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1. INTRODUCTION

In this paper, we assume that space means T3 5-space (i.e., completely regular,
Hausdorff space), except in Theorem 1.2 which requires no separation axioms at
all. A space is called pseudocompact provided every continuous, real-valued function
on X is bounded, or equivalently, if there does not exist an infinite, locally finite
family of non-void open sets in X. In [1], Z. Frolik defined the class P to be the
class of all spaces X such that X x Y is pseudocompact for every pseudocompact
space Y, and he gave a characterization of that class [1, Theorem 3.6]. M. Atsuji
noticed that there is a gap in Frolik’s proof of the characterization theorem. It is
the main purpose of this paper to show that a minor modification to Frolik’s proof
results in a correct proof (thus, the characterization is valid), and to give an example
to show that Frolik’s proof does not work in all cases (so some modification of his
proof is necessary in order to give a correct proof). We begin with the statement of
Frolik’s characterization.

Theorem 1.1. [1, 3.6] For a T3 5-space X, the following are equivalent

1. X belongs to class P,

2. If 9 is an infinite disjoint family of non-void open subsets of X, then there
exists a disjoint sequence {Up: n € w} in % such that for every filter A of infinite

subsets of w we have X
N Uu. #0.
FeN neF

The gap in Frolik’s proof of Theorem 1.1 occurs in the step “1 — 2,” where given
an arbitrary space X that does not satisfy the condition in 2, he claims to construct
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a space Y C X which is pscudocorupact, but X' x Y is not pseudocompact (thus
1 fails). Our modification of the proof consists in constructing a similar Y, but our
Y is a subset of fw instead of S.X. In §2, we show that Frolik’s construction for Y

does not work for every X.

Proof of Theoremn 1.1. “1 — 2.” Suppose that .\" does not satisfy the condition
in 2. Then there exists a countably infinite pairwise disjoint family {U, : n € w} of
non-empty open subsets of X such that for any infinite N C w, there exists a filter
AN on N such that

(1) N U U =0,

Fe AN neFr

Define
(2) Y =wU{uew:3IN € w“ud )}

Clearly Y C pw 1s pseudocompact since every infinite subset of the dense set w C Y
has a limit point in Y. We show that the space X' XY is not pseudocompact. Consider
the family % = {U,, x {n}: n € w} of non-empty open subsets of .\" x ¥. We shall
prove that 27 is locally finite. Let w € ¥ —w. By definition of ¥ there exist N C w,
and a filter .45 on N such that Ay C u, and (1) holds. Thus for any 2 € .\ there

exist [7 € .4y and an open set V containing z such that V N ( U Un) = 0. Then
ner

. =B . . . . . .
V x 77 is an open neighborhood of (z,u) which misses every sct in % because if
n € I then U, NV = 0. This completes the proof. : O

We note that neither the above proof of “1 — 2” nor Frolik’s proof of “2 — 17
requires any separation axioms on the spaces .\ or Y. Thus, Theorem 1.1 can now be
reformulated as follows. Recall that a space is called feebly compact if every locally
finite family of nonempty open sets in the space is finite.

Theorem 1.2.  For any feebly compact topological space X, the following are
equivalent

1. X x Y is feebly compact for every feebly compact space Y,

2. If Z is an infinite disjoint family of non-void open subsets of X', then there

exists a disjoint sequence {U, : n € w} in 4 such that for every filter . of infinite

N U UnX £0.

Fe.v neF

subsets of w we have



2. EXAMPLE

Let [0, 1] denote the closed unit interval with its usual topology. For each n € w
let I, = {n} x [0, 1], and let .7 = w x [0, 1].

Theorem 2.1. There is aspace X with.” C X C 8%, and a family {U,: n € w}
of disjoint open subsets of X such that

(a) for any infinite N C w there exists a filter A4 on N such that

NUw =o
Fe ner

and

(b) for any choice of z,, € U, for n € w, the space
(3) y =2°% — (X - 2),

where 7 = {z,: n € w}, is pseudocompact, and

(c) X x Y is pseudocompact.

Since the definition of the space Y in (3) is the one used by Frolik (see [1, page
345, line —2]), Theorem 2.1 shows that Frolik’s proof of Theorem 1.1 (1 — 2) does
not always work. We now list two lemmas that we need in the proof of 2.1.

Recall that for f:w — X and r € w* we define x = r-lim f provided for every
neighborhood U of z € X, the set {n € w: f(n) € U} is in r. A discussion of
“r-limits” is given in [3].

Lemma 2.2, Let my and 7y denote the natural projection maps on X x Y. If
fiw— X xY,andr € w*, then (z,y) = r-limf if and only if £ = r-limmx o f,

and y = r-lim7y o f.

Lemma 2.3, If f: w — K is one-to-one into a compact space I, and f(w) is

. . , . = K . .
C*-embedded in I, then the Stone extension f: fw — f(w) is a homeomorphism.

Proof of Theorem 2.1. Let « denote the set of all one-to-one sequences f: w — &%
such that |f(w)N1,] < 1 for all n € w. Let m denote the Stone extension of the map
from .” onto w that collapses I,, onto n. Since % has cardinality ¢, so does «/. Let
{(fa,9a): «« < ¢} be a listing of all pairs (f,g) € & x & such that f(w) Ng(w) = 0.
We now select some points of 8% — & by transfinite induction on c¢. Assume we
have constructed distinct 25,y € % — 7 and ultrafilters 7o € w* such that the
following hold for all § < « where o < ¢:

(4) g = rp-lim fz, and yg = rp-limgg,



(5) 25,y € {29,070 7 < B).

