r~3s+ 

+ 2x5r/2+s + 4x5r/2~s + x2r+2s + 9x2r+ 

+ x2r~2s + Ax3r/2+s + 2x3r/2~s+ 

+ 2xr+2s +xr + 2xr~s + 2xr/2+s+ 

+ 2xr/2 + x2s + 2xs + 1, 

g4(x) = xir + 2xir~a + xir~2a + 2x3r+s+ (G.4) 

+ 2x3r+a/2 + 4x3r~a/2 + 2x3r~3a/2 + 

+ 2x3r~2a + x2r+2s + 2x2r+3a/2 + x2r+a+ 

+ 9x2r + x2r~s + 2x2r~3a/2 + x2r~2s+ 

+ 2xr+2s + 2xr+3s/2 + \xr+a/2+ 

+ 2xr-'/2 + 2xr~a + x2s + 2xs + 1, 

g5(x) = xir + 2xir~s + xir~2s + 2x7r/2~s/2 + (G.5) 

+ 2x7r/2-3s/2 + 2x3r+s + x3r-" + 

+ 2x3r~2s + 4x5r/2+s/2 + 2x5r/2~3s/2+ 

+ x2r+2a + 9x2r + x2r~2s + 2x3r/2+3s/2+ 

+ 4x3r/2-'/2 + 2xr+2a + xr+a + 2xr~s + 

+ 2xr/2+3a/2 + 2xr/2+a/2 + x2s + 2xs + 1, 

Hence <7,(x) (i = 1 , . . . , 5) are polynomials with nonnegative coefficients. Since 
fi(x) are reciprocal gf.(x) are also reciprocal. Since fi(x) has only 9 (for i = 1 
only 7) nonzero coefficients, and they are equal ± 1 , the coefficients of <7.(x) 
do not exceed 9 (or 7 for i = 1). Notice that we must not conclude this fact 
immediately from (G.1)-(G.5) because exponents occurring there need not be 
pairwise distinct for all admissible values of r, s. 
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fi(x) = x2r 
- -

+ x 2г—a + X r-\-s + xr + x> + 1 

h(x) + x2r~2' + ... 
- -

+ *-• + ... 

h(x) = + x3rl2 + 
- -

...+xrl2+... 

h(x) ,г+»/2 . + ar^t--/-+ ... + a r г - - / - + . . . r-a/2 

h(x) 

r/2-a/2 

••• + xЗr/2-a/2 + 

r/2-a/2 

• r 
...+xr/2 + a/2 + 

Fig. 1. Scheme of the polynomials f%(x) from Theorem 3.4. 

The polynomials fi(x)- f$(x) are displayed schematically in Figure 1. The 
symbols ©, 0 are used for the members of f\(x), the symbol eg) for the remain­
ing members of f2(x)-f$(x). If r = 4$ then f2(x) = fz(x) and several further 
similar implications hold. However, we can see that the formulae (F.1)-(F.5) 
are independent in the following sense: For every of them there is a polynomial 
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which can be obtained only from this one (by an admissible choice of r, s). 

R e m a r k . Let us forget for a moment the condition r > 2s > 0 and as­
sume only r > s > 0. Let us substitute r — s by s in (F.2)-(F.5). Then the 
polynomials ^ ( z ) , h(x) remain unchanged and the polynomials / i (x ) , /s(x) 
are interchanged. In this sense / s (z) is unnecessary. 

4. Auxiliary results 

Here several results are given which will be useful in the proof of a converse 
of Theorem 3.3. 

Lemma 4.1 . Let K > 1, n > 0 and let a n , a n _ i , . . . , a i , a n , a _ i , . . . be 
oo 

reals such that the series h(x) = ~2 an-kXn~k converges for all x > K. Let for 
*=o 

every integer z > bo the value h(z) be an integer. Then h(x) is a polynomial, 
i. e. an_£ = 0 for all k > n. 

P r o o f . By induction with respect to n. For n = 0 we obviously have 
lim h(z) = an . Hence all but finitely many members of the sequence h(K), 

z—>oo 

h(K + 1), h(K + 2 ) , . . . are equal to ao . This gives h(x) = ao . 
For n > 0 consider the function h\(x) = h(x + 1) — h(x) and the corre-

oo 

sponding infinite series ~~ &n_jt.zn~~* which also converges for all x > K; to 
*=o 

construct it we use 

(x + l ) " 1 = x~l - x'2 + x~3 - x~4 + . . . 

