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Abstract. In this paper the tensor products of Hilbert modules over locally C*-algebras
are defined and their properties are studied. Thus we show that most of the basic properties
of the tensor products of Hilbert C*-modules are also valid in the context of Hilbert modules
over locally C*-algebras.
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1. INTRODUCTION

Hilbert modules over locally C*-algebras generalize the notion of Hilbert C*-
modules by allowing the inner product to take values in a locally C*-algebra. They
were first considered independently by A. Mallios in [7] and N.C. Phillips in [8],
where the latter showed that most of the basic properties of Hilbert C*-modules
are valid for Hilbert modules over locally C'*-algebras. The Hilbert modules over
locally C*-algebras are also studied in [4], [5] and elsewhere. Thus in [4] the present
author proved a stabilization theorem for countably generated Hilbert modules over
locally C*-algebras and in [5] she proved a version of the classical KSGNS (Kas-
parov, Stinespring, Gel’fand, Segal, Naimark) construction in the context of Hilbert
modules over locally C*-algebras.

In this paper we will define the exterior tensor product and the interior tensor
product of Hilbert modules over locally C*-algebras and we will show that some
properties of the tensor products of Hilbert C*-modules are valid in the context of
Hilbert modules over locally C*-algebras.
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2. PRELIMINARIES

A locally C*-algebra is a complete Hausdorff complex topological x-algebra A
whose topology is determined by its continuous C*-seminorms in the sense that the
net {a;}ier converges to 0 if and only if the net {p(a;)}icr converges to 0 for every
continuous C*-seminorm p on A.

If A is a locally C*-algebra and S(A) is the set of all continuous C*-seminorms
on A, then for each p € S(A4), A, = A/ ker(p) is a C*-algebra in the norm induced
by pand A = El A,. The canonical map from A onto A, p € S(A), will be denoted
by mp, and the image of a under 7, will be denoted by a,. The connecting maps of
the inverse system {4, },cs(4) Will be denoted by 7, ¢,p € S(A), p = q.

A continuous x-morphism ¢ from A into L(H), the C*-algebra of all bounded
linear operators on the Hilbert space H, is called a *-representation of A on H.
If A and B are locally C*-algebras we will denote by A ® B the injective tensor
product of A and B which is the completion of A ®,, B in the topology induced
by the family of C*-seminorms {4, q)} p.q)e5(4)x 3(B), Where ¥, 4)(c) = sup{||((¢ ®
P)o(mp@my))(c)||; ¢ is a «-representation of A, and ¢ is a x-representation of B,}.
Moreover, A Q@ B = hm A, ® By, where A, ® B, is the injective tensor product

—(p,
of the C*-algebras A, and By (see [1]).

Now we recall some results about Hilbert modules over locally C*-algebras from [8].

Definition 2.1. A pre-Hilbert A-module is a complex vector space E which is
also a right A-module, compatible with the complex algebra structure, equipped with
an A-valued inner product (-,-): E x E — A which is G- and A-linear in its second
variable and satisfies the following relations:

(i) (z,y)* = (y,x) for every z,y € E;
(i) (z,z) > 0 for every x € E;
(iii) (z,z) =0 if and only if x = 0.

We say that E is a Hilbert A-module if E is complete with respect to the topology
determined by the family of seminorms ||z||, = \/p((z,z)), x € E, p € S(A).

Given a Hilbert A-module E, then for p € S(A), N = {z € E; p((z,x)) =0} isa
closed submodule of E and E,, = E/N is a Hilbert A,-module with (z4+N})m,(a) =
Ta + NpE and (z + Nf,y + NPE> = 7, ({z,y)). The canonical map from E onto E,,
p € S(A), will be denoted by 0/’, and the image of 2 under o will be denoted by ;.

For p,q € S(A), p > q there is a canomcal surjectlve linear map 0‘ B, = E,
such that o, (xp) =24, 2p € Ep. Then {E, pq,p q4,p,q € S(A )} is an inverse
system of Hllbert C*-modules in the followmg sense: o (xpay) = 0 (Tp)Tpg(ay) for
every zp € Ej, and for every a, € Ap; <0';;Eq(xp)a0};Eq(yp)> = Tpq((Tp, yp)) for every
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D R
Tp,Yp € Ep; 04 00,

P
module with ((zp)p)((ap)p) = (zpap)p and ((2p)p, (Up)p) = ((Tp,Yp))p. Moreover,
lim FE, may be identified with F.

—p
As in the case of the C*-algebras, the set H 4 of all sequences (ay,), with a, in A

such that > a’a, converges in A is a Hilbert A-module with ((an)n)b = (anb), and

{(an)n, (bn)nn> = