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Abstract. The concept of signed domination number of an undirected graph (introduced
by J.E. Dunbar, S. T. Hedetniemi, M. A. Henning and P. J. Slater) is transferred to directed
graphs. Exact values are found for particular types of tournaments. It is proved that
for digraphs with a directed Hamiltonian cycle the signed domination number may be
arbitrarily small.
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In [1], J. E. Dunbar, S. T. Hedetniemi, M. A. Henning and P.J. Slater have intro-
duced the concept of signed domination number of an undirected graph. Here we
transfer this concept to directed graphs (shortly digraphs).

We consider finite digraphs without loops and without pairs of arcs joining the
same pair of vertices and equally directed.

Let D be a finite digraph with the vertex set V(D) and the arc set A(D). Let
|[V(D)| = n. For each vertex v € V(D) let N[v| (or shortly N~[v]) be the set
consisting of v and of all vertices of D from which arcs go into v. If f is a mapping

of V(D) onto a set of numbers and S C V(D), then f(S5) = > f(z).
zesS

Consider a function f: V(D) — {—1,1}. If f(N,[v]) > 1 for each vertex v €
V(D), then f is called a signed dominating function (shortly SDF) on D. Denote
w(f) = f(V(D)) and call it the weight of f. The minimum of weights of all SDF
on D is the signed domination number vg(D) of D.

First we state three lemmas.
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Lemma 1. Always vs(D) =n (mod 2).

Proof. Let n™ (or n7) be the number of vertices v of D such that f(v) =1
(or f(v) = —1, respectively). Then n™ +n~ = n, nT —n~ = yg(D), therefore
n —vs(D) = 2n~ and the assertion follows. O

Lemma 2. Let u be a source of D. Let f be a SDF on D. Then f(u) = 1.

Proof. We have N~ [u] = {u} and thus f(u) = f(N~[u]) > 1, which implies
flu)=1. O

Lemma 3. Let u be a vertex of indegree 1 in D, and let v be the unique vertex
from which an arc goes into u in D. Let f be a SDF on D. Then f(u) = f(v) = 1.

Proof. We have N~ [u] = {u,v} and thus f(u) + f(v) = f(N"[u]). This is
possible only if f(u) = f(v) = 1. O

These lemmas imply the following assertion.

Theorem 1. Let D be a digraph with n vertices in which the indegrees of vertices
do not exceed 1. Then ys(D) = n.

Corollary. Let C,, (or P, ) be the directed cycle (or directed path, respectively)
with n vertices. Then vs(Cyp) = vs(Pn) = n.

Now we turn our attention to tournaments.

We shall consider two particular types of tournaments.

The acyclic tournament AT(n) with n vertices has the vertex set V(AT (n)) =
{u1,uz2,...,u,}. An arc goes from w; into w; if and only if i < j.

Now let n be an odd positive integer. We have n = 2k + 1, where k is a positive
integer. We define the circulant tournament CT(n) with n vertices. The vertex set
of CT(n) is V(CT(n)) = {uo,u1,...,un—1}. For each i, the arcs go from u; to the
vertices %11, ..., U;+k, the sums being taken modulo n.

Theorem 2. Let AT(n) for n > 3 be an acyclic tournament. If n is even, then
vs(AT(n)) = 2. If n is odd, then ys(AT(n)) = 1.

Proof. We have V(AT (n)) = N~ [uy]. If fis a SDF on AT(n), then w(f) =
f(V(AT(n)) = f(N [un]) = 1. Therefore y5(AT(n)) > 1. If n is even, then
vs(AT(n)) must also be even (by Lemma 4) and thus vs(AT(n)) > 2.

In the case when n is even, consider the mapping f: V(AT(n)) — {—1,1} such
that f(u;) = 1 for 1 < i < %nJrl and f(u;) = —1 for %n+2 < ¢ < n. Then
for 1 <1 < %n—i—l we have f(N~[u]) =4 > 1 and for %n+2 < i < n we have
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f(N“[u]) =n+2—14i>1. The function f is a SDF. We have w(f) = 2. Therefore
vs(AT(n)) < 2, which implies y5(AT(n)) = 2.

In the case then when n is odd, consider the mapping f: V(AT(n)) — {-1,1}
such that f(u;) =1for 1 <i < i(n+1)and f(u) =—1for 3(n+1) <i<n We
have f(N~[u;]) =i >1for 1 <i< i(n+1)and f(N " [u]) =n+1—1i>1 for
$(n+1) < i< n. The function f is again a SDF. We have then w(f) = 1. Therefore
vs(AT(n)) < 1, which implies v5(AT(n)) = 1. O

Theorem 3. Let CT(n) for odd n > 3 be a circulant tournament. Then
75(CT(n)) = 2.

