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1. INTRODUCTION

Let ® be a nondecreasing finite function on [0, c0), not vanishing identically and
satisfying ®(0) = 0, let o, o be appropriate measures in R”, and let 7" be a homoge-
neous operator. The usual two-weight weak type inequality in LP,

o{ITF] > A}) < CA~P / \f(z)PP do,
nn

where C' is independent of f and A > 0, and {|Tf| > A} stands for {z € R";
[T f(z)| > A}, has at least two different analogues when replacing t? by ®(¢):

(1) o{ITS1 > A}) - 8N < C / #(C|f(2))) do,
Rn

“weak type inequality”, and

@) o{ITf> A < C / (C |f(2)|/A) do,
R"

“erlra-weak type inequalily” (this terminology goes back to [18], for justification see
Remark 1 and Remark 2).

We start with proving some simple preliminary results concerning ® and related
functions (Section 2), and use them in Section 3 to give a characterization of the
couples of measures (o, ¢) for which (1) or (2) hold with T = M), where M, is the
Hardy-Littlewood maximal operator related to a doubling measure p (cf. [6], [1], [2],
(15], [17] and [18]). This characterization is slightly more general than that in [18],
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where ® is assumed to be a Young function. We also give a new direct proof of
necessity of the condition for the extra-weak type inequality.

As a consequence we obtain in Section 4 a new general characterization for the Ao,
condition, of independent interest, which sheds light onto the relationship between
two conditions proved earlier by Hruséev [11] and Fujii [5].

The main results are the theorems in Section 5, which give necessary and sufficient
conditions on a weight w for the inequalities

(o)

w({H*f > \})-®(\) < C / (C|f))uw,
and -
w((ir >3 <c [ el

to hold, where H* is the maximal Hilbert transform. In the latter case ® is assumed
to satisfy the A, condition near zero.

Positive constants independent of the appropriate quantities are always denoted
with C' and need not keep their value from line to line. Throughout we take 0- oo to
be zero.

2. THE FUNCTIONS ®, ®, Rg AND S¢
We define the complementary function to ® by

&)(t) = il;?)(St - ®(s)).

Clearly, <i>(0) = 0 and ® is nondecreasing. The subadditivity of supremum easily
implies that ® is always convex. For any ® we have (&)f < @, equality holds if ¢
itself is convex. If ®, < ®,, then &, < ®,, and if ®,(t) = ad®(bt), a,b > 0, then

®,(t) = ad(t/ab).

Moreover, the Young inequality st < ®(s) + ®(t) holds.

We say that & € A, if &(2t) < CP(t) for t > 0.

It is also worth to notice that unlike ®, the function ® may jump to infinity at
some point t > 0. For example, if ®(t) = t, then (i)(t) = 00 X(1,00)(t). It can even
be ® = oo everywhere on (0,00) (put e.g. ®(t) = Vt). We say that ® is reasonable
if there exists ¢ > 0 such that &(t) < co.
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We put )
Re(t) = ?%Q and Se(t) = ggt—), t

A\
o

Lemma 1. The following statements are equivalent.

(i) The function ® is reasonable;

(i1) there exists € > 0 such that Sg is bounded on [0, ¢);
(iii) there exist C,T > 0 such that Re(t) > C fort > T.

Proof. (i)=(iii). Suppose that (iii) is not true, i.e., there is a sequence t, — oo
such that Re(tn) < 1/n. Then for any t > 0

- 1
®(t) > sup tn(t — Ra(tn)) 2 sup ta(t — =) = 00
neN neN n

whence & is not reasonable.
(iii)=>(ii). Assume that (ii) is not valid; then there is a sequence t,, — 04 such
that Se¢(tn) > n, n € N. So, there exists another sequence, s,, such that nt, <

sn(th — Ra(sy)). Obviously it must be s, > n and Rg(s,) < t,, which contradicts
(iii).
The remaining implication is obvious. O

The equivalence of (i) and (ii) says that once  is finite near zero, it is bounded
by a linear function near zero, which might seem to be somewhat surprising. But it
naturally corresponds to the fact that ®(0) = 0 and & is convex.

We say that @ is quasiconvez if there exists a convex function ®¢ such that ®(t) <

Po(t) < CH(Ct), t > 0.
Lemma 2. ([10]) The following statements are equivalent.

