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ABSTRACT. We obtain some modular equi-integrability properties for a class
of integral operators of the form

(T N0) = [ Kyt 00) dutt), s €6,
G

in modular spaces, where G is a locally compact topological space provided with a
regular measure p defined on the Borel sets B of G. Then we obtain applications
to modular convergence theorems.

1. Introduction

In [1] we have begun the study of approximation properties in modular spaces
for classes of Urysohn integral operators of the form

(wa)(s)z/Kw(s,t,f(t)) du(t), s€G, w>0,
G

where G is a locally compact Hausdorff topological group with the Haar measure
fv, using a notion of singularity for the kernel (K,), o which involves strongly
the algebraic structure of G'.

More recently, in [3] we have studied the same family of operators where G is
simply a locally compact topological space without any algebraic structure, by
using a more general and, in some respects, more natural notion of singularity.
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CARLO BARDARO — ILARIA MANTELLINI

However, the extension given in [3] is not complete because our approximation
result is given in a local form or in non-local form when the kernel (K )
satisfies some compact support assumptions.

w>0

In the present paper, for the same class of operators, we obtain a full extension
of the approximation result in [1], without any compact support assumptions
on the kernel, by introducing a notion of local equi-integrability for families of
functions related with the kernel (K ), -,. This notion is very natural, as we
show by examples, and enables us to state a uniform integrability result for the
family (T, f),-o When f is bounded with compact support. This in turn allows
us to obtain a modular convergence theorem of (T, f),-, towards f for any
continuous function f with compact support by using a Vitali type convergence
theorem. Then, using a modular density result (see [1] for Orlicz spaces and [9]
for modular spaces), we obtain the general modular convergence theorem for
every function f belonging to a suitable modular space.

In the first part of the paper, we work in an Orlicz space which represents the
typical example of the general abstract modular function spaces (see [11], [8],
[6]). In the second part, we show how to extend our theory in abstract modular
function spaces. In this frame we have to modify the notion of local uniform
integrability taking into consideration the modular g and using the notion of
compatibility of ¢ with respect to regular families of measures (see Section 4).
This concept was introduced firstly in [9] and then used in [3], [10].

2. Notations and definitions

Let G be a locally compact Hausdorff topological space with the family of
Borel sets B. Let 1 be a regular and o-finite measure defined on B. We will
assume that the topology of G is uniformizable, i.e. there is a uniform structure
U C 29%F which generates the topology of G (see [13]). For every U € U, we
put U, = {t eG: (st) € U}. By local compactness, we will assume that for
every s € G, the base {U,: U € U} contains compact sets.

We will denote by X(G) the space of all real-valued measurable functions
f: G — R provided with equality a.e., by C(G) the space of all bounded and
continuous functions f: G — R and by C,(G) the space of all continuous func-
tions with compact support.

Let us recall that a function f: G — R is uniformly continuous on G if for
every € > 0 there is U € U such that |f(t) — f(s)| <€ forevery s€e G, t € U,.

Let £ be the class of all globally measurable functions L: G x G — RJ
such that the sections L(-,¢) and L(s,:) belong to L'(G) for every t,s € G
respectively.

466



UNIFORM MODULAR INTEGRABILITY AND CONVERGENCE PROFERTIES

Let ¥ be the class of all functions ¢: Rf — RY such that ¢ is continuous

(nondecreasing) function and ¥(0) = 0; ¥ (u) > 0 for u > 0. For a given 9 € ¥
let K, be the class of all functions K: G x G x R — R such that the following

conditions hold:
K.1) K(-,-,u) is measurable on G x G for every u € R and
K(s,t,0) =0 for every (s,t) € G x G.
K.2) K is (L,%)-Lipschitz i.e. there are a function L € £ and
a constant D > 0 such that

0<fB(s):= /L(s,t) du(t) < D
G
for all s € G and

|K (s, t,u) — K(s,t,v)| < L(s, )¢ (Ju — v|)

for every s,t € G, u,v € R.
Let = = (¥,) >0 C ¥ be a family of functions such that the following two
assumptions hold:
1. (¥,)w>o 18 equicontinuous at u = 0,
2. for every u > 0 the net (ww(u))w>o is bounded.

