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Abstract. The boundednees of multilinear commutators of Calderén-Zygmund singular
integrals on Lebesgue spaces with variable exponent is obtained. The multilinear commu-
tators of generalized Hardy-Littlewood maximal operator are also considered.
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1. INTRODUCTION

For b € BMO(R™) (for its definition, see Section 2) and T a singular integral
operator, the commutator [b, T'] is defined by

[0, T1f(x) = b(x)T f(x) = T(bf)(x)-

For these commutators, the classical result, which was obtained by Coifman,
Rochberg and Weiss in [1], is when T is a standard convolution integral opera-
tor of Calderén-Zygmund [b, T] is bounded on LP(R™) (1 < p < 00), and conversely,
if [b, R;] is bounded on LP(R™) for every Riesz transform R;, then b € BMO(R™).
Then Janson [6] pointed that for any singular integral T' the boundedness of [b, T']
on LP(R™) implies b € BMO(R™). In 2002, Perez and Trujillo-Gonzalez [15] intro-
duced a generalized commutator, namely multilinear commutator. Let T" be a linear
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operator which is initially assumed to be bounded on L?(R"), and suppose

Tf(x) = RHK(x,y)f(y) dy

whenever f are L*°(u) functions with compact support and x ¢ supp f, where
K(z,y) is a standard Calderon-Zygmund kernel, namely, there exist positive and
finite constants v and C such that, for all distinct z,y € R™ and all z with 2|z — 2| <
|z — vy, it verifies (i) |K(x,y)| < Clz —y|™",

(i) [K(2,y) — K(2,9)| + [K(y, 2) = K(y, 2)| < Clw = 2["/]w — y|" .

Let b = (b1,b2,...,bm), bj € BMO(R") for j = 1,2...,m, the multilinear com-
mutators T3 defined by

(1.1) Ty f(x) = [by, b2, ... [bn, TT.. ] f().

In [15] Perez and Trujillo-Gonzalez proved the T} is also bounded on L”(w) for any
we A, 1< p< oo, where A, denotes Muckenhoupt’s weight class (see [11]). In
fact they obtained more and stronger results than that we stated here. For details
one can see [15].

Recently, Karlovich and Lerner considered the boundednees of the following com-

mutator

[aKuuﬂzpv/(Mm—ﬁw»Ku—vanm

n

on Lebesgue spaces LP(") with variable exponent p in [7]. In fact, Karlovich and
Lerner obtained analogous results as in [1]. Motivated by [7], we will consider the
boundedness of multilinear commutators 73 in (1.1) on variable exponent Lebesgue
spaces LP(). First, let us recall some definitions and notations.

All functions in the present paper are assumed to be real valued. Let p: R® —
[1,00) be a measurable function. Set the convex modular

mif.p)i= [ |f@p da.

Denote by Lp(')([R") the set of all Lebesgue measurable functions f on R™ such that
m(\f,p) < oo for some A = A(f) > 0. LP()(R") is a Banach space with respect to
the Luxemburg-Nakano norm

[fllzec) = inf{A > 0: m(f/A,p) < 1}.

It is clear that if p(-) = p is constant, then the space LP()(R") is isometrically
isomorphic to the Lebesgue space LP(R™). For the properties of the space Lp(')([R"),
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one can see [12]. Recently the spaces LP(')(R") have attracted a great attention
owing to their connection to fluid dynamics discovered by Michael Ruzic¢ka. For this
one can see [2], [3], [4], [8], [13], [L7] and the references therein.

If a measurable function p: R™ — [1,00) satisfies

(1.2) 1 <p_ =ess inf p(x), ess sup p(z) = py < oo,
z€R" sER™

then the function
p'(x) = p()/(p(x) = 1).
is well defined and satisfies (1.2) itself.

Denote by M(R™) the set of all measurable functions p: R™ — [1,00) such that
(1.2) holds and there exists a constant C' > 0 such that

C
1.3 px)—pWy)| < ————
(13 (o) = )] < i
for every z,y € R", [z —y| < 5 and
C
Ip(z) — p(y)l

< —
log(e + [2[)

for every z,y € R™, |y| = |z|.

If p € M(R™), Cruz-Uribe, Fiorenza and Neugebauer proved that the Hardy-
Littlewood maximal operator M is bounded from LP()(R™) to itself [2, Theorem 1.5].
Pick and Ruzi¢ka showed that if (1.3) does not hold then the Hardy-Littlewood
maximal operator is not bounded. For more details, one can see [2], [3], [13], [16].