(i) ® is quasiconvex;
(ii) there exists C > 0 such that for s < t

(I)(s) (Ct)

s t

(i) there exists C' > 0 such that for any cube Q and function f
1
*(r@ / F@I)) < / &(CIf()D due);

(iv) there exists C > 0 such that for all s,t > 0 and o € (0,1) we have
¢ (as+ (1 — a)t) < Cla®(Cs) + (1 — a)d(CH)].
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Let us recall that if ® itself is convex, then all the statements of Lemma 2 hold
with C' = 1. In particular, S¢ is always nondecreasing.

Analogously to quasiconvexity we can define quasiconcavity; then the correspond-
ing counterpart lemma holds. We omit the details.

Corollary 1. A quasiconvex function is reasonable.

Proof. Let ® be quasiconvex. Then it follows from Lemma 2, (ii), that
Re(t) > C'T719(C'T)
for any 0 < 7" < t. Taking a T so that ®(C~'T) > 0, we get from Lemma 1 that ¢

is reasonable. O

Let & be quasiconvex. We say that ® is a Young’s function if ,li%].,. Rs(t) =0

and tlim Ra(t) = oco. If Re(t) < C, t > 0, we say that ® is of bounded lype near oo
—00

(® € B). If Ro(t) > C~1,t >0, we say that @ is of bounded type near 0 (® € By).

Lemma 3. Let ® be convex. Then ® € By if, and only if, ® = 0 near 0, and
® € By if, and only if, ® = 0o near oco.

Proof. Assume that ® € By, that is, Re(t) < C. Then, clearly, fort > C,

o(t) = sgpo s(t — Ro(s)) = oo.

If ® € By, that is, Rg > C~!, then for t < C~!

®(t) = sup s(t — Re(s)) =0,
>0

since the expression in the brackets is negative.
Conversely, let ® = 0 on [0,€]. Note that as ® is convex, we have (&) = &.
Therefore,

®(t) = max { sup ts; sup ({5 — ®(s))} > et, t>0.
s<e s$>¢
If ® = co on [T, ), then

®(t) = sup (st — ®(s)) = sup (st — &(s)) < Tt, t>0.
>0 s<T
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Lemma 4. If ® is convex, then

(3) B(A\Se(t)) S CAR(t), t>0, Ae[0,1].

Proof. Since #(0) = 0 and & is convex, it will suffice to prove
(4) (Sa(t)) <Cd(t), t>0.

First, if ® is a Young function, then (4) holds with C = 1 (see [18]). In this case
the Young inequality implies ¢t < ®~!(¢)®~!(¢), and it thus suffices to substitute
t — &(t).

Next, keeping in mind that ¢ and ® are convex, we can observe using Lemma 2,
(ii), that for t € [¢,T), e, T > 0, it is

®(Se(t)) = Re(Sa(t))Se(t) < €' Re(Se(T))S(T).

Hence, it will suffice to prove that (4) holds near 0 and near co.

Let ® € Bo N By. Then by Lemma 3, (4) holds trivially for ¢ € [0,¢] U [T, o0).

If ® € By \ Bo, then (4) holds trivially for ¢t € [T,00). Moreover, there exists
a Young function ¥ such that ¥(t) = ®(¢) for t € [0,¢]. Let t € (0, R¢(¢)), and
7= Ry'(t). Then

V(t)= sup s(t— Rg(s)) = sup s(t — Re(s)) = B(t),
0<s<r 0<s<r

that is, ® near zero is determined only by the behaviour of ® near zero. As ¥ is
Young’s, (4) holds for ¥, and hence also for ® and small values of ¢.

Finally, if ® € By \ B, then (4) holds trivially for t € [0,¢], and there exists a
Young function ¥ such that ¥(t) = ®(t) for ¢t > T. It is not hard to verify that &
and ¥ coincide for large values of ¢ (cf. [14], Theorem 1.2.1). As ¥ is Young’s, (4)
holds for ¥, and hence also for ® and large values of t. a

Corollary 2. (cf. [18]). If ® is convex, then for allt > 0

(5) Ra(Sa(t)) < C't.

Proof. Multiply (4) by 1/Se(t). a
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3. THE HARDY-LITTLEWOOD MAXIMAL OPERATOR

Let u be a complete o-finite Borel measure, satisfying the doubling condition
2(2Q) < Cu(Q), where 2@ is the cube concentric with Q and with sides twice as

long. Let ¢ and o be measures absolutely continuous with respect to p and vice

versa, that is, there exist measurable functions —%, %, %ﬁ, and d"

For a g-measurable function h and a p-measurable set E we shall write h(E) =
Jg hdp and hg = (u(E)~")h(E).