Ve denote by K2 the class of all families of functions K = (K ), -, such that
for every w > 0 we have K, € K, . Let us denote by L = (L,,),,~o C £ the
corresponding class of functlons such that the Lipschitz condition holds for any

w > 0, i.e.
le(S? t? U) - I(w('si t) v)l S Lw(87 t)ww (lu - Ul)
for every s,t € G, u,v € R and w > 0.

For a given K = (K ), € Kz we will take into consideration the following
family of nonlinear integral operators T = (T,,),,, given by

(Tf)(s)/ (s 6 1(0) du(t),  seG,

G

where f € DomT = () DomT, ; here DomT,, is the subset of X(G) on which

w>0
,f is well defined as a pu-measurable function of s € G.

We will say that K is singular if the following assumptions hold:
1) There is D > 0 such that for every s,t € G and w > 0 we have

0<pB,)=[ L,(s,t) du(t) < D, L,(s,t) du(s) <D
/ /
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2) For every s € G and for every U € U we have

lim L,(s,t)du(t)=0.

w—+00
G\U,

3) For every s € G and for every u € R we have

lim /Kw(s,t,u) du(t) =u.

w—+00
G

We will say that K is uniformly singular if conditions 2) and 3) are replaced
by the following ones:

2’) For every U € { we have
Jim / L (s,) du(t) = 0

w—+00

C\Us
uniformly with respect to s € G,
3’) we have
wl—lgloo K, (s, t,u) du(t) = u
G
uniformly with respect to s € G and u € C, where C is any compact
subset of R\ {0}.

For the above concepts see [3].
We have the following theorem:

THEOREM 1. Let K= (K ), ., € Kz. Then L*(G) C DomT and for every
w>0, T, feL®G) whenever f € L>(G).

Proof. We obtain easily the measurability of K (s, f(-)) and T, f, with
f € L*°(G). Moreover we obtain

(T, f)(s)] < / Ly (5,0, (1)) du(®) < ¥, (Ifll0)D < M'D,

G
being M’ = sup Vo (11l - -

As to the pointwise convergence, in [3] we proved the following result:

THEOREM 2. Let f € L®(G) and K = (K),,-, € Kz be singular. Then
T,f — f pointwise at every continuity point of f. Moreover, if K is uniformly
singular, then ||T, f — f|l., = 0 as w = +o0, whenever f € C(G) is uniformly
rontinuous.
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UNIFORM MODULAR INTEGRABILITY AND CONVERGENCE PROPERTIES
3. Convergence in Orlicz spaces

Let @ be the class of all functions p: Rf — Ry such that

i) ¢ is continuous, nondecreasing,
i) ¢(0)=0, p(u) >0 for v >0 and lim ¢(u) =+oc0.

u—>+00

Moreover, we denote by ® the subspace of ® whose elements are convex func-
tions.

For ¢ € &, we define the functional

() = [ (7O duts)
for every f € X(G). ¢
As it is well known, p? is a modular on X (G) and the subspace

L?(G)={f € X(@Q): 0°(A\f) < +oo for some A >0}

is the Orlicz space generated by ¢ (see [11]). If ¢ € ®, then ¥ is a convex
modular. The subspace of L¥(G), defined by

E?(G)={f€ X(G): 0?(Nf) < +oo for every A >0},

is called the space of finite elements of L¥(G). For example every bounded
function with compact support belongs to E¥(G).

In order to establish a convergence result in Orlicz spaces, we consider the
following notion of convergence (see [11]). We say that a sequence (f,), o C
L?(@G) is modularly convergent to f € L¥(G) if there is A > 0 such that

lim o?[\f, — f)] =0.

w4200

This notion of convergence induces a topology on L¥(G), called modular topo-
logy.

In the following we will need a link between the modular p¥ and the family
of functions = = (¢,,),,>0 used in the Lipschitz condition of (K,),q. Given
a function n € ®, we introduce the modular o7(f) = [n(|f(s)]) du(s) and we

G

will say that the triple (¢%,%,,,0") is properly directed if the following condition
holds: there exists a net (¢,,),,~0, With ¢,, — 0 as w — +o0, for which for every
A €10, 1[ there exists C, € ]0,1[ with

[ (€ (56D) duts) < [ a0 du) e, W
G

G

for every function f € X(G)-
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PROPOSITION 1. ([1]) Let ¢ € ®. Then

C.(G) = L7(G),

where C,(G) denotes the closure of C,(G) with respect to the modular topology
in LY (Q).

We will need the following definition.
We say that the family

(Lw(" t))teG,w 0

satisfies property (x) if for every compact C C G and ¢ > 0 there exists a
compact subset B C G such that

/ L,(s,t)du(s) <e 2
G\B
for every t € C, and sufficiently large w > 0.

ExampLes 1.
1. Classical kernels satisfy property (x). Indeed, let (K ), -, be an approx-
imate identity on G = R. For § > 0, we have that (see [7])

lim / |I’€'w(t)| dt=0.

w— +00
[t| ¢

Lct € — [=M, M]. Assume that the kernel K (s,t,u) has the form
K, (s, t,u) fx’w(s - t)u

and so (2), with B =[—4§,0] and L (s,t) = |Iz’w(s —t)|, becomc

) +00
/ |K,,(s—t)] ds /|A s—t|ds+/|A ds
s >0 ‘00 1)

§ t + 00
/ K, (u)| du + / K, (u)| du.
20 § t

Then if ¢ is such that —0 ¢ <0 and § —¢ > 0 for all t € C', both integrals
tend to zero by the classical previous property of K . In an analogous way, we
can prove the same property for approximate identities defined in G~ R*'.

2. More generally, let G be a locally compact and o-compact (Hausdorff)
topological group with operation + and neutral element 6. Let y« be the Haar
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UNIFORM MODULAR INTEGRABILITY AND CONVERGENCE PROPERTIES

measure on the Borel o-algebra of G'. Let us consider a kernel (K ), ., defined
for every w > 0 by
Kw(s,t,u)zl?w(s—t,u), s, teG, ueR,
where for every w > 0, I~(w: G — R belongs to L'(G) and satisfies a Lipschitz
condition of the form:
|K,(tou) = K (t,0) < L,0¢(u—-v]), teqG, uwveR,

and where for every w > 0 the function fw € LY(G), and ||Ew\|1 < D for
some absolute constant D > 0. Assume that for every compact, symmetric
neighbourhood of 6 there results

wl_l)I}_loo L, (t) du(t) =0.

G\U
Then, the family of functions (L), L,,: G X G — R, defined by

Lw<8,t)‘—‘Lw(8—t), s,t € G,
satisfies property (*). Thus, the present theory is applicable to families of non-
linecar integral operators of convolution type, with singular kernels (see [6]).

3. Let G = R provided with Lebesgue measure. Let us consider the family
of functions

2 ew(s+t)
Lw(s’t) = 2ws 2wt
T e +e

for s,t € R and w > 1. Then for every ¢t € R and r > 0 we have
L, (s,t)ds=1+ %(arctan e " —arctane™’),
R\[t 7,t+7]

and so (2) follows. This is an example in non-convolution case (see [4]).

We have the following theorem.
THEOREM 3. Let 9 € &, == (1) o0 C ¥ and let K = (K,),- € Kz be
singular. Let f be a bounded function with compact support and let C be the
support of f. If the family (Lw(-,t))teG w50 satisfies property (%), then there
erists a constant o > 0, independent of f, such that following properties hold:

i) for every € > 0 there is a compact set B such that
o[ Fxens] < =
for sufficiently large w > 0,

ii) for every sequence (B)),cy C B with B, , C B), and p(B;) — 0 we
have

kET« a [a(wa)XBk] =0,

uniformly with respect to w > 0.
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Proof. Let @ > 0 be fixed such that aD < 1. Let ¢ > 0 be fixed. For
every measurable subset B C G, we have

[T, D] = [ 2lal T, DO 5() dis)

G

< / q:(aG/‘Kw(s,t,f(t))l d,u(t)) du(s)

G\B

< / v(a/Lw(s, )0, (1£(1)]) du(t)) dp(s) .