Let b= (b1, bs,...,bm), bi € BMO(R") for i = 1,...,m, we define

My f(z) = sup |Q|/ H|b I dy,

zEQ

where in what follows () are balls.
Let ¢(z) > 0 be a smooth and rapidly decreasing function and satisfying the

condition:

|yl .
lp(z —y) — p(x)] < Cw» if |z] > 2yl

Denote p.(x) = e "p(x/¢c). Define the operators

B(f)w) =swp [ el ~ )l )] dy,

e>0

By —sup/nm ) = b; ()= (z — )| £ ()| dy.

e>0
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Ifb; =b,j =1,...,m, these operators Mj, ®; were considered on standard Lebesgue
spaces in [5].

Now we are ready to state our results.

Theorem 1.1. Suppose p belongs to M(R"™) and b; € BMO(R™), i = 1,...,m.
Then Tj as in (1.1) can be extended a bounded operator from LP)(R™) to itself.

Theorem 1.2. Suppose p belongs to M(R"™) and b; € BMO(R™), i = 1,...,m,
then ®; is bounded from LP)(R™) to itself.

Theorem 1.3. Suppose p belongs to M(R"™) and b; € BMO(R"), i
then Mj is bounded from LP)(R™) to itself.

Il
3

The remainder of the paper is organized as follows. The proof of Theorem 1.1
will be given in Section 2, and the proof of Theorems 1.2 and 1.3 will be given in
Section 3. In this paper, C denotes a positive constant, which may differ in different
place.

2. PROOF OF THEOREM 1.1
To prove Theorem 1.1, we need some preliminary results. They are the duality and
density in spaces LP() (R™), and the pointwise estimates for sharp maximal functions.

The details will follow.

For p satisfying (1.2) the function p’ is well defined and the spaces LP()(R™) can
be equipped with the Orlicz type norm

L gy = sup{ [ 1@lan: g € 7OE), ol < 1}.

This norm is equivalent to the Luxemburg-Nakano norm (see [9, Theorem 2.3]).
This means that

1£lleer@my < UF oo @ny < ol flzoo@ny,  f € LPORY),

where r, =14+ 1/p_ —1/p;.

Firstly, the duality in spaces LP()(R") can been stated in the following lemma.
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Lemma 2.1 (see [9, Theorem 2.1]). Let p: R™ — [1,00) be a measurable func-
tion satisfying (1.2). If f € LP)(R") and g € L?' O)(R™), then fg is integrable on
R™ and

| 15@9(@) do < ol @ 9o oy

Secondly, the density in spaces Lp(')(R") can been stated in the following

Lemma 2.2.

Lemma 2.2 (see [7, Lemma 2.2]). Let p: R™ — [1,00) be a measurable function
satisfying (1.2). Then L (R") is dense in L) (R™) and in LP'O)(R™).

loc

Thirdly, there are some pointwise estimates for sharp maximal functions. Given
f € L (R™), the Hardy-Littlewood maximal function is defined by

u d
M(P)= LBWL/V I dy.

Denote M,.(f)(z) = M(|f|")(x)*/", for r > 0.
For § >0 and f € L} (R"), set also

1/6

# 1
fi(x) = iggggg(@/cglf(y)—dédy)

If 6 = 1, we denote ff by f#. A function f is called belong to BMO(R") if
fe Ll (R") and f#(x) € L=®(R"). If f € BMO(R"), the BMO semi-norm of f is
given by

I fllBmo = sup f#(z).
rER™

For a fixed A € (0,1) and a given measurable function f on R™, the local sharp
maximal function M ;\# (f) is defined by

M (f)(@) = sup inf ((f - c)x@) (AlQI),

IGQC

where ((f — ¢)xqg)* denotes the non-increasing rearrangement of the function (f —

oXqQ-
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Lemma 2.3 (see [7, Proposition 2.3]). If§ > 0, A € (0,1), and f € L (R"),
then

ME(f) (@) < QN2 ff(z), = eR"

To state further results, we need the definition of Orlicz maximal function. Let ®
be a Young function, namely, ® is a continuous, nonnegative, strictly increasing and

convex function on [0, co) with

lim %: lim L:O.
t—0t t t—0t (I)(t)

We define the ®-averages of a function f over a cube @ by

. 1
1o = I flow .o = mf{A - 0: @/Q ('ff”) do < 1} ,

where as usual |Q| denotes measure of Q.

