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ON AN EXTENSION OF FINITE FUNCTIONALS
BY THE TRANSFINITE INDUCTION

MICHAL SABO

The very well known theorem concerning the extension of a o-finite measure
defined on a Boolean ring of subsets of an abstract set may be proved by means of
the transfinite induction [1]. The main subject of this paper is to show how the
transfinite induction can be used to extend a finite functional defined on a certain
lattice. The main result can be used for an extension both of a measure and an
integral. A similar result was obtained.in [3] but with the help of another

construction. »

1

Let S be a system in which a limit is defined for some sequences {x,}, x, € S. Let
AcSand A*={x € S, for which there is {a,}, a, € A and x =lim a,}. Define a

transfinite sequence: A=A,c A,c A,c...c A, c... as follows A, =ﬂU A%.The

following statement holds: There exists the smallest ordinal o such that A¥=A,
i. e. A, is closed with regard to limits. The statement is an immediate consequence
of the fact that for the ordinal 2 we have Ao =A% [2].

2

Let S be a lattice. Denote by xuy (xny) the supremum (infimum) of x, y € §.
Let {x,} be a sequence of elements of S. Denote by [Jx,([)x.) the supremum
(infimum) of the sequeénce {x, } if it exists. Denote lim x, = x or x, > x(x, , x€S) if

AUx,UMNx-exist and x=Ux=UJMNx.If {x,} is an increasing

n=l i=n n=1 izn n=1 i=n n=l i=n

(decreasing) sequence; i. €. x, <x,.,(x,=x,,,) and x=Jx, (x=[x,), we shall

write x, /'x (x,\.x).
Assume, that S fulfills : :
I.1. Let {x.}, x, € S be an increasing (decreasing) sequence bounded above

(below). Then there exists x € S such that x =lim x,.
2. There are two binary operations +, — on S satisfying the following

conditions:
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(a)a. b,ceS,asb>b—a=c—c.

b)u,b,ceS,as<bdat+csb+c,a—-csb—c;,c—a=c—-b.

(©) Xus Yur X, Y €S, X, > X, Yo > Yy P X, VY, —> XUy

X,Ny,— XNy
X, =YX =Y
X, +ty.—x+y.

Let A be a sublattice of S such that:

II.1. A is closed under +, —.

2. If x € S, then there exist a, b € A such that asx<5b.
Let a real-valued finite functional J be defined on A such that:

II. 1.a,be A, asb=>J(a)<J(D).

2.a,be A, asb=>J(a)+J(b—a)=J()).

3.a,be A J(a)-J(b)<J(a-Db).

4. a,be A>>J(anb)+J(aub)=J(a)+ J(b).

5.a, € A, a,\Nvo=>lim J(a,)=0.
o is such element of S that x —x=o0 for any x € S. (1.2.a) implies that such
element is uniquely defined. Evidently (by I1.1.), 0 € A.

We want to prdve the existence of sublattice A, with A =« A, c S and of a finite
real-valued functional J defined on A,, which is the unique extension of J such that
for A,, J satisfies the conditions II, IIT and the property:

X,—>X;X, € A,>x € A, andlimJ(x,)=J(x). (P)

3

The main purpose of this section is to prove that for any convergent sequence in
A the following statement holds: J(lima,)=limJ(a,).

Lemma 1. J(0)=0. It follows from (IIL.2.).
Lemma 2. If x, > x; x, x, € S, then there exist a, b € A such that a<x,<b

n=1,2, 3, ...

Proof. x= ﬂ L)J Dx (I1.2.) implies the existence of a, b € A such that

n= l>n n

x,<Ux<b, x,z(\x;=an=1,2,3, ..
i>1

=

Lemma 3. If a, /0, a, € A then limJ(a,)=0.

Proof. If o—a,\o, then J(0)—J(a,)<J(0—a,)—0. Hence limJ(a,)=
J(0)=0. i

Theorem 1. Let a,/a (a,\\a); a,, a € A. Then limJ(a,)=J(a).
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Proof. a—a,\o(a,—a\0) implies: lim J(@a—a,)=0 (lim J(a,—a)—0).
HenceJ(a)—-J(a,)<J(a—a,)—>0(J(a,)—J(a)<J(a,—a)—0) ; lim J(a,)=J(a)
(lim J(a,)<J(a)) .

Theorem 2. Let a,—o0; a, € A. Then limJ(a,)=0.
/

Proof. If a,—o0, a, € A, then a,uo—o0. It implies: a,uo0—a,— o and
a,vo—a,=o0. We have (see 111.2.) J(a,)=J(a,vo0)—J((a,v0)—a,). Thus, we
can assume that a, = o. It is sufficient to show that lim sup J(a,) <0, because then
0<lim inf J(a,)<lim sup J(a,)<0; i. e. lim J(a,) =0.

i=zn

From the definition of the limit 0 = ﬂ Ja,. Denote s, =| Ja;. Tie sequerce { }
is decreasing and s,\yo. We shall find a decreasing sequence {z,}, ¢
ost,<s,n=1, 2, 3, ... with the property:

e?O,xeA,xSs,.:)J(x)—J(t,,)$£§":%. (A
i=1

Assuming this, limJ(¢,) =0 and if we put x =a,, then lim sup J(a,)<e.

Thereis ¢ € A (see Lemma 2.) such that | Ja, <|Ja, < c. Therefore the sequence

{ L’"Jai)} is bounded by J(c). For any n there exists n’, n’ = n such that for any
m=n' L'"Ja,) - Ua,-)Si. Put %, =Ua,» and ¢,=t¢t,_,nk, n=1, 2, 3, ...;

i=n i=n 2"
t() = kl'

(A) is satisfied for n=1. In fact, if s,=x € A, then xm_L'_"Jla,/'x Thus

J(x) = J(e) =timJ(xJa,) -J(k.)slimj(ga,) ~J(k)<5.

Suppose (A) is satisfied for n—1. Let x<s,, x € A. Then J(x)—J(k,)=
1im1(xoga,.)—J(kn)slimj(ga,)—J(k")szi". As (II1.4.) holds and £, ,uk,<
Sn—1» we have : J(x)=J(8)=J(x)=J(ti-10k,)=J(x) = J(k.) +
+ I (k) = I (1) <Y £

i=1

Theorem 3. Let a,, a € A; a,—a. Then limJ(a,)=J(a)..
Proof. a,»a>a,—a—o and a—a,—»o0. Hence limJ(a,—a)—
limJ(a — a,)=0. It implies lim supJ(a,)<J(a) and lim infJ(a,)=J(a).

4

In this section we are going to extend the functional J onto J*, defined on a
system A*.
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Lemmad. Letx,»x;x,x, € S; let {x. }:k, <k,<k;<... be asubsequence of
{x.}. Then x, —>x.

Proof. LJx,(,_ <sUx>limsup x,, <limsup x,, [Vx, =[x, >liminfx, =
lim inf x,.
Definition 1. A*={x € S, for which there is {a,}, a, € A and =lim a,}.

Definition 2. Let x € A* i.e. x=lima,; a, € A, then J*(x)=limJ(a,).

It is necessary to prove that the limit in Definition 2 exists and depends only
on x.

Let a,—>x; a, € A; let {a,_}-_, be a subsequence of {a,} then (Lemma 4)
a,,— x. Hence a, —a,—o0, a,—a,,—o. Thus limJ(a, —a,,)=limJ(a, —a,)=0.
Hence 0<|J(a,) — J(a.,)| =max{J(a,) - J(a.), J(a.,) — J(a,)} <max{J(a, — a.),
J(a,,—a,)}. For £>0 there are n,, n,:n>n>J(a,—a )<e, n>n,>
J(a, —a,)<e Denote'n(,:max{n,, n,}. For n>n, we have: IJ(a,.)—J(ak") <e.
Hence {J(a.); is a Cauchy sequence.

Let a,—»x, b,—>x; a,, b, e A. Then a,—b,—0 and b, —a,—o0. Hence
J(a,)—-J(b,)<J(a,—b,)—0, J(b,)—J(a,)<J(b,—a,)—>0. Thus, limJ(a,)=
=1limJ(b,).

Denote L={x:x € A*, x= r]a,,, a, € A}. Evidently, any element of L can be

expressed as a limit of a decreasing sequence of elements of A and AcL c A*. If
I\, I, e L,then/elL.

Lemma 5. For any x € A* and €>0 there exists | € L, /<x such that
[J*(x) = J*(D)|<e.
Proof. Let x € A*, i. e. x=Ilima,, a, € A. From the definition of the limit

x=nL;Jl Qa,, a; € A:}D'a,:l,‘ elL. As [ =ga,-=ga,.’, where a/=
a,Na,..Na,,,N...na,i=n,n+1,n+2,...,a; € A we have limJ(a/)=J*(l,).
Hence, for any n and € >0 there exists an element 4, such that |J(a,) —J*(Z,)| <§,
[, <a/<a,. Thus, there exists a sequence {a,}, a, € A such that a;— x. We have:
for any £>0 there exists 7, such that |[J*(x)— J(a,)| <§ for any n>n,. But this
implies : for n>n, [J*(x) = J*(L)| = |T*(x) = J(a)) + J(a)) = T*(L)| <
() = J(@)] + (@) = I ()| <5 +5=e.

Remark. If x =0, one can choose I=o0.
Lemma 6. Let [,\J/; /, [, € L. Then limJ*([,)=J*(/).
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Proof. For any n there exists a sequence {a”}, a5 \\/,. Denote ¢, = ﬂla’,',', i.e.

c,=al, c,=a3na3 etc. Evidently ¢, € A, ¢, =c,+1, . =1,.
For any a% there exists an element ¢, € {c.} such that g% =c, (i<k=>ai=c;

d=c¢; i>k=>a"=c. Thus /=az=(c, 2. =/ It implies ¢,\J/ and
therefore limJ(c,) = J*(/). Since ¢, =/, =/, J*(/)=limJ(c,) =limJ*(.,)=J*(/).

Theorem 4. Let A*, J* have the same meaning as before. Then A* is a sublattice
of S; J* is a finite functional defined on A*; A¥*, J* satisty the following conditions :

I1.1. A* is closed with respect to +, —.

2. x € S implies the existence of a, b € A* such that asx<b.

III.1. a, b € A*, a<b>J*(a)<sJ*(b).

2.a,be A*, asb=>TJ*(b)=J*(a)+J*(b-a).

3.a,be A*>J*(a)—-J*(b)<J*(a—-Db). ~

4. a, b € A*>>J*(a)+J*(b)=J*(anb)+JT*(aub).

5. a,\o, a, e A*>limJ*(a,)=0.

Proof. It is sufficient to show (II1.5.). Let a,\y0, a, € A*. Then a, = o0. For any

n there exists an element /, € L such that o</, <a, and J*(a,,)—]*(l,,)sz—gn

(Lemma 5). We introduce I =1,nl,nl;n...nl,. Then [;=o0 and lim [ =nl/=nl,.
Since 0 <//</,<a,, we have lim [ = 0. It implies lim J*(/;) =0. To complete the
proof we shall show that limJ*(a,) —limJ*(/]) <, for any £ >0. We prove that

@) -r<e S5 ™

using induction. Evidently, (M) is satisfied for n =1. Applying (I11.4.), J*(/)) =
J*(.nl )=J*)+I*(,_)—-JT*(,vl;_) and since [,ul/_<a,_,, we have:
J*(a,)—=J*(L)=J*(a,) = T*(L,) + I*(,vl,_ ) = T*(l,_)) < T*(a,) = J*(L,) +

+I*a, V=T )<e S zi .
i=1
Corollary. If a, > a, a, € A*, then limJ*(a,) =J*(a). The proof is analogous to
the proof of Theorem 3. '

5

In this section we shall obtain the main result of the paper: There exists a lattice
A,, Ac A,c S which is closed with respect to limit, and a finite functional J
defined on A,, which is an extension of the functional J, where the property (P) is
satisfied.

Introduce this transfinite sequence:

A=A,cA cA,c..cA,c..,,
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where A, =AZ#_, if @ is an ordinal of the first kind, and A, =|J A, if a is an

B<a

ordinal of the second kind.

Theorem 5. For any a it is true:

(i) The functional J defined on A extends uniquely to a functional J, on A,.

@Gi) If x € A,, x=0, £€>0 then there exists Ie L such that o</<x and
J.(x)-J.(D)<e.

(iii) A, is the sublattice of S, J, is a finite functional defined on A, and for J,, A,
the conditions 11 and 111 hold.

Proof. We are using the transfinite induction. Obviously, the theorem is true for
a =1 (Theorem 4).

Let a be of the first kind. We define J,(x)=1limJ,_,(a,), x € A,, a, € A,_,. As
A, =AZX_,, the first statement is obvious. There is a set L,_, related to A,_, as L to
A,i.e. A,_,cL,_,cA,. Let x € A,, x=0, then there exist £ € L,_, such that

o<k<x and J,(x)—J, (k)<§ . The definition of L,_, implies the existence of a
se‘quence {a,}, a, € A._,, a, =0, a,\Jk. Since for a —1 the statement is true, we
find for any n an element /, € L suchthato</,<a, and J._,(a,) — Jo-:(L, )<2,.+1

Denote I=/,nL,nlLn...nl,. Then o<[.<a,, {{\J/,!/ € L and o</<k. It can
be shown by induction:

N _ES
Ja—l(an)_‘!a—l(ln)<§i=zl?‘

In fact, J,_(a,)—Jooi(l)=Joi(@,) = Juci(L) + Jaci (LU L) — Jaci (B2)) <
5221 2,,8,,, =2 é:fl' implies J.(x)=J.(D)=J.(x) - J.(k)+
+L.(k)-T.()< g -2€ €. The proof of statement (ii7) is analogous to the proof of
Theorem 4.

Let now a be of the second kind. For any x € A, we define J,(x) = Js(x), where
B < a.lItis necessary to prove that J,(x) depends only on x. Contrary, suppose that
there exist ordinals B,, B,: B, <B,<a such that x € Ag = A,, and J; (x) # Jp,(x). |
This statement contradicts the induction hypothesis.

The implication x € A, > x € A,;, f<a implies the validity of the statement (ii).
For the proof of the statement (jii) it is sufficient to show (II1.5.) only. This proof is
analogous to the proof used in Theorem 4 using the statement (ii).

Corollary. For any a it is true: a,—a; a,, ac€ A,>limJ,(a,)=J,(a)
(Theorem 3).
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If we put J, =J, we have a sublattice A, of S and a finite functional J defined on
A, that is a unique extension of J. For A, and J the conditions II, IIT and the
property (P) hold, i.e. x, € A,, x, >x>x € A, and limJ(x,)=J(x).

6

Let ¥ be the system of all subsets of a set X. Define A+ B=AuB={x:X€ A
orxeB}; A-B={x:xe Aand x € B}; AnB={X:Xe€eAand x e B}; A,
Be .

Let ./ be an algebra of subsets of X and J be a finite measure defined on .
Then the system &, constructed in the same way as in section 5 is a o-algebra
generated by & (see [4]. p. 26). By means of the results of previous sections we get
the theorem on an extension of a finite measure:

Let of be an algebra of subsets of X, J a finite measure defined on . Then the
measure J can be uniquely.extended on the o-algebra generated by /.

Let now & be a system of all finite real functions defined on a set X. Let u be a
finite measure defined on a g-algebra # of subsets of X. The limit is defined as
follows: f,—f; f, f. € ¥<f,(x)—f(x), for all x € X. The relations +, — and <
have the usual meaning. Let 9 be a system of simple integrable functions, i. €.

feBef=3 cxe. E € M, EnE =0, i#]. Denote Jo(f)= S cu(E,), for f € B.
i=1 i=1

We get the following theorem on an extension of a finite integral: There exist a
system N: Bc NS and a finite integral J defined on W, which is a unique
extension of J, such that: f,—>f; f, e N, fe > f e & and J(f) =limJ(f,).
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O MPOOOIIXEHUN KOHEYHBIX ®YHKHHWOHAJIOB METOJOM
TPAHCOUHUTHOW UHOYKUUU

Muxan Wa6o
Pesome

TeopeMa O NPOAOCJIKEHUH Mepbl OblTa JIOKA3aHA TAKXKE METONOM TPAHCHUHUTHOM MHAYKUMM [1].
B cTaTbe 3THM METOJIOM AOKa3aHa TeopeMa 00 eIMHCTBEHHOM MNPOAOJIKEHWU HEMPEPHIBHOIO
MOHOTOHHOTO (PyHKUHMOHana J, OMPEEeNeHHOr0 Ha HEKOTOPOH MOACTPYKTYpE A YCJIOBHO O-MO-
HOTOHHOW CTPYKTYPbI S, 3aMKHYTOH OTHOCHTEJbHO onepauuit +, —. [lepBbll HHAYKUMOHHBINH LIAT
u3naraeTBs B 4actT 4. B yacTM 5 Mbl [OKdXKEM CYLICCTBOBAHWUE HEMPEPLIBHOIO MOHOTOHHOIQ
yHkumoHana J, onpeaeneHHoro Ha nojacTpyktype A,: Ac A, c S. J eanncreennoe npogonxkenue J, J
u A, sbinonustor csoiicteo (P), T.e. x, € A,, limx,=x>x e A,, J(x)=limJ(x,). Yactb 6
NOCBSILUEHA IPUMEHEHUIO TJIABHOW TEOPEMBI /IS NIPOJIOIXKEHUIH MEPbl U UHTErpasia.
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