G\B G

If we consider

vo(A) = /Lw(s,t) du(t), AenB,
A
we have v3(A) < v3(G) = B,(s) < D. By using the Jensen inequality, the

Fubini-Tonelli theorem and taking into account that every function f € L>(G
with compact support C' is contained in E¥(G), we obtain

T, D) < [ ¢(aD [N 0) du(t)) au(s)
C

G\B

< | [ [ #(apu, (1)) e du(t)} auls)

G\B -C

- [ [ @ 5@D) L0 du(t)} apu(s)
G\B LC

<5/ w(d’w(lf(t)lxc(t)))l [ Lo dﬂ(s)} du(t)
G G\B

By property (%) we can consider a compact subset B C G such that

eD
L S,t du(s < —F/F77—,
G\B

where M’ = su>% 1,[1w(||f||oo). Then

o4 [a(wa)Xg\B] <e.
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Now we can prove ii). Let (B,),cy be a sequence of measurable sets with
B, C B, and k1i1+n u(B,) = 0. Then, considering a constant « such that
:—+00

aD <1, we obtain

o )xs,] = [T DO, ) &l

G

< [ e(al@,NE)) duts) < (0 (11]) Jn(B,).

B
Since (ww (||f||oo)) is bounded, we have easily the assertion. O
Using Theorems 2 and 3, we obtain the following theorem.

THEOREM 4. Let 9 € &, E = (¢,),00 C ¥ and K = (K,),., € Kz be
singular. If the family (Lw satisfies property (x), then there exists
a constant a > 0 such tha

Sim o? [T, f=f)] =0

(, t))teG, w>0
t

for every f € C.(G).

Proof. From Theorem 2, T, f converges pointwise to f, so by continuity
of ¢ we have that ¢(a|T, f — f|) tends to zero pointwise, too. Moreover, since
for every subset A C G we have

/ o(al(T, 1)) — F(3)]) dpu(s)

<

>k~\\ b

o(201(T, 1)(5)]) dpu(s) + / o(201£(5)]) du(s)

A

and f € E¥(G), we deduce by Theorem 3 that the integrals

/ o(al(T, £)(s) = F(5)) dpu(s)
O]

are equiabsolutely continuous, by taking « such that 2aD < 1. So the assertion
follows from the Vitali convergence Theorem. O

In order to give a modular convergence theorem for every function f €
L¥*t"(G) N Dom T, we prove the following continuity result for the family

(Tw)w>0 '
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THEOREM 5. Let o € &, n € & and = = (V)wso C ¥ be such that the
triple (0%,,,,0") is properly directed. Let K = (K )<, € K< be singular. If
f,9 € X(G)NDom T, then, given A > 0, there exists o > 0 such that

o? [T, f = T,9)] <o"[Mf—9)] +c
Proof. Let A > 0 be fixed and let a be a positive constant with aD < C,

being C, the constant in (1). By using the Jensen inequality and the Fubini-
Tonelli theorem, we have

o [a(T,f —T,g)] = / (al(T, F)(s) = (T,g)(s)]) du(s)

<

( Yo (IF(1) = 9(0)]) du(ﬂ) dpu(s)
( [ #lape, (70) - gto) 2ete? du(t)) au(s)
G

I

G

/cp W (1) ()I))(/Lw(svt) du(8)> du(t)

G G

P(Cr1, (1) = g(®)])) du(t)

IN
bl QY Q\

IN

/90 W (IF (&) = g(®)])) L, (5,1) du(t)> dp(s)
G
(c

<

n(ALf(t) — g@)]) du(t) + ¢

rb:; Q\ Q\ b|"‘

Il

[ (j _g)] +cw‘

Now we are ready to prove a general modular convergence result.
THEOREM 6. Let ¢ € d,ned and E = (V) wso C U be such that the triple
(0%,%,,,0") is properly directed. Let K = (K)o € K5 be singular. Let us

assume that the family (Lw("t))tEG,w>0 satisfies property (x). Then, for every
f e Letn(G)NDom T, there exists a constant o > 0 such that

lim o?[a(T, f—f)] =

w—r+oc ]
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Proof. Let f € L¥*t7(G) N Dom T. By Proposition 1 there is a constant
A" € 10,1 and a sequence (f,),en C C.(G) such that for every € > 0 there
exists m € N with
N (= )] <

for every n > m. Now we can consider the corresponding constant C,, in (1).
Moreover, given n > 7, by Theorem 4 we have that there is A" > 0, independent
of n, such that for every € > 0 there exists w > 0 with

o [N(T, f, — £,)] <
for every w > w. So, if we take a such that 3a < {X, CB’
o?[a(T, f - )] < 30°[3a(T, f — T, f,)] + 3¢ [3(T,,f, — 1]
+ 1 ‘/’[3a(f -N=L+1L+]1,.