Associated to this average, we define the maximal operator Mg by
Mo f(x) = My f(x) = Sup 1flle.0;
Sz

where the supremum is taken over all the balls containing x.
If ®(x) = zlog" (e + x), we denote Mg as My, (og ). It is well known that M f <
CMyp(1og )- [ for any r > 0, and if m € N, then

Mp (g Lym ~ M™!

the m + 1 iterations of the Hardy-Littlewood maximal operator.

Given any positive integer m, for all 1 < j < m, we denote by C7" the family of
all finite subsets ¢ = {o(1),...,0(j)} of j different elements of {1,2,...,m}. To any
o € C', we associate the complementary sequence ¢’ given by o’ = {1,2,...,m}\o.
For any o € C}", we denote

T; f(x) = /n(bau)(w) —bo1)(¥)) - - - (bos) () = bos) (¥))) K (z,y) f(y) dy,

and ||bs|| = [] l|bjllBmo- In the case of o = {1,2,...,m}, we denote Tj; by T} and
Viste 7

1o | by [6]]-
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Lemma 2.4 (see [15, Lemma 3.1]). Let Tj; be as in (1.1) and let 0 < § <7 < 1.
Then there exists a constant C' > 0, depending only on § and the kernel K, such
that

(T3 (@) < C|IBIMpgog ym F@) + 32 37 b6 |IM- (T £ (@)

Jj=1 o‘ECJm
for any f € LE.

As the argument in proving [15, Lemma 3.1}, we have the following result.

Lemma 2.5. Let T = fan K(z,y)f(y)dy be a Calderén-Zygmund operator and
let 0 < § < 1. Then there exists a constant C > 0, depending only on §, such that

(T(f)F (x) < CM(f)(x)
for any f € LY.

Lemma 2.6 (see [10, Theorem 1]). Suppose g € Li _(R™) and let ¢ be a mea-
surable function satisfying

Hz: |o(z)| > a}| < oo forall >0,

then
/ lo(2)g(x)|dz < O / M p(x)gMg(z) de.

Before giving the proof of Theorem 1.1, we first prove the following result which
has its independent role.

Theorem 2.1. If p € M(R"), then there exists a constant C,, such that for any
f € LPO(RY),
ITfllrer < Cpllfllzeco-

Proof. Let fe L¥.Foranyge€ LP'O(RM) © L{ (R"), since T is of weak type
(1.1), according to Lemmas 2.6, 2.3 and 2.5, we have

[ @@l <c [ @y d.
n IRTL
By Lemma 2.1 and p,p’ € M(R™), we obtain that

/ (T 1) (@)g(@)|dz < Curp | M [ oo Mgl Loy < Clf oo llgllpae -

This yields
ITfll oy S NTFll vy < ClfllLeeo-

By Lemma 2.2, this completes the proof. g
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Proof of Theorem 1.1. Let f € L¥ and g € LP O)(R") C L\ (R"). We

loc

show Theorem 1.1 by induction on m. For m = 1, by Theorem 1.5 in [15], T}f
satisfies the conditions of Lemma 2.6. Thus according to Lemmas 2.6, 2.3 and 2.4,

we have
[ I@n@alas<c [ M @neitg) i

<C Rn(be)?(wMg(rc) dz

<C [ [I¥las0 Mg 1)£(2) + [ oM7) (@) M (a) da.

By Lemma 2.1, Theorem 2.1 and p, p’ € M(R"™), we obtain that

/ [(Tf)(2)g(2)|dz < Curpllbllaymol[M fll Lo [ Mgl L)
< Clbllsyoll fll Lo gl ores -

This yields
1Tof o <NTof 70 < ClfllLocer-

Suppose now that for m — 1 Theorem 1.1 holds, and let us to prove it for m. As
above with Theorem 1.5 in [15] again, by Lemmas 2.6, 2.3 and Lemma 2.5, we have

| @p@at@lds < [ M @)@ M) ds
Rn Rn

<O [ @ @ng)

< C/[R" |:|g||ML(logL)mf(l') + Z Z ||ba||Mr(Tga,f)(:E)] Mg(z)de

j=1 UGC;"