In this section we shall be concerned with the inequalities

(©) o({Muf > 2}) - ®(1) < C / (C|f(2)]) do,
Rn
and
(7) o({M.f >N} <C / &(C|f(2)|/) do,
R"

where the Hardy-Littlewood maximal operator related to p is given by

M, f(z) = )] /If(y ) du(y).

Lemma 5. (i) Let the weak type inequality (6) hold. Then ® is quasiconvex.
(ii) Let the extra-weak type inequality (7) hold. Then ® is reasonable.

Proof. (i) Take K such that the set E = {du > K1 4 Gz(x) < K} has
positive measure and let @ be a cube such that p(Q N E) > u(Q)/2. By (6),

(8) @ (27" |flone) < CK*®(C|fl)qnE -

Let s,t >0 and a € (0,1). Write QN E as FU F’, where u(F) = a- p(QN E), and
define f(z) = s-xr(z) +t- xr(z). Then (8) turns to

(27 (as + (1 — a)t)) < CK?(a®(Cs) + (1 — a)®(Ct)),

which is by Lemina 2 equivalent to the quasiconvexity of ®.
(i) Assume that & is not reasonable. Then, by Lemma 1, there is a sequence
{tn}, tn /" oo, such that ®(t,) < n~'t,. Taking arbitrary cube @ and its subsets
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E, in order that u(Q) = C~'t, u(E,) where C is from (7), and putting f = xg,

and A = -l%')l in (7) we get

1(Q)
H(En)

which yields og < € -0g, . Letting shrink E, to a density point of {0 < o(z) < oo},

e(Q)<C<I>(C- )U(E,,)<C" 7

weget o =0 almost everywhere on the set where o is finite. However, this contradicts
the mutual absolute continuity of the measures ¢ and o.

We have seen that the weak type inequalities turn out to be strong enough to
guarantee quasiconvexity of ®, while the extra-weak type ones imply merely reason-
ability of ®. This is caused by the fact that (7), unlike (6), provides some control of
the growth of ® only from one side.

From now on we shall assume for simplicily sake that ® ilself is convez.

The pair (o, g) is said to satisfy the Ag(u) condition ((o,0) € As(p)) if either ®
is Young’s and there exist C, € such that

@ (i [+ (7))
9 supsup a——= Rep| ——< [ So (o™ — ) dp ) < C,
®) a>0 @ Q) #Q) J ? do)
or ® € By U B, and there is C such that for all @ and almost every z € Q
Q)

(10) ( )-

uQ S

The pair (o, o) is said to satisfy the F¢(u) condition if there are C, ¢ > 0 such
that

an i [ (e i) <o

We shall prove that the pairs (o, o) satisfying A¢(st), or Es(pt), are good for weak,
or extra-weak, resp., type inequalities involving the operator M.

The conditions (9) and (11) take their origin in the well-known Muckenhoupt’s A,
condition for couples of weights (w, u) (see [16])

SUP(IQI/ “”"“”)(l@l/ wl(@)™e l)d’”)p—l <6

and its simple reformulation

/ (w(z))p T <o
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respectively, where |Q| = fQ dz, ug = |Q|™! fQ u, and p’ = p/(p—1). The inequality
(10) is known as the A; condition ([16]). The A¢(x) condition in the form similar to
(9) was introduced in [18], but the key discovery is due to Kerman and Torchinsky
[12], see also [6]. Clearly, if ®(t) = t?, then Ap(p) = Eo(p) = Ap(p). O

Theorem 1. The following statements are equivalent.
(i) There exists C > 0 such that for all f and A the inequality (6) holds;
(i) there exists C > 0 such that for all f and @,

(12) oQ) - #(fle) < C [ #(Clr@)de,
Q

(i) (0, 0) € Aa(p).

Theorem 2. The following statements are equivalent.
(i) There exists C > 0 such that for all f and A > 0 the inequality (7) holds;
(i1) there exists C > 0 such that for all f and Q,

(13) AQ) < C / 8(C1f(2)l/|fl) do;
Q

(iii) (0, 0) € Ea(p).