, A"}, we obtain

By Theorem 5 we have that

1 Cw
and so we obtain for n >7m and w > w
1 Cw
o*[alT,f = )] < 3(e" + NN - F)] + P +5
2e | Sy
S Ty 3 .
The assertion follows since ¢ is arbitrary. O

4. Extension to modular spaces

Now we will introduce a general class of functional spaces.
A functional p: X(G) — Ry is said to be a modular on X(G) if
i) o(f) =0 < f=0 ae.inG,
o(=f) = o(f) for every f € X(G),

ii)
iii) o(af + Bg) < o(f) + o(g) for every f,g€ X(G), a,>0, a+ =1,
iv) o(F(t,-)) is a u-measurable function of ¢t € G for any globally measur-

able function F: G x G — RJ .
By means of the functional o, we introduce the vector subspace of X(G),
denoted by L¢(G), defined by

L°(G) = {f €X(G): lim o(Af) = o} .
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The subspace L?(G) is called the modular space generated by o. The subspace
of L?(G) defined by

E°(G)={f € L°(G): o(\f) < +oo forall A >0}

is called the space of the finite elements of Le(QG), see [11].
The following assumptions on measurable modulars will be used

a) o is monotone, i.e.if f,g € X(G) and |f| < |g|, then o(f) < o(g).
b) o is finite, i.e. if A is a measurable subset of G such that u(A) < +oc,
then x, € L9(G).

c) o is absolutely finite, i.e. ¢ is finite and for every ¢ > 0, A > 0 there
is 0 > 0 such that p(Axgz) < € for any measurable subset B C G with
n(B) < 6.

d) o is strongly finite, i.e. if A is a measurable subset of G such that
p(A) < 400, then x4 € E¢(G).

e) o is absolutely continuous, i.e. there exists a > 0 such that, for every
f € X(G) with o(f) < +0o0, the following two conditions are satisfied

(e.1) for every ¢ > 0 there is a compact subset V' C G such that
olafxav) <&
(e.2) for every € > 0 there is § > 0 such that p(afxp) < ¢ for every
measurable subset B C G with u(B) < 4.
I'or the above notions see [12], [6].

A classical example of modular space where the generating modular func-
tional satisfies all the above assumptions, as well as Orlicz spaces introduced
before, is given, more generally, by any Musielak-Orlicz space generated by a
@-function ¢ depending on a parameter, satisfying some growth conditions with
respect to the parameter (see [11], [8], [6]).

Analogously to Section 3, we say that a net of functions (f,),so C L°(G) is
modularly convergent to a function f € L¢(G) if there exists A > 0 such that

Lim o[A(f, = )] =0.

Moreover we will say that the net (f,),>o C L%(G) is strongly convergent to
f € L2(G) if the above limit relation is satisfied for every A > 0. This kind of
convergence is equivalent to the norm convergence induced by the Luxemburg
F-norm generated by the modular g, see [11].

The modular convergence induces a topology on L¢(G), called modular to-
pology. Given a subset A4 C L?(Q), we will denote by A the closure of A with
respect to the modular topology. Then f € A if there is a net (f,),s0 C A
such that f, is modularly convergent to f.

Let us remark that C.(G) C L%(G) whenever p is monotone and finite
Indeed, if C' = supp f, then

o(f) < o(llfllwxc) »
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and so, since x € L?(G), we have
lim =
Jim o(Af) =0,

that is f € L2(G).
Analogously, if ¢ is monotone and strongly finite, then C.(G) C E¢(G).
We have the following proposition:

PROPOSITION 2. Let p be a monotone, strongly finite, absolutely finite and
absolutely continuous modular on X(G). Then C,(G) = L°(G).