Then obviously bn = 0, and hence the inductive assumption can be used. Hence 
h\(x) is a polynomial. However, for x > K we have 

x—l x—l 

h(x) = h(K) + £ (h(j + 1)- h(j)) = h(K) + J2 fciW , 
j=K j=K 

hence h(x) is a polynomial, too. 

R e m a r k . The coefficients of h(x) need not be integers, as we can see on 
the example h(x) = \x(x + l) . For more details see [4], VIII, ex. 85 in Chapter 2. 

Lemma 4 .2. If K > 1 and the values of a polynomial g(x) G Z[x] for all 
integers x > K are squares then the polynomial g(x) is also a square, i.e., there 
is f(x) G Z[x] such that g(x) = f2(x). 
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P r o o f . Consider the function h(x) = \Jg(x2) and its Laurent series 
oo 

^2 an-kXn~ - where n is the degree of g(x). (The coefficients an_jt are obvi-
k=o 
ously real; only later we shall see that they are integer.) This series satisfies the 
conditions of Lemma 4.1 (with a suitable K ) and therefore h(x) is a polyno­
mial. We can easily check (also before applying Lemma 4.1) that an_jt = 0 for 
all odd k. Therefore there is a polynomial f(x) such that 

h(x) = f(x2) if n is even and h(x) = x • f(x2) if n is odd. 

If the second case takes place we have g(x2) = x2 • f2(x2) and hence g(x) = 
x • f2(x). Now choose a nonsquare integer x > K such that g(x) > 0. Then 
g(x) is a square but x - f2(x) is not a square (of any rational number). This 
contradiction excludes the second case. 

In the first case we have g(x2) = / 2 ( x 2 ) , and hence g(x) = f2(x). Now 
f(x) G Z[x] easily follows from the Gauss lemma about the product of primitive 
polynomials, see e. g. [3]. 

R e m a r k . At the 9th Czechoslovak Colloquium on Number Theory (Rac-
kova Dolina, September 1989) A. S c h i n z e 1 notices that Lemma 4.2 above is 
known in essential, resp. it is a consequence of a more general result. Therefore 
its proof was only outlined here. See also [5] in this volume. 

Theorem 4.3. Let 60 > 2 and let 

g(x) = cnx
n + c n_ 1x n~ 1 H h c\x + c0 G Z[x], 

where n > 0 and cn > 0. Then the polynomial g(x) produces b-adic palin­
dromes for every b > bo if and only if 

either g(x)is reciprocal and all its coefficients are nonnegative and less than bo 
or <7(0) = —1, —1 < c, = cn-{ < 1 for all i = 0 , . . . , n and between 

every two positive coefficients of g(x) there is a negative one. 

P r o o f . To prove the direct implication, choose 6 = 2. max( |co | , . . . , \cn\) +3 
and k > 3 such that 

^(b*) = amam~i . . . a i a 0 , am ^ 0, 

is a b-adic palindrome. For every i = l , . , . , n denote by nz(i) the greatest 
j < i such that cj ^ 0; such j exists because Co ^ 0. Obviously m = kn — 1 
if and only if cn = 1 and cnz(n) < 0; otherwise m = kn. Now distinguish two 
cases. 
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Case I. All coefficients of g(x) are nonnegative. Then we have a*, = c; 
for all i = 0, . . . , n , and all remaining aj are zeros. Since g(bk) is a 6-adic 
palindrome and ra = kn we have 

CJ = akj = akn-kj = cn-j for all j = 0 , . . . , n , 

and hence ^(x) is reciprocal. 
Now consider the base 61 = m a x ( c n , c n - i , . . . , CQ) and assume that 

g(bx) = d9d9-i...d0, d9^0 

is a 61 -adic palindrome. There holds do ^- 0 and hence Co < 61 . Then also 
c9 < 61 and hence s = 2n. Consider the greatest j such that Cj = 61. Then 
also = Cn-j- i = Cj+i < 61 and hence we have 

l2j+l = 1 , d2j; = 0 , d2n-2j-i = 0 , d2n-2j-2 = Cj- i . 

