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ON d-IDEALS IN d-ALGEBRAS

J. NEGGERS* — YOUNG BAE Jun** — HEE SIK Kim***

(Communicated by Anatolij Dvureéenskij )

ABSTRACT. We introduce the notions of d-subalgebra, d-ideal, d*-ideal and
d*-ideal in d-algebras, and investigate relations among them. Furthermore, we
are able to define the idea of a quotient d-algebra and to prove a fundamental
theorem of d-morphisms for d-algebras as a consequence.

1. Introduction

Y. Imai and K. Iséki [II] and K. Iséki [Isl] introduced two classes
of abstract algebras: namely, BCK-algebras and BCI-algebras. It is known that
the class of BCK-algebras is a proper subclass of the class of BCI-algebras.
In [HL1], [HL2] Q. P. Hu and X. Li introduced a wide class of abstract al-
gebras: BCH-algebras. They have shown that the class of BCI-algebras is a
proper subclass of the class of BCH-algebras. J. Neggers and H. S. Kim
[NK] introduced the notion of d-algebras which is another generalization of
BCK-algebras, and investigated relations between d-algebras and BCK-algebras.
In this paper we discuss the ideal theory in d-algebras. We introduce the notions
of d-subalgebra, d-ideal, d*-ideal and d*-ideal, and investigate relations among
them. Furthermore, we are able to define the idea of a quotient d-algebra and to
prove a fundamental theorem of d-morphisms for d-algebras as a consequence.

AMS Subject Classification (1991): Primary 06F35, 06A06.
Key words: BCK-algebra, d-(d*-)algebra, d-subalgebra, d-(d#-, d*-)ideal.
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2. Preliminaries

A d-algebra is a non-empty set X with a constant 0 and a binary operation
“x” satisfying the following axioms:
(I) zxxz=0,
(I) 0xxz =0,
(IIT) z*y=0and yxz =0 imply z =y
for all z,y in X.
A BCK-algebra is a d-algebra (X, *,0) satisfying the following additional
axioms:
(IV) ((z*y)*(zx2)) *x(z2*xy) =0,
(V) (zx(zxy))*xy=0
for all z,y,z in X.
In a BCK-algebra (X, *,0) the following hold:
(1) (x*xy)*xz =0,
(2) ((@xz)*(y*z2))*x(xxy)=0
for arbitrary z,y,z € X.
A non-empty subset I of a BCK-algebra X is called a BCK-ideal of X if
(i) 0€e1,
(iil) z €I and y*xz € [ imply y € I,
for all z,y € X.

PROPOSITION 2.1. Let X be a d-algebra. If x # y and z xy = 0, then
y*xz #0.

Proof. By (II), it is straightforward. a

3. d-ideals

DEFINITION 3.1. Let (X, x,0) be a d-algebra and 00 # I C X. I is called
a d-subalgebra of X if £ +y € I whenever x € I and y € I. I is called a
BCK-ideal of X if it satisfies:

(D) 0€l1,
(D) zxyel and y €I imply z € 1.

I is called a d-ideal of X if it satisfies (D;) and
(Dy) z€Il and y€ X imply xxy€l,ie, [xX CI.
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EXAMPLE 3.2. Let X :={0,qa,b,¢c,d} be a d-algebra which is not a BCK-alge-
bra with the Cayley table as follows:

* 0 a b ¢ d
0 0 0 0 0 O
a a 0 a 0 a
b b b 0 ¢ O
c c ¢ b 0 ¢
d ¢c ¢ a a O

Then I := {0,a} is a d-ideal of X.

EXAMPLE 3.3. Let X := {0, qa,b,c} be a d-algebra which is not a BCK-algebra
with the Cayley table as follows:

* 0 a b ¢
0 0O 0 0 O
a a 0 0 a

b b 0 0
c c ¢ a

Then J := {0, a, ¢} satisfies (D,), but not (D,) since bxc=0¢€ J and c€ J,
but b ¢ J, ie., J is a d-subalgebra, but not a BCK-ideal of X.

In a d-algebra, a BCK-ideal need not be a d-subalgebra, and also a d-sub-
algebra need not be a BCK-ideal as shown in the following example.

EXAMPLE 3.4. Let X := {0, a,b,c} be a d-algebra which is not a BCK-algebra
with the following Cayley table:

* 0 a b ¢
0 0O 0 0 O
a a 0 0 b

c 0 O
c c ¢ ¢ O
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Then I := {0,a,b} is a BCK-ideal which is not a d-subalgebra of X, while
J := {0, c} is a d-subalgebra which is not a BCK-ideal of X .

Clearly, {0} is a d-subalgebra of every d-algebra X and every d-ideal of X
is a d-subalgebra, but the converse need not be true.

EXAMPLE 3.5. Let X := {0,qa,b,c} be a d-algebra which is not a BCK-algebra
with the following Cayley table:

* 0 a b ¢
0 0 0 0 O
a a 0 0 b

b 0 O
c c ¢ ¢ 0

Then I := {0,a} is a d-subalgebra of X, but not a d-ideal of X, since a *c =
b¢ .