The next remark sheds light on the connection between the statements of both
theorems and justifies our terminology “weak” and “extra-weak”.

Remark 1. Each statement of Theorem 1 implies its counterpart in Theorem 2.

Indeed, inserting A = 1 in (6) we get
oM. > 1)< ¢ [ecir@ o,
R»

which is by homogeneity of M, equivalent to (7). Similarly, taking (|flo)~" - f
instead of f in (12) we get (13). Lastly, to see that Ag(p) C Eg(p), simply put
a= %é% in (9) in case @ is Young’s, or use (10) in case ¢ € By U By, .

Lemma 6. Assume that (o, 9) € A;(u) (that is, (10) holds). Then the weak-type’
inequality (6) holds for any ®.
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Proof. As puis doubling, standard covering argument yields

A oM > ) < € [ 1@ e,

Moreover, the convexity of ® gives via Lemma 2, (iii), that (M, f) < M,(®(f)).
Hence

d({Muf > A}) - @A) = o({B(M, f) > B(N)}) - B(N)
< o({Mu[2(N)]) > BN} - B(N) < C / &(|f(2)]) do.
nn

Lemma 7. If ® € Bo U B, and the estimate (12) holds, then (o, 0) € A1(p).

Proof. Let ® € By. Then inserting f = xg, £ C @, in (12), we get

1(E) H(E) a(E)
W@ SC° (u(Q)) SCO Q)

which yields (o, ¢) € A1(u). Now let ® € B,,. As already observed (Remark 1), (12)
suffices for (13). Putting f = xg this time in (13) we obtain

o@ <co®re (cHD) < com U2,

which is A;(u), again. a

Proof of Theorem 1. If & is a Young function, the proof can be done
as in [18] with trivial changes. Assume that & € By U B; then the implications
(i1)=>(iii)=(i) follow from Lemmas 7 and 6, and the implication (i)=>(ii) is a conse-
quence of the obvious inclusion Q C {M,f > |flq/2}. a

Proof of Theorem 2. That (i) implies (i1) follows again from the inclusion
Q C {M.f > Iflo/2}.

The implication (iii)=>(i) can be proved following the lines of the proof in [18].

The proof of (ii)=>(iii) in [18] requires somewhat complicated theory of norms in
Orlicz spaces and saturation of the Holder inequality. We give here a much simpler
direct proof, applicable to a general .

Let Q be a fixed cube. If g(Q) = 0, there is nothing to prove. Let 0 < ¢(Q) < oo.
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Assume first that ® ¢ B,,. Then (i> and hence also S¢, is finite on (0, 00). Given
k €N, put Q) = {zEQ, (x) > 1/k} and

o) = 91(2) = 5 (2D L(2)) xeu 0)

with € to be specified later. It follows from (ii) that

(Q) dp _
/¢ ( #(Q) & " )) do =egq0(Q) < Ceo(Q) + Ig,

k

where Iq is defined as follows: Iq = 0 if g9 < C (C is the bigger of the constants
from (13) and (3)), and

Ig = Cegg / ® (ggg(:c)) do if gg>C.
Q
Q

Hence, using (3) with A = C/ygq,

to=ceia [# (G55 (+3graat) ) o
Q

k

<o [o(ceg o)

k

which yields

a9 [o(ED L)) do<cea@+ ¢ [o (- LD L)) an
Q

K Qx

Now (remember that Sg is nondecreasing),

[+ (50 0) e =88 (- 50 )

<ee(Q) - Se (ksﬁ—%> < o0,

whence we can take ¢ sufficiently small (¢ < C~2) and subtract in (14) to get thereby

[+(-£8 o) e e

k
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Since p(Q \ UQx) = 0 and the constant at the right does not depend on k, (iii)
follows.

The situation is much simpler if ® € B, since then Rg(t) < C, and inserting
f=xke, E CQ, into (ii) gives

Q)
e(Q) < € —= 0o(E).
( n(E) (
So, (o, ¢) belongs to A;(u). It follows easily from (5) that (10) always implies (9), and
therefore A;(p) C Ag(p) for every ®. As Ag(p) C Eg(p) for every & (Remark 1),
we are done. a

Corollary 3. If ® € By, then Ag(t) = Ego(1t) = A1(p).

Proof. The proof of Lemma 7 shows that if ® € Bo,, then Eg(p) C Ai(p).
The remaining inclusions have been already established. a

4. THE CONDITION Ay

In this section we assume that o = g. Recall that ® is convex.