Hence 0*2j+\ ^ 0^-27+1 > and g(b\) is not a 61 -adic palindrome. This contra­
diction shows that 61 < 60 . 

Case I I . At least one coefficient of g(x) is negative. Find the smallest i > 0 
such that c,- < 0 and the greatest j < m such that Cj ^ 0 and cnz(j) < 0. 
Then akj+k-i^ki are the leftmost and the rightmost digits of g(bk) which are 
greater than | 6 . Therefore 

akj+k-i = a*; and ra = (kj + k - 1) + fci. 

It is possible only if ra = kn — 1. Now we can divide a m a m _ i . . . aiao into 
n segments of length k; let us number them from the right side to the left. 
Every segment consists either of digits greater than | 6 or of digits less than 
| 6 . The rightmost digit (and also every inner one) of the j th segment is either 
0 or 6 — 1; it depends on the sign of cn z( ;) . Since g(bk) is a 6-adic palindrome 
the same holds also for the leftmost digits. Hence every segment is either 0 ^ 
or (6 — 1)(*). This implies that all nonzero coefficients of g(x) are ±1 and 
that for every j = l , . . . , n c, ^ 0 implies cnz( ;) = —Cj. It remains to show 
that c n - t = —c,; it can be done easily using once more that #(6fc) is a 6-adic 
palindrome. 

To prove the converse implication assume 6 > 60 , k > 0 and distinguish the 
same two cases as above. In the first case the coefficients of g(x) become also 
the digits of g(bk); for k > 0 the block O^"1) ought to be inserted between 
every two neighbour ones. Since g(x) is reciprocal the value g(bk) is a 6-adic 
palindrome. In the second case we obtain a palindrome consisting of blocks 0 ^ 
and (6 - 1)<*>. 
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Lemma 4.4. If f(x) G Z[x], the polynomial g(x) = f2(x) is reciprocal and 
all its coefficients are nonnegative then the polynomial f(x) is also reciprocal. 

P r o o f . If f(x) is a constant polynomial the statement is trivial; assume 
that f(x) has degree n > 0. Let 

f(x) = anx
n + a n _ i x n _ 1 H h a_x + a 0 

g(x) = c2nx
n + c 2 n -ia; n ~ 1 H h cxx + c0 . 

Then we have 

a n = c 2 n = c0 = a0, 

2 a n a n _ i = c 2 n - i = ci = 2a 0 ai , 

2 a n a n _ 2 + a n _j = c 2 n _ 2 = c2 = 2a 0 a 2 + ax , 

e t c 

From the first equation we have either an = a 0 or an = —a0 . Since a n ^ 0 for 
i = 1,. . . , n , there can be continually obtained a n _i = a, in the first case and 
an-i = —a, in the second case However, in the second case we have / ( l ) = 0, 
and hence also g(\) = 0, winch is impossible because g(x) has all coefficients 
nonnegative. Therefore the first case take place, i.e., f(x) is reciprocal. 

5. Po lynomials producing palindromic squares 
for almost all bases 

T h e o r e m 5.1. For every 60 > 2 and g(x) G Z[x] the following conditions 
are equivalent: 

(i) for every b > 60 the polynomial g(x) produces /nontrivial/ b-adic 
palindromic squares; 

(ii) all coefficients of g(x) are nonnegative and there is a reciprocal poly­
nomial 

f(x) = anx
n + an-.ixn~l H h axx + a0 G Z[x], 

n 

n > 0 and an > 0, such that g(x) = f2(x) and ]___ a2 < bo /and at 
t = 0 

least one coefficient of f(x) is negative/. 

P r o o f . At first assume that (ii) holds without the text in slashes, b > b0 

and k > 0. Then g(x) is reciprocal and its coefficients are less than b because 
for every k < n there holds 

k ^ 1 k n 

]T aiak-i < Y_ M + al_i) = Y,a2i^__la2i^bo-2 
»=0 t = 0 ť=0 
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Therefore by Theorem 4.3 the value g(bk) is a 6-adic palindrome. It is obviously 
also a square. Further, assume that f(x) has a negative coefficient. Then 60 > 4 
(more can be proved) and 

a, < y/bo-2 < -b0 < -b 

for all i = 0 , . . . , n. Therefore the sum S of digits of (the 6-ary expansion of) 
f(bk) is greater than / ( l ) . On the other hand, the sum of digits of g(bk) is 
g(l) = / 2 (1 ) < S2 , therefore the 6-adic palindromic square g(bk) is nontrivial. 