LEMMA 3.6. If I is a d-ideal of a d-algebra X, then 0 € I.

Proof. Since I # 0, there exists z in I and hence 0 =z *z € I by (D,).
0O

Note that every d-ideal of a d-algebra is a BCK-ideal, but the converse need
not be true. In Example 3.5, I := {0,a} is a BCK-ideal of X, but not a d-ideal
of X.

PROPOSITION 3.7. Let I be a d-ideal of a d-algebra X . If x € I and
yxx =0, thenyel.

Proof. Assume that z € I and y * 2 = 0. By Lemma 3.6 and (D,), we
have y € I. This completes the proof. O

DEFINITION 3.8. Let X be a d-algebra. A d-ideal I of X is called a d*-ideal
of X if, for arbitrary z,y,z € X,

(D;) zxz€I whenever zxy €1 and yxz € 1.

EXAMPLE 3.9. Let X be a d-algebra as in Example 3.5. Then K := {0, a,b}
is a d*-ideal of X .

Obviously, every d*-ideal is a d-ideal, but the converse need not be true.

246



ON d-IDEALS IN d-ALGEBRAS

EXAMPLE 3.10. Let X be a d-algebra as in Example 3.2. Then L := {0,a} is
a d-ideal which is not a d*-ideal of X, since bxd =0€ L, dxc=a € L, but
bxc=c¢L.

Note that we can see that d*-ideal C d-ideal C d-subalgebra and d!-ideal
C d-ideal ¢ BCK-ideal in d-algebras.

In a d-algebra X, the identity (z *y) *z = 0 does not hold in general. For
instance, in Example 3.5, we know that (axc)*xa=bxa=1>b#0.

DEFINITION 3.11. A d-algebra X is called a d*-algebra if it satisfies the
identity (z*y)*xz =0 for all z,y € X.

Clearly, a BCK-algebra is a d*-algebra, but the converse need not be true.

EXAMPLE 3.12. Let X :={0,1,2,...} and let the binary operation x be de-

fined as follows:
{ 0 ifz<y,
T kY =
y 1 otherwise.

Then (X,#,0) is a d-algebra which is not a BCK-algebra (see [NK; Exam-
ple 2.8]). We can easily see that (X,*,0) is a d*-algebra.

THEOREM 3.13. In a d*-algebra, every BCK-ideal is a d-ideal.

Proof. Let I be a BCK-ideal of a d*-algebra X and let x € I, y € X.
Since (z xy) xxz = 0 for all z,y € X, it follows from Proposition 3.7 that
xxy € I. Hence I is a d-ideal of X. O

The following corollary is obvious.
COROLLARY 3.14. In a d*-algebra, every BCK-ideal is a d-subalgebra.

DEFINITION 3.15. If a d*-ideal I of a d-algebra X satisfies
(Dy) zxyeland yxz €l imply (zx2)x(y*x2z) €I and (z*z)*(2xy) €[
for all z,y,2z € X, then we say that I is a d*-ideal of X .

In Example 3.3, the set I := {0,a} is a d*-ideal of X . Obviously, every
d*-ideal in a d-algebra is a d*-ideal, but the converse does not hold in general.

EXAMPLE 3.16. Let X := {0,a,b,c} be a set with the following Cayley table:

* 0 a b ¢

0 0O 0 0 O

a a 0 0 a
c b O

c c b b 0
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Then (X,*,0) is a d-algebra, but not a BCK-algebra. We can see that I :=
{0,a} is a d*-ideal, but not d*-ideal, since 0xa=0¢€ I and a*0=a € I, but
(cx0)*(cxa)=cxb=b¢ .

LEMMA 3.17. (Iséki et al. [IT1]) Let I be a BCK-ideal of a BCK-algebra
X.Ifrel andyxxz=0 thenyel.

THEOREM 3.18. If (X,*,0) is a BCK-algebra, then every BCK-ideal of X is
a d*-ideal of X .

Proof. Let I be a BCK-ideal of X and let z € I and y € X. Since
(z*y)*xxz =0 by (1), it follows from Lemma 3.17 that z xy € I, proving (D,).

Assume that zxy € I and yxz € I for all z,y,z € I. Then ((a:*z)*(y*z))
% (z*y) =0 by (2), and hence (z *2) * (y*2) € I. Since y * z € I and since I
is a BCK-ideal of X, it follows that z % z € I. This proves (D,).

Let z xy, y*x € I for all z,y € X. Then, by (IV) and (2), we have

((zxz)x(2%y)) *(y*xz)=0 and (z*2)x(y*2))*(z*y) =0,

respectively. It follows from Lemma 3.17 that (z*z) * (2 *y) € I and (z * z) *

(y* z) € I, proving (D,). This completes the proof. |
Remark 3.19.

(i) In a d*-algebra, the concept of d-ideal, d-subalgebra and BCK-ideal
coincide.

(i) In a BCK-algebra, the concept of d-ideal, d*-ideal, d*-ideal and
BCK-ideal coincide.