< C/ [|g||ML(10gL)mf(x) +Z Z ||bcr||ML(logL)mjf(x):| Mg(x)dx
R'Vl

j=1 UEC;"

< I Ibslimno / S M 1og £y /() Mo(a) da
j=1 " =1

m
< CH [0jllBmoll fll e [lgll porc -

j=1
This yields
1Tl o> < I T5f oy < Cllf -
By Lemma 2.2, this completes the proof. 0
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3. PROOFS OF THEOREM 1.2 AND 1.3

Let
@)= s [ ool
and
N _ —
B (@)= s /RH| )le=( = )1 )] dy.

To prove Theorem 1.2, we need the following lemma.

Lemma 3.1. Let <I>lj;v be as above and 0 < 6 < 7 < 1. Then there exists a constant

C > 0, depending only on ¢ and 7, such that
@Y NE) < O IB1Ms0s1 1) + 35 T el M2 )0
j= IUGC’" bt
for any f € Lg°.

Proof of Lemma 3.1. By homogeneity, we can assume that ||b;||pmo = 1,

i=1,2,...,m. We first consider the lemma for the case m = 1. In this case, we have
B f(a) = suwp_ [ |(b(e) ~ b)loel -~ ]I .
0<e<N n

Now, for fixed z € R, let () denote the ball center at x with radius R. For any
A € R, we choose

1
Co= sup - / / 1b(y) — M (= — )1f () Ixem a0 (y) dy d=.
o<e<n Q] Jq Jrr
We first estimate |®}" f(y) — Cq|, where y € Q.
@Y f(y) — Col < sup / 1b(y) — Nely — w)| (w)] duw

0<e<N

+ sup / 1b(w) — Alipe (y — w)| £ (w)] dw

e>0

|Q|/ /n = A= (2 — w)|f (w)|xrmag(w) dw dz

< swp [ Jbw) = Aoy — )l ()| du

0<e<N

+sup / Ib(w) — Mo (y — ) ()] g (w) duw

e>0

rapar |10 Nl =) = e = w0 ag o)

= A1 (y) + A2(y) + As(y).

21



So we have

(ﬁ/ @3 f(y)] — chéldy)l/a
<CK|Q|/A1( : dy>1/5+(|Q|/Az( % dy)W (IQI/As( % dy)l/é]

=10+ 1)+ 1I3.

Set A = (b)g, the average of b over the ball Q. For any 1 < ¢ < 7/, by Holder’s
inequality and Jensen’s inequality, we have

<(i | i = dy)l/éq/ (& [ ><y>|5qdy)1/éq

ClbllzyoMsq (2™ f)(2)

<
< OM- (@ (f) ().

For the term Io, since (b — \)fxaq is integrable and @ is of weak type (1.1) (see
[18, page 71]), by Kolmogorov’s inequality and Lemma 2.3 in [15], we have

B |4Q|/ = AMf(w)dy < C||bllBMO - ML1og ) f(2) = CMp0g ) f ().

For the last term I3, since z,y,z € Q, w ¢ 40Q), we have

sup |p — W) — P2 —w .
a>Io) = c = |z — w|nt+l = | — w|ntt

where C' is independent of .
Thus by the argument as in [15, page 683], we obtain

oo

43() = Col € 32 Gy [, ) = Nl aw

<C Z 27Fk|bll BMOME (log 1) f (%)
k=2

< CMpgog 1) f ().

This yields that
I3 < CML(logL)f(x)'

Thus, Combining the estimates of I; to I3, and taking the supremum over all balls
centered at z, we have proved Lemma 3.1 for the case m = 1.
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Now we turn to the case m > 2. For fixed z € R™, Q denotes a ball center at x
with radius R again, choose

Cqo = sup éﬂ%;énllwﬂw—wMWAZ—yNﬂwhmmuﬂwdwh-

0<e<N

We first estimate |<I>évf(y) — Cg|, where y € Q.

@?f@)—CMsaﬁg%‘/; fh@@g—Aﬁ+4_Dmiiwﬂw)_A”
* mZ ZC Cong(0() = No (b(w) = Nyt |92y = ) (w) | duw
] n_H| Az = )L () g ao 1) du s
<swp [ _1j b3 (9) — Agle(y — W)l ()| dw
%535%210;@'%” l/ w)) ey — w)|f (w)] duw

e>0

vsup [ TT )~ Mleely — wls (@) baglw) du

e>0

1 m
raw | T80 =l =) = (s = )l lan g w) dw

= A1(y) + A2(y) + As(y) + Aa(y).