Proof. Let f be a SDF on CT(n). If f(z) = 1 for each € V(CT(n)),
then w(f) = n > 3. If it is not so, then without loss of generality we may
suppose that f(ug) = —1. Consider the sets N~ [ug] = {uk+t1,...,Ur—1,u0} and
N~ [ux] = {uo,...,ur}. As f is a SDF, we have f(N "[ug]) = 1, f(N [ux]) > 1.
Further N~ [ug] UN " [ug] = V(CT(n)), N~ [uo] " N~ [ux] = {uo}. Therefore w(f) =
fFV(CT(n))) = F(N"[uol) + F(N"[ur]) = fluo) = f(N"[uo] + fF(N"[ur]) +1 > 3.
This implies that vs(CT(n)) > 2.

If k is even, then let s = %k —1. Let V7 = {ug,ug, ..., U, Ugt1, Ukt2s - -+, Ukts }s
V+ = V(CT(n)) — V. Define the function f such that f(v) =1 for v € VT and
f(v) = =1 for v € V~. For any vertex v € V(CT(n)) we have [N~ [v]| = k + 1,
IN~[v]NV~| < s. Therefore f(N~[v]) > k+1—2s=3>1and f is a SDF. We have
[Vt =n—2s, V| =2s,w(f) =|VT|—|V | =n—4s = 3 and thus v5(CT(n)) = 3.

If k is odd, then let ¢ = Z(k —1). Let V= = {uy, ..., up Ukt1,-- -\ Ukpt—1}s
V+ =V(CT(n))—V . Analogously as in the preceding case we define the function f
which is a SDF and w(f) = 3. Therefore again v5(CT(n)) = 3. O

Now we shall show that ys(D) can be arbitrarily small.

Theorem 4. Let q be a positive integer. Then there exists a digraph D with q+8
vertices having a Hamiltonian directed cycle and such that vs(D) < —q.

Proof. Let V(D) = {u1,us,us, ts,v1,v2,...,0444}. Consider the directed
cycle H such that V(H) = V(D) and the arcs of H are ujusg, usts, uztg, Usvy,
V1V2, . . ., V143Vq+4, Vg+4U1. From the cycle H we construct the digraph D by adding
the edge uqu; and the edges uqv;, usv; for i € {1,...,q + 4}, and uqv; for i €
{2,...,q+4}. Let f: V(D) — {—1,1} be such that f(u;) = 1 for i € {1,2,3,4}
and f(v;) = =1 fori € {1,...,¢+4}. Then f(N " [w1]) =1, f(N [ug]) = 2 for
1€42,3,4}, f(N“[n]) =2, f(N"[vy]) =1 for i € {2,...,q + 4}. The function f
is a SDF and w(f) = —q. Therefore v5(D) < —¢q. The cycle H is Hamiltonian
in D. O
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The domination number (D) may be defined also for digraphs D. A subset
S C V(D) is called dominating in D if each vertex of D either is in S, or is the
terminal vertex of an arc outgoing from a vertex of S in D. The minimum number

of vertices of a dominating set in D is the domination number v(D) of D.

Proposition. There are digraphs D with v(D) < ~s(D) and also digraphs D
with vs < (D).

Proof. The acyclic tournament AT(n) with n even has y(AT(n)) = 1, be-
cause it has a dominating set {u1}, and y5(AT(n)) = 2, by Theorem 2; therefore
v(AT(n)) < vs(AT(n)). On the other hand, the digraph D from Theorem 4 has
~v(D) = 2, because it has a dominating set {ug,us}, and vs(D) = —g, therefore
15(D) < A(D). 0

References

[1] J.F. Dunbar, S. T. Hedetniemi, M. A. Henning and P. J. Slater: Signed domination in
graphs. In: Graph Theory, Combinatorics and Applications. Proc. 7th Internat. conf.
Combinatorics, Graph Theory, Applications, Vol. 1 (Y. Alavi, A. J. Schwenk, eds.). John
Wiley & Sons, Inc., 1995, pp. 311-322.

Author’s address: Technical University of Liberec, Dept. of Applied Mathematics,
Voronézska 13, 461 17 Liberec, Czech Republic, e-mail: bohdan.zelinka@vslib.cz.

482



		webmaster@dml.cz
	2020-07-03T15:22:04+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