4. Quotient d-algebras

Let (X;*,04) and (Y;%,0,) be d-algebras. A mapping f: X — Y is
called a d-morphism ([NK]) if f(z *xy) = f(z) * f(y) for all z,y € X. Note
that f(0y) = 0y . A d-algebra (X;#,0,) is said to be d-transitive ([NK]) if
z+xz=0and z*xy =0 imply z xy = 0. Every BCK-algebra is a d-transitive
d-algebra, but the converse does not hold in general. See Example 3.2.

Let I be a d*-ideal of a d-algebra (X;*,0y). For any z,y in X, we define
xz~y ifand only if x xy € I and y+z € I. We claim that ~ is an equivalence
relation on X . Since 0 € I, we have z xx = 0 € I, i.e., x ~ z, for any
zeX. ffx~yand y~z,then zxy, yxx €l and y*xz,zxy € I. By (D;)
x*z, zxx € I and hence = ~ z. This proves that ~ is transitive. The symmetry
of ~ is trivial. By (D,) we can easily see that ~ is a congruence relation on X .
Using the notion of d-transitivity we obtain:
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PROPOSITION 4.1. Let f: X = Y be a d-morphism from a d-algebra X
into a d-transitive d-algebra Y. Then Ker f is a d*-ideal of X .

Proof. Theproperties (D,) and (D,) aresimple. If zxy,y*z € Ker f, then
f(@)xf(y) =0y = f(y)*f(2). Since Y is d-transitive, we obtain f(z)*f(z) =0
and hence z x z € Ker f, which proves (D,). Let = *y, y xx € Ker f. Then
f(z)* f(y) =0y = f(y) * f(z). By (III) we obtain f(z) = f(y). It follows that
f@x2)*(yx2) = flax2)* flyr2) = (@) x f(2)) * (FW) * £(2)) = Oy
and hence (z x z) x (y x z) € Ker f. Similarly, (z xz) * (2 *y) € Ker f, which
proves (D,). a

EXAMPLE 4.2. Let X be a d-algebra as in Example 3.3, and let Y be a
d-transitive d-algebra as in Example 3.2. Define a map f: X — Y by f(0) =
f(a) =0, f(b) = f(c) = a. Then f is a d-morphism. Obviously, Ker f = {0, a}
is a d*-ideal of X .

We denote the congruence class containing = by [z];, i.e., [z], = {y € X |
z ~ y}. We see that = ~ y if and only if [z], = [y];. Denote the set of all
cquivalence classes of X by X/I,ie., X/I={[z];| z € X}.

LEMMA 4.3. Let I be a d*-ideal of a d-algebra (X;x,0). Then I =[0],.

Proof. If z €I,then z%0€ I+ X C I and hence z € [0];, i.e., I C[0],.
Since

0, ={eeX | a~0)
={zeX| zx0, Oxzel}
={zeX| zx0€ I} (0eT)
clI, ((D1))

it follows that I = [0],. O

THEOREM 4.4. Let (X;*,0) be a d-algebra and I be a d*-ideal of X . If we
define [z]; * [y]; == [z *y]; (z,y € X), then (X/I;%,0) is a d-algebra, called
the quotient d-algebra.

Proof. Since ~ is a congruence relation on X, r *xy ~ z’ xy' for any
r ~ a', y ~y'. This means that [z]; * [y], = [z * y], is well-defined. Let
(], [v]; € X/T with [z]; [y]; = [0]; = [y, *[y];- Then [z*y]; = [0], = [y *z];
and zxy, y*z € I. Thus z ~ y and [z]; = [y];. The rest is trivial, and so we
omit the proof. O

PROPOSITION 4.5. Let I be a d*-ideal of the d-algebra X . Then the mapping
m: X — X/I defined by w(x) = [z]; is a d-morphism of X onto the quotient
d-algebra X/I and the kernel of m is precisely the set I.
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Proof. Since [z *xy], = [z]; * [y];, 7 is a d-morphism. By Lemma 4.3 we
know that

Kerm = {z € X | n(z)=[0],}
={ze X | [z]; =[0];}
={zeX| z~0}
= [0],
=1I.
' O

THEOREM 4.6. If f: X = Y is a d-morphism from a d-algebra X onto a
d-transitive d-algebra Y, then X/Ker f =Y .

Proof. Assume p: X/Ker f — Y such that p([z)ger s) = f(2). If [Zlker s
= [ylkers then zxy, y*xz € Ker f, and so f(z) * f(y) =0 = f(y) = f(z). By
(ITII) we have f(z) = f(y), i.e, u([x]Kerf) = u([y]Kerf). This means that p is
well-defined. For any y € Y, there is an ¢ € X such that y = f(z) since f is
onto. Hence p([]ge, ;) = f(z) = y, which means that  is onto. If p([Zker 1) #
£([Y)ker ) then either z+y ¢ Ker f or y*z ¢ Ker f. Without loss of generality,
we may assume z *y ¢ Ker f. It follows that f(z) * f(y) = f(z *xy) # 0 and
hence f(z) # f(y). This means that x is one-one. Since p([Z]ker 5 * [Vlker f) =

p((z * Ylger ;) = F@xy) = f(@) % f@) = p(@lger ) * B([Ulkers) B 15 2
d-morphism. Thus we have X/Ker f =Y, completing the proof. a
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