We say that ¢ € Aeo(t) if there exist 8, € (0,1) such that E C Q and p(E) <
6p(Q) imply o(E) < €0(Q)-

Both the endpoints of the A, scale, the classes A; and A, are of exceptional
meaning. Between A, and all other A,’s there is a significant gap. For example,
putting ®(t) = t(1 + log* t)¥, we get A,(1) C Ea(u) C () Ap(st), where both the

p>1

inclusions are proper (see [2], [15], [17]). A different situation can be found near

Ao it is known (e.g. [4]) that A = |J Ap. This fact will allow us to obtain new
p>1
characterizations of A .

The idea is simple: First, it is easy to prove that E¢(pt) C Ao (pt) in any case of ®.
Further, we know that A¢ (1) C Fo(u) (Remark 1). Therefore, it will suffice to take
® with sufficiently rapid growth so that A,(x) C Ag(p) for all p, and then it must
be Ae(p) = Eo(pt) = Aco(p)-

The condition A, has been intesively studied and a lot of equivalent statements
have been proved ([4], [7], [11], [5] etc.). In the particular (weighted) case du = dz
and dg = w(z)dz, Hruséev ([11]) proved that w € A, (we write w € A, instead of
0 € Ax(p)), if, and only if,

(15) sup (ﬁb/w(a:)dx) exp (ﬁflog E(lT)dz) <cC.

Q
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(An independent proof of this result was given by Garcia-Cuerva and Rubio de
Francia in [7]). By a different argument, Fujii ([5]) obtained (among others) another
characterization of Ao,

(16) aup Q/ log* (%}(—QJ) w(z)dz < Cu(Q).

We shall prove a new general characterization of A, expressed in terms of Fg(u)
conditions, which covers (15) and (16) as particular cases and clarifies their mutual

relationship.

Theorem 3. Let ® be such that Sg(t) is quasiconcave on (0, 00) for any a > ag

and some «g. Then Ag(p) = Eo(p) = Aco(pt)-
Proof. First, let p € Eg(p). Then, inserting p = 0 and f = xg, £ C @, in

Theorem 2, (i1), we get

Q) Q)

i <o (i)
Therefore, if E = Q \ E and pu(E’) < 6u(Q), we have o(E') < €o(Q), where (1 —
g)~! = C®(C/(1 — 8)). In other words, o € Aw(st). Note that this inclusion,
Eg(p) C Aco(pt), holds for any .

Now, let o € Ao (st). Then there is p > ag + 1 such that p € Ap(y) (see e.g. [4]).

By our assumption, the function F(t) = Sg(¢P~1!) is quasiconcave. Taking € small

enough (¢C < 1) and using Jensen’s inequality and (5), we get

o R (;(Q)/ (3 5w) )
=g " (;(Q)/ ((clv it ’)p1_1>d")
x5 e ([ () )

Sc'iig)(u(c))/(i ) o)

Hence, As(t) C Ap(pt). Since Agp(n) C Eo(p) always, the proof is complete. a

Remark 2. As we know, if ®(t) = t? or ® € By, then A = Ep. Now,
Theorem 3 describes another class of functions ® with this property. However, the

inclusion Aq C E¢ is proper in general. The following two examples are essentially
due to Bagby [1]:
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If &(t) =P for t € [0,1) and P(t) =t? for t € [1,00), where p < ¢, then Ay = A
but Fe = Aqy.

If &(t) = tP(logy t+1)77, p > 1,¢ > 0, p is Lebesgue measure, dg = do = 2P~ 'dz,
then (o, 0) € Eg, but (0,0) ¢ Ae = Ap.

Theorem 4. The following statements are equivalent.

(i) @ € Ao (1);
(11) there is C such that for every Q

1 dp 0@ ,
(17) sgp -ﬂ—@q/log ( (x) - (Q)) dp < G

(iii) there is C such that for every Q

1 de  + (@)
(18) S‘é"E(’Q‘)! log <aﬁ(‘”) Q(Q))d"“‘

Proof. To prove that (i)&(ii), put ®(t) = t(1+log*t). Then ® is convex and
so it is indeed a complementary function (e.g. to the function ($)”). On the other
hand, Se(t*) =1+ alogt t is evidently quasiconcave for any @ > 0. Theorem 3
therefore implies that ¢ € Ay, (1) if, and only if, p € Eg(p), or

et (G gy <

sup

t(Q)