Proof. The proof is essentially the same as in [9; Theorem 1]. O

As in Section 3, we will need a link between the modular ¢ and the family
Z = (¥y)wso C ¥ given in the Lipschitz condition of (K,,),o- This link is
based on the introduction of another modular 7 on X (G) such that the following
condition holds: there exists a net (c,,),,~o With ¢, = 0 as w = 400 for which
for every A €10, 1[ there exists C, € ]0, 1[ satisfying the inequality

0(C\(¥,,09)) < n(Ag) +c, (3)

for every nonnegative g € X(G). As in the case of the Orlicz spaces we will say
that the triple (o,v,,,n) is properly directed (see [2]).

We refer now to the notations and definitions of Section 2. We will say that
the family of functions (Lw(~,t))t€G >0 satisfies property o-(x) if for every
compact C' C G and € > 0 there exists a compact subset B C G such that

Q[A [ Ealst) auO xa0)| <
c
for every A > 0 and sufficiently large w > 0.

EXAMPLES 2. As a first example, note that the above property is satisfied for
any Orlicz spaces where the generating function ¢ is convex (see the proof of (i)
in Theorem 3).

Another interesting example is given by some kind of a modular generated
by a family of measures {m,}, , on an interval I = [a,b[, b € RT.

For example let us suppose that the family of measures {m]. } j>o 1s equi-
bounded, i.e. there is a constant H > 0 such that m,([a,b[) < H for every
j > 0. Next, let ®: I x Rf — Rf be a function such that ® is a (continuous)
convex function of u > 0 for every z € I, ®(z,0) =0, ®(z,u) > 0 for u > 0
and moreover ®(z,u) is a Lebesgue measurable function of z in [a, ] for every
u > 0. Moreover let us assume that

b
sup/@(:v,r) dm(z)
>0
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is finite for every r > 0. Finally, putting
Jq)(w,f):/q)(x,]f(tﬂ) du(t), feX(@), zel,

G
we define the modular (see [5], [6])

b
olf) =sw [ TG ) dmy(a), e X(E).

Then, if the family (Lw(~,t)) satisfies property (x), then it satisfies

property g-(x), too.

teG, w>0

We prove now a modular extension of Theorem 3 of Section 3.

THEOREM 7. Let 9o be a monotone, absolutely finite and strongly finite modu-
lar. Let K = (K )~ € Kz be singular. Let f be a bounded function with
compact support and let C' be the support of f. If the family (L,,(-+t)),cc w0

satisfies property o-(x), then for every constant o > 0 the following properties
hold:

i) for every € > 0 there is a compact set B such that
Q[Q(wa)XG\B] <e
for sufficiently large w > 0,
ii) for every sequence (B,),cy with B, € B, B, , C B, and p(B;, — 0
we have
i oo =1
uniformly with respect to sufficiently large w > 0.

Proof. Let @« >0 and € > 0 be fixed and let B be the set in the property
0-(*). Then we have

O[T o) < efadt” [ L, (.0) ) xarsC)] <.
C

being M' = Su>I()) (0 (Hf||oo) - Moreover, let (B,),cy be a sequence of measurable
w

subsets of G such that By, ; C B, and klirf p(B,) = 0. Then given ¢ > 0, let
=400

d > 0 be the constant in the definition of absolute finiteness of the modular o.
Let k be so large that u(B,) < 4, so

Q[a(wa)yBk] < g[aDM’XBk] <e.
O

As in the case of Orlicz spaces, using Proposition 2 and Theorem 7, we now
prove the following theorem.
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THEOREM 8. Let ¢ be a monotone, strongly finite, absolutely finite and ab-
solutely continuous modular. Let K = (K ), <o € Kz be singular. If the family
(Lw(-,t))teG’ w>0 satisfies property o0-(x), then there exists a constant o > 0
such that

lim o[a(T,f—f)] =0

w——+400

for every f € C.(G).

Proof. Let @ > 0 be a constant such that the definition of absolute conti-
nuity of the modular is satisfied with 8« and let € > 0 be fixed. Let B be the

compact set in property o-(x) of the family (L,,(11)),cq pso- WP write

ola(T, f = )] < o[2a(T,, f — xp] + o2a(T, f = /)Xc\5)
=1 +1I,.