Now assume that (i) holds (at first without "nontrivial"). The values #(6) 
for all 6 > 6Q are squares and hence by Lemma 4.2 the polynomial g(x) is 
the square of a polynomial f(x) G Z[x\. Denote by n the degree of f(x) and 
by a „ , . . . , a o its coefficients; we may assume an > 0. Then g(0) > 0 and 
hence by Theorem 4.3 the polynomial g(x) is reciprocal and its coefficients are 
nonnegative and less or equal to 60 . If we consider the coefficient of xn , we 

n 
obtain ]T a2 < bo and Lemma 4.4 implies that f(x) is reciprocal. Further, if 

»=o 
all coefficients of f(x) are nonnegative, then for every 6 > 60 and k > 0 the 
nonzero digits of g(bk) coincide with nonzero coefficients of g(x), hence the 
6-adic palindromic square g(bk) is trivial. Therefore (i) implies (ii) also with 
the text in slashes, which completes the proof. 

T h e o r e m 5.2. A polynomial g(x) G 1\x\ produces nontrivial b-adic palin­
dromic squares for all bases 6 > 9 if and only if g(x) = f2(x) for some 
i = 1, . . . ,5 and some integers r, s, where fi(x) are polynomials from (F.l)-
(F.5) and the parameters satisfy the conditions from Theorem S.4. 

P r o o f . The "if" part is contained in Theorem 3.4. To prove the "only if" 
part, use Theorem 5.1. We know that g(x) = f2(x) for a reciprocal polynomial 

f(x) = anx
n + an_1.rn""1 -\ h a>\x + a0 e Z[x\, an > 0 

n 
with at least one negative coefficient and such that Yl a2 < 9. We shall look 

«=o 
for all such polynomials. Let us call the members obtained by formal squaring 
of f(x) shortly #-members (only in this proof). Further, call a #-member bxm 

positive or negative if its coefficient 6 has this property. 

Denote by an,ap,aq the three highest nonzero coefficients of f(x), i.e., let 

f(x) = anx
n + apx

p + aqx
q + . . . , 

where n > p > q and the non-written members (if any) have degrees less 
than q. (The polynomial f(x) has at least three nonzero coefficients because 
a0 = an > 0 and a, < 0 for some i.) By formal squaring of f(x) we obtain 

g(x) = a2
nx

2n + 2anapx
n+p + 2anaqx

n+q + apx
2p + . . . , 

271 



where the non-written #-members have degrees less than n + q . The #-member 
2ana

n+p cannot be added with any other #-member (for any admissible choice 
of p , q) and therefore the coefficient 2anap must be nonnegative, and hence 
obviously positive. Therefore ap > 0. Since the polynomial f(x) is reciprocal 
and has a negative coefficient we have p > n — p and therefore 

a2
n+a2

p+a2
n_p + a2<a2+a2 + ..- + a2

n<9. 

Hence an+a2 < 4 , which implies an = ap = 1. 

Now we prove aq > 0. Let, on the contrary, aq < 0. Consider the coefficients 
of #-members of degree n + q. One of them is 2anaq < —2 and the only 
further one can be a2 = 1. Their sum is negative, which contradicts the required 
properties of g(x). Therefore aq > 0. 

We have proved that the three highest nonzero coefficients an , ap , aq of 
f(x) (and then also its three lowest nonzero coefficients an-q , an-p , a0 ) are 
positive. Further, f(x) has a negative coefficient, i. e. together at least seven 
nonzero coefficients. Since the sum of their squares does not exceed 9 they all 
must be equal ± 1 , and their number cannot exceed 9. 

Now we shall show that f(x) cannot have two or more negative coefficients. 
Assume the contrary. By the above consideration f(x) has at most 9 nonzero 
coefficients e t c , therefore there holds 

f(x) = xn + xp + xq -xs + axr - xn~9 + xn~q + xn~p + 1 

for some integers p, q, r , .s, a satisfying n>p>q>s>^n, — 1 < a < 1 
and if a ^ 0 then r = | n (particularly, n is even in this case). 