This inequality obviously implies (17), but in fact they are equivalent. This will be
seen once we prove that for any Q

s o (e 5B s [0 28 o

cf. [11], Lemma 1.
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To prove (19), put £ = {x €Q; %%% < d%%(x)}. Then, by the Jensen inequality,

applied to the convex function — log,
ﬁgg; 'Z(%!(""’g: (= )) d"+;<Q)/’°g pel yan

u(E)lg( L fde ) WE) | @)

\

Q) u(E) du 0@ P u@)

WE) | (@ W) uB) () 1
W@ (u(Q) g(E)>>u(Q) 'g(u(Q)>> e

since min tlogt = —1/e.
t€(0,1)

The equivalence of (ii) and (iii) follows from the equivalence of ¢ € Ao (1) and

1 € A (p), which was proved by Coifman and Fefferman [4] provided that both u
and g were doubling. In our case p is assumed to be doubling from the very beginning
and ¢ € Awo(p) easily yields that also g is doubling. The proof is thus complete.
a

To round off this section, put finally dyu(z) = dz and dg(z) = w(z)dz. Then (17)
turns to
1 / wQ
sup — [ log —=dz < C,
o Tal ) *F w(a)

exactly what we obtain after taking log of the left hand side of (15). In view of this,
(17) is equivalent to the Hruséev condition (15). Similarly, (18) turns to

(Q) (W( )> wz)de <

which is the Fujii condition (16) (even a slightly better one, as the “+” sign is

sup

removed).
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5. THE HILBERT TRANSFORM

In the sequel we assume that n = 1. Recall that ® is still convex. The symbol [/
will always stand for an open interval on the real line and if I = (a,b), we denote
I’ = [b,2b—a). We shall also restrict ourselves to the case dy(z) = dz (the Lebesgue
measure), and do(z) = do(z) = w(z)dz, where w is a positive measurable function

(weight). Thus, w € Ag if either ® is Young’s and

sup awy - R (i/Sq, (L) da:) <C,
ol |1 / aw(z)

or ® € By U By and w € Ay, that is,
wy < C -ess inf{w(z); z € I}.
Similarly, w € E¢ if

1 wy )
sup — [ S¢ |e—— ) dz < C.
! m,/ “’( w(z)

The maximal operator M treated in this section is defined by
M f(z) = sup{|fli; I 3 z}.

The Hilbert transform is given for any function f satisfying
00
[ e +1e) de <o
—00

by the Cauchy principal value integral

| S
Hf(z) = p 51_1‘1514_ / %f(Ty)&dy.
R\(z—¢c,x+¢)

Similarly we define the maximal Hilbert transform

. 1
Hf(;v):;st;g r—
R\(r—¢c,x+¢)

We shall prove the following theorems.

Mdy‘.
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Theorem 5. The following statements are equivalent.
(i) There exists C > 0 such that for all f for which H* f is defined and all X

oo

(20) w({H"f > \})-®(\) < C / (C |f(2)]) w(z) dz;

- 00

(i) ® € Ag, and there exists C > 0 such that for all f and A

(21) w{Mf > })- () < C ] (C |f(z))) w(z) dz:

(ili) ® € Ay and w € Ag.

Theorem 6. Let & € AJ, that is, ®(2t) < C®(t) fort € (0,1). Then the following
statements are equivalent.
(i) There exists C > 0 such that for all f for which H* f is defined and all A > 0

[e o}

(22) w({H*f > \}) < C / O(C|f(2)|/}) w(z) dz;

—00

(ii) there exists C' > 0 such that for all f and A > 0

(23) w({Mf > <C / &(C|f(2)|/) w(z) dz;

(iii) w € Eq.

Remark 3. For any interval I = (a,b), f > 0 and ¢ € I we have
(24) H*(xrf)(=) 2 [H(xrf)(z)| > @m)7" fr.
Similarly, for z € I’ we have
(25) H*(x1f)(z) 2 [Hxa f)@)| > @n)~' fr.

Now, (24) and (20), applied to f = x;- and A < (27)~!, lead to
(26) w(l) < Cuw(l').
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Note that (22) together with (24) implies (26), too. Given f > 0 and A > 0, put
Q ={Mf > A} and let F be any compact subset of . Then

FC U I;, where fr; > A

By (8], Lemma 4.4, Chap. 1, §4, there is a disjoint subfamily {J;} of {I;} such that
w(U;) <23 w(Jj). Thus, by (26), (24), and (25)
w(F) < w({J1;) <2 w(J;)
<C Y uJy)
<C Y w({[H(Uxs)|> @m)7"A})

As F was arbitrary, this inequality shows that

w({Mf > A}) < Cw({|Hf| > A}),

and therefore in both the above theorems the implication (i)=>(i1) holds. Moreover,
it is clear that we can replace H* f by |H f| in Theorems 5 and 6.

Proof of Theorem 5. Coifiman [3] proved that if w € A, and ® € A,,
then

Sl;]) dAN)-w({H'f>A}) K C Sl/l\[) SN - w({Mf>A}).

This proves (ii)=(i). It remains to prove that (i) suffices for & € A,, the rest
follows from Theorem 1. We shall use the idea from [9]. Given A > 0 we put

f(x) = (2()')”1/\)/(0.1)(1'). Then, by (i),

w(0, 1)
w({H*x(0,1) > 2C})

d(N\) < C - ®(A/2),

and we are done. O

Proof of Theorem 6. The implications (i)=(ii)=>(iii) follow from Re-
mark 3 and Theorem 2. We shall prove (iii)=(i). Given a function f and A > 0,
put @ = {Mf > A}, F =R\ Q. Then Q = [J I, where I; are closed intervals with
disjoint interiors such that dist(F,I;) = |I;| (the Whitney decomposition—cf. [8]).
Since 41; always meets F', it must be |f|;; < 4A. As usual, we split f into the “good”
and the “bad” parts, namely,

9(@) = f@)xr (@) + 3 1, x1,(2)
b(z) = f(z) —g(z) = Y (f(z) = f1;) x1,(2) = Zb

j
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To estimate the “good” part is easy. Our assumption ® € AY guarantees that
®(A) > CI for A € (0,1] and all p bigger than some py. As observed in the proof
of Theorem 3, (iii) implies that w € A, hence w € A, for p bigger than some p;.
Therefore, for such p, H* is bounded on L,, w ([7], Chap. IV, Theorem 3.6), and we
have for p > max (po, p1) (recall that |f| < A almost everywhere on F)

e 0]

(21) w(tirs > <¢ [ () wieyes

- 00

< C/ (M(-)‘i)—l)p w(z)dz + Cw(Q)

F
< CF/Q ('i(;ﬂ> w(z) dz + Cw(Q).

Now let us deal with the “bad” part. As known ([19], Chap. 1I, 4.6.2), for z € F
we have

H*b(z) < C
>

1
J

1
|z — 1|

where t; is the center of I;. Note that |z —t;| is comparable to |z —t| for every t € I;
and z € F. Hence, making use of the definition of b;, the estimate |f|;, < 4), and
the estimate
|75
lz — t]

<CM(X1,)(1“)1 z€F,

we obtain

|11
|z — ;]2

(28) Hb() < CY / 16;(0)] dt + Co Mb(z)
7 ;

2
ch( 14 ) If1s, + Co Mb(z)

|z — ¢j]

< CAY M*(x1;)(z) + Co Mb(x).
Jj

As already mentioned, w € A, for some p > 2. Put r = p/2, then 7 > 1 and we
can invoke the vector-valued weighted strong-type inequality ([13], Theorem 1, or
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[7], Chap. 5, Theorem 6.4 and Remark 6.5 a) to obtain thereby
(29) wifz € FiCA T M(u,)(2) > M) <€ [ [ M s)@)] i) da
i AR

<C x1;(z) w(z) de
[%

<CY w(ly) = Cw(Q),
J

as [;’s have disjoint interiors. Since |b(z)| < |f(z)] + 4, it is

(30) {z € F; CoMb(z) >5Cor} C {z € F; Mf(z) > A} = 0.
Now, (28), (29) and (30) give

(31) w({z € F; H*b(z) > (5Co + 1)A}) < Cw(Q).

It follows from Theorem 2 that
w(Q) <C / d (C@) w(z) dz.

Combined with (27) and (31) this leads to

w{H"f > (5Co + 2)A})
Sw({H*g > A} +w({z € F; H'b > (5Co + 1)A}) + w(R)

<C 7 3 (c'f(/\—”)'> w(z) de,

which easily yields the desired estimate. O
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