To pick 24, Yo, and 74, let P = {xg,ys: B < a}. Since f, and g4 are in &, their
ranges are closed subsets of the metric space %; so by the Tietze extension theorem
both fa(w) and go(w) are C*-embedded in &, hence in 8. By 2.3, their Stone

extensions fo and §, are homeomorphisms, hence one-to-one. Since lw*| = 2¢,
Q=w"—(fJI(P)UG(P) #0.

Pick any r € @, and define r, = r, z4o = r-lim f, and y, = r-limg,. In Bw it is

obvious that » = r-limi,, where 7, denotes the identity map on w. By continuity,
]—Ca(r) =7-limfq 0y = r-lim fa,

and similarly for §,. Thus (5) holds because zo = fa(r), and ya = Fao(r). This
completes the induction. Now we define

X =S U{zs: a<c}.

Note that X is pseudocompact because every sequence in the dense set " C X has
a limit point in X. Define

Up =n'({n))nX =1,

for all n € w. We show that 2.1(a) holds. Since m(X) has cardinality ¢, the set
D = w* — m(X) is dense in w*, and therefore for any infinite N C w there exists
u € DN N*. The ultrafilter u is the filter on N required in 2.1(a): Since 77!(F) =

U{lUi:ie F},

—X
(6) NUu =O=@.

FeuneF Feu

To show that the set in (6) is empty, it suffices to show

(7) N F ().
Feu

If (7) did not hold, then there would exist a point x € W‘I(F)py for all F € u and
—fuw

n(z) # u. Thus, there would be an F € u such that =(z) ¢ Fﬁw; sor Yw—F")

would be a clopen neighborhood of = missing 7=}(F) (i.e., z ¢ ﬂ'l(F)ﬂy). Thus
2.1(a) holds.
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Now we turn to 2.1(b), and in fact take any choice of z, € U, for n € w, put
Z = {z,: n €w}, and define, as in Frolik’s proof [1, page 345, line —2],

Yy =72"" —(x - 2).

The subspace Y is pseudocompact because every sequence in the dense subset Z has
a limit point in Y. Thus, 2.1(b) holds.

To complete the proof we have to show that 2.1(c) holds, i.e., that X x Y is
pseudocompact. To do this, we take an arbitrary infinite family % of disjoint open
subsets of X x Y, and show it is not locally finite in X x Y. We project this family
into X and Y, and consider three cases. Since | J{I,: n € w} = % is dense in X,
and projection maps are open, we know that for every W € # there exists m € w
such that 7x (W) N L, # 0.

Case 1. There exists m € w such that for infinitely many W € #, nx(W)N I, #
0. In this case, infinitely many sets in # intersects I, X Y which is the product of
a compact and a pseudocompact space; hence is pseudocompact [2, 9.14]. Thus, #
is not locally finite.

Case 2. There exists z € Z such that {W € #: 2 € ny (W)} is infinite. As in
Case 1, we are done since X x {z} is pseudocompact.

Case 3. Not Case 1, and not Case 2. Assume we have constructed W; € #,
z; € X, and n;, m; € w for all 7 < k such that

(8) ng<ny <---<np_jand mg<my << mg_1q,
(9) CL‘,‘Eﬂ'x(Wi)ﬂ([n,—Z),
(10) (xbzm,) € Wi-

To construct ny, my, Wi, and z, we note that by “not Case 1” there are only finitely
many W € # such that = x (W) intersects |J{l;: i < ng—1}, and by “not Case 2”
there are only finitely many W € # such that 7x (W) intersect {z;: 7 < my_1}. Pick
Wi € # which is not in either of the mentioned finite subsets of #. There exists
ni € w such that 7x(Wi) NI, # 0. Clearly ny > ng_;. Since I, has no isolated
points and |Z N I,,| = 1 we may pick zx € mx(Wi) N (In, — Z). Since {z}} x Z is
dense in {x} x Y, there exists z € Z such that (z¢,2) € Wi. Let my € w be such
that z = 2,,,. Clearly my > my_;. This completes the induction.

Define f(i) = z; and g(i) = zm, for all i € w. Now (8) and (9) imply that
(f,9) € &, say (f,9) = (fa, 9a) for some a < c. We have, therefore,

To = To-lim fo,and yo = ro-limyg,.



Hence by 2.2, (24, Ya) = ro-lim(f(i), g(7)). By definition of X, we have r, € .X', and
since g is a mapping into 7, we ]mve Yo € Z° " — Z. By the construction, y, ¢ \;
so we have y, € 7 _ (XN - =Y. Thus (x4, y.) € X x Y. This shows by (10)
that 7 1s not locally finite at Lhe point (za,Ya), and this completes the proof of
Theorem 2.1.

We thank M. Atsuji for bringing the gap in Frolik’s proof to our attention, and
W. G. Fleissner for a helpful discussion of these results. We also thank K.P. Hart
for his comments on the manuscript and his help with TEX.

Added 12 May 1993: Today we learned that a proof of Theorem 1.1 (1 — 2),
essentially the same as above, was given earlier by J. L. Blasco Olcina in “Pscu-
docompam(ld(l y COlllpa(‘l(]d(l numerable del producto de dos espacios topoldgicos,”
'Collectauea Mathematica 29 (1978) 89-96, and inr “Compacidad numerable y pseudo-
Compaclda(l del producto de dos espacios topologicos. Productos finitos de espacios
con topologias proyectivas de funciones reales,” Serie Universitaria 39, Fundacion
Juan March, Madrid 1978.
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