Now we estimate I, . Let (B ),y be as in previous theorem. There results

I, < o[4a(T, [ = NXpns,] + o[4a(T,f = )X pers]
< o[8a(T, /Xm0 + e[80Sxm, 0] +e[40(T, f = D]
< o[8aDM'Xp,np] + 0[8af X p] + 0[4UT, f = PXpris]
=1l + I} +1}.

By [3; Corollary 1], I} tends to zero, since pu(B) < co. As to I, this is less
than ¢ by the absolute finiteness of the modular, for sufficiently large k. Finally
I? is less or equal to ¢ by absolute continuity of the modular, for sufficiently
large k. Now we estimate I,. We write

I = o[2a(T,,f — /x| < o[4a(T, /x| + o[4ef X 5] -

The assertion follows from Theorem 7 and the absolute continuity of the modu-
lar, taking eventually B D V', where V is the compact subset in the definition
of absolute continuity of the modular. O

Now, in order to give a modular convergence theorem for functions in the
modular space, we need the following notions of regular families of measures
and the compatibility with respect to the modular functional. The first notion
in this respect was given in [9] and then used in [10]. Here we will use it in the
form given in [3].

Let us consider a family of functions (i) >0 With p,: G x B — Ry such
that 1, (-, A) is p-measurable for every A € B, and p,(s,-) is a measure on B
for every s € G. We will say that (1,),>0 18 @ regular family if the following

assumptions hold:
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(1) ps(-) = py,(s,-) € p forevery w>0, se€G.

(ii) There is a constant D > 0 such that, putting §,(-) = p, (-, G), we have
0 < 3,(-) <D for every s € G and for every sufficiently large w > 0.

(iii) Putting &, (s,t) = du?/du, we have that £, is a globally measurable

function on G x G and |[£,(-,t)||; < D for every t € G and sufficiently
large w > 0.

For example, given a singular kernel K = (K ), -, € Kz, the net

iy (5, A) = /Lw(s,t) du(t), s€G, w>0, (4)
A

where (L,,),5o C £ is the family of functions corresponding to the (L,)-Lip-
schitz condition, is a regular family.

We will say that a regular family (p1,,),,5q 18 compatible with the modular o
if there are two constants D', N > 0 and a net (b,),~o of nonnegative real

numbers with lim b, =0, such that
w—+00

g[ / g(t) duE,;)(t)] < Ng(D'g) +b, (5)
G

for every g € X(G), g > 0.
Examples of regular families and compatibility can be found in [9], [3], [10].

Now we are ready to give an extension to modular spaces of Theorem 5.

THEOREM 9. Let K = (K)o € Kz be singular. Let o, n be two mono-
tone modulars such that the triple (o,,,,n) is properly directed. Let us as-
sume that the family (uy,,,), -, 6 compatible with the modular ¢. Let f,g €
X(G)NDomT; then given A > 0, there exists a > 0 such that

ole(T,,f —T,9)] < Nn[A(f —9)] + Nc, + b, (6)

where N, D', (b,),~e and (), are given in (3) and (5).
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Proof. Let N, D' be the constants in (5) and for a fixed A > 0 let
C, €]0,1[ be a constant such that (3) holds. Let 0 < a < C,/D’. Then we
have

o[a(T, f - T,9)] <o a/le(',t,f(t)) — K, (.t 9)] (iu(t)}
- G

<o a/Lw(',t)d)w(lf(t) —9(®)]) du(t)]

e
=0 (a/ww(lf(t) —9(®)l) dﬂ(',)w(t)]
e

< No[aD'p,, (1f() = g())] + 0,
< Nn[A(f-9)] + Ne, + by,
i.e. the assertion. O
Finally, we can formulate the main theorem of this section.

THEOREM 10. Let o, n be monotone, strongly finite, absolutely finite and
absolutely continuous modulars and = = (¥,,),~0 C ¥ be such that the triple
(0,%,,,m) is properly directed. Let K = (K ), € Kz be singular. Let us

assume that the family (uﬂﬁw)w>0 is compatible with the modular o and we

assume that the family (L, (-, t))teG wso Satisfies property o-(x). Then for every
f e Letn(G)NDomT there exists A > 0 such that
lim o[NT,f— f)] =0.

w—r+00

Proof. The proof is now essentially the same as in [3; Theorem 2] following
the same method of Theorem 6. a
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