Assume a < 0 at first. Then / ( l ) < 4, g(l) < 16, and therefore the sum of 
coefficients of g(x) is at most 16. However, 

g(x) = x2n + 2xn+p + 2xn~rq + • • • + (8 + a2) • xn + • • • + 2xn~q + 2xn~q + 1, 

the degrees of negative g -members are distinct from the degrees of g -members 
explicitly written and all coefficients of g(x) are nonnegative. Therefore the sum 
of coefficient of g(x) is at least 18 which is a contradiction. Hence the case a < 0 
is excluded. 

Now assume a = 1 (and hence n = 2r ). All mixed #-members (i.e., those of 
the form 2AB , where A, B are distinct members of f(x)) which have a degree 
greater than 2r , are given in Table 1. Its heading column contains all members 
of f(x) but its heading row contains only those of degree greater than r . In 
both cases their degrees are in descending order. This induces the descending 
order of degrees of #-members in every row and in every column of Table 1. 
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x2r 
xP xi -xs 

x2r 

xP 2X2Г+P 

xi 2x2r+i 2xP+i 

-xs -2x2r+s 
-2xP+s -2xi+s 

xr 2x3r 2xp+r 2xi+r -2xr+s 

-x2r~3 -2x4r~s 
-2X2Г+P~S -2x2r+i-s 

x2r~i 2x4r~i 2x2r+p-i 

x2r~P 2X4Г~P 

1 

Table 1. T h e mixed g -members of degree greater than 2r 

for f(x) with two negative coefficients. 

Since all coefficients of g(x) ought to be nonnegative, every negative g-
member in Table 1 must be cancelled with a positive one. However, 2x2r"rP 

and 2x2r~rq cannot be used because of their too high degrees. So the cancelling 
must induce a bijection between seven remaining positive g -members and seven 
negative ones. In this bijection 2xp'rq must correspond to — 2x2r~rS because their 
degrees are the highest. Then 2x 3 r must correspond to — 2xp+s for a similar 
reason. So we have 

and p + s = Зг . 

6 . 

p + q = 2r + s 

From these equations we can obtain 

p + r = 4r — s and 4r — q = 2r + p • 

We may assume that the g -members with these exponents correspond in the bi­
jection mentioned above. Now let us consider the g -member 2xq~rr. It cannot be 
cancelled with any of three remaining negative g -members (because of different 
degrees for any admissible values of p, q, r, s ). Therefore the requested bijection 
cannot exist, and hence the case a = 1 is also excluded. Now we know that 
f(x) has exactly one negative coefficient. This fact together with other proved 
properties of f(x) implies 

or 

f(x) = xZr + xp + x 

/(*) 

я _ + x 
2r-q + X 

2r—p + i 

+ xp + xч + x - xr + x1 "' + x2r~i + x 
Iт—ў 

+ 1 
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for some integers p, a, r, t satisfying 2 r > p > g > r > 0 and in the second case 

also 2r > £ > r , t ^ p, t 7-- q. (The relation < or > between t and p , g is not 

fixed on purpose . ) 

T h e negative g -member — 2x3r must be cancelled wi th a posit ive g -member . 
In the first case this positive # -member must be 2xp~rq ; in the second case we 
may assume tha t wi thout loss of generality. Therefore 

p = 2r — s and q = r + 5 

for a positive integer s < | r . So we obta in the formula ( F . l ) in the first case. 

In the second case we have 

f(x) = x2r + x2r~3 + xr+3 + xl ~r i Jlт— - I ~r~s 

X + X + X + x* + l, 

a n d we have to choose t so t h a t all coefficients of g(x) = f2(x) would be 

nonnegat ive. Therefore the negative g -member — 2 x r + < must be cancelled with a 

positive g -member . (See Table 2, which is organized in t h e same way as Table 1.) 

x2r x2r-3 xr+3 xł 

x2r 

x2r~3 2x4r-" 

xr+3 2x3r+3 2x3r 

xł 2x2r+t 2x2r+t~3 2xr+3+t 

-xr -2x3r -2x3r-' -2x2r+3 -2xr+t 

x2r~l 2a;4 г- í 2x4r-ł-3 
2x3r+s-t 

xr-3 2x3r~3 2x3r~23 

X3 2x2r+3 

1 

Table 2. The mixed g -members of degree greater than 2r 

for f(x) with one negative coefficient. 

Since t h e g -members 2x3r~9, 2x2r+9 are used t o cancel o t h e r negative g-
m e m b e r s , — 2xr~rt must be cancelled with one of 

2æ Зr-2s 2x Ar-t 2 i 3 r + s - ' , 2æ Ar-t-s 
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Therefore r + t must be equal to one of the exponents of the above members, 
which implies 

~ 3r s 3r s 
t = 2r-2s, t = —, i = r+2' ' = ~2 " 2 ' 

and we obtain the formulae (F.2), (F.3), (F.4), (F.5), respectively. 

The parity conditions from Theorem 3.4 must be fulfilled because exponents 
ought to be integer. Finally, r ^ 3s in (F.2) and (F.5) because otherwise we 
have 2r — 2s = r + s or Tp — | == r + .s, and f(x) would have a coefficient 
greater than 1. 

The case of trivial palindromic squares is less interesting and easier than 
Theorem 5.2 but we give it for the sake of completeness. Its proof will be written 
more briefly than that of Theorem 5.2. 

Theorem 5.3. A polynomial g(x) G Z[x] produces trivial b-adic palin­
dromic squares for all bases b > 9 if and only if g(x) = ff(x) for some 
i = 6 , . . . , 9 , where 

f6(x) = xr + apx
r'p + aqx

r~q + asx
r~s+ (F.6) 

+ ar/2x
r/2 + asx

s + aqx
q + apx

p + 1, 

f7(x) = 2xr + ar/2x
r + 2 , (F.7) 

fs(x) = x2r + 2xr + l, (F.8) 

f9(x) = x2r + x2r-x + 2xr + xl + 1, (F.9) 

and the integers p, q, r, 5, t, ap, aq, ar/2, as satisfy the conditions 

r is even if ar/2 ^ 0 , 0 < p < £ if aPy--0, 

r > 0 , P<tf<ftfag^0, 

0 < ar/2 < 1, q < s < r : i f a s ^ 0 , 

0 < as < aq < ajr< 1. 

P r o o f . By Theorem 5.1 we know that g(x) = f2(x) for a nonconstant 
reciprocal polynomial with nonnegative integer coefficients. Moreover, the sum 
of their squares does not exceed 9. Hence the number of nonzero coefficients of 
f(x) does not exceed 9. The formula (F.6) covers all possibilities for such f(x) 
with all nonzero coefficients equal to 1. 

Now assume that f(x) has also coefficients greater than 1. Since f(x) has 
at least two nonzero coefficients it cannot have a coefficient 3 or more. If at least 
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two coefficients are equal 2, then f(x) can have at most one further nonzero 
coefficient, and it must be equal to 1. This case is covered by the formula (F.7). 

Finally, assume that f(x) has exactly one coefficient equal to 2. It must be 
in the middle of the sequence of coefficients of f(x) and f(x) must have even 
number of further nonzero coefficients. This number can be either 2 or 4, and 
we obtain (F.8), (F.9), respectively. 

R e m a r k . The simplest polynomial obtained from Theorem 5.3 is g(x) = 
(x + l ) 2 . It produces 6-adic (trivial) palindromic squares for all b > 2 , while 
the simplest polynomial from Theorem 5.2, 

g(x) = (x6 + x5 + x4 - x3 + x2 + x + l ) 2 

produces them only for b > 7 (however, nontrivial ones). 

6. Open problems 

(i) Are there infinitely many palindromic squares for the base 6 = 2 ? 
(ii) Are there nontrivial decadic palindromic squares of all but finitely 

many lengths? (All nontrivial palindromic squares given by Theorem 
5.2 have lengths of the form 4fc + 1.) 

(iii) Are there further polynomials generating nontrivial decadic palindro­
mic squares ("independent" of those above in a suitable sense) ? 

The questions (ii) and (iii) can be stated also for bases b ^ 10. 
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