We first estimate A4(y). Since z,y,z € Q, w ¢ 4Q, we have

ly — 2| CR
—w) — - <C
§1>1E)|<Pe(y w) — pe(z —w)| < |z — w[ntT = |z — w[rtt’

where C' is independent of €. Thus

m

> 1
A <Cd) 27k ’ bi(w) — \;
4(y) kz:; [2FQ) 20 Jl;[l( i (w) ;)

(w)] dw.
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Since 0 < § < 1, we have

(i - el fro) (G f o)
) (@ /Q ol dy)1/5+ (ﬁ /Q As(y)’ dy)lq

=L+ L+I+1,.

Set A\; = (bi)g, ¢ =1,2,...,m. Then

fi= (IQI/ Adlo dy)1/5

1 m
—k . —_ )\
<0y 5501 fy L1 00 - V00

< CZ 27%k||bl BMmo ML (10g 1) f (2)
k=1

< CML(log L)f(x>

For I3, by the same argument as above and making use of Kolmogorov’s inequality,
the weak type (1,1) of ® and Lemma 2.3 in [15] (in fact [15, (2.5), page 679)),

C m m
I3 < —/ 1118 = Xlf W)l dy < C T lbslsmo - Mpgog ) f ()
4Q1 Jaq ;5 ol
= CML(logL)f(I)'

For I;, we estimate A;(z). Because
CHM — Al @(f) (=),

again with A\; = (bi)g,i = 1,...,m, using Holder’s inequality for finitely many
functions with 1 < ¢ < 7/J, we have

I < OM(0f)(x).

Similarly, we have

Combining the estimates of I; to I, and taking the supremum over all balls
centered at x, we obtain the lemma. This finishes the proof of Lemma 3.1. (]
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Proof of Theorem 1.2. Let f € LY. First we prove that @év(f) belongs to
LPO)(R™). To do so we use induction on m. For m = 1, by the same arguments as in
the proof of Theorem 1.5 in [15], ®% 5 (f) satisfies the conditions of Lemma 2.6. Thus
by Lemma 2.6, 2.3 and 3.1, for any ge LPO(R) Li (R™), we have

[ 1@ plar<c [ g @) ot ds
<c [ @pf@Mgle)ds
< C/ [[1bllsMO ML 10g 1) f () + [0 B30 M- (DY f)(2)] Mg(z) da
c g [[IollBno M2 f(2) + [[bllBvo M- (@ f)(2)] Mg(x) dz
C | [IblemoM?f(x) + [[bllsymo M (M f) ()] Mg(x) dx
RTL
< Clbllemoll fllLro llgllperes s
where we have used Lemma 2.1, since p,p’ € M(R"). This yields
195 fllLoer <1y Fll oy < Clfllpec-

Suppose now that for m — 1, @?(f) belongs to LP()(R™), and let us to prove it for
m. As the above by Lemmas 2.6, 2.3 and Lemma 3.1 again, we have

[ @ n@g@ldae<c [ g @) (o) ds
Rn R™

<C [ (@Y )} (x)Mg(x)dz

R™

<C [||b|ML (log L)™ +Z > lbolMe(@f £ ]M (z) dz

Rn j= IUGC’"

< [||b|MuogL DD S ey oy 0)| () 0

j=loecy

< L s lnio / My g 1yoser £ () Mg(a) da
Jj=1

m
H [105llBMmoll fIl Lo 191l o s

because p,p’ € M(R"), and we used Lemma 2.1 again. This yields
195 fllLoer <N@Y Fll oy < Clfllpac-
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Since @év(f)(:n) tends to ®(f)(z) pointwise as N tends to oo, by Fatou’s Lemma
we have

| 1@ pasta)ia < TLIsllaviol flso lal o

j=1
Thus,
15/ lrer < NPpfllrner < ClFllLeca-

By Lemma 2.2, this completes the proof. O

Proof of Theorem 1.3. InTheorem 1.2, we choose o such that x (.. |2|<2} <
©, then we have

Mf(z) < CP3f(z).
By Theorem 1.2, we obtain Theorem 1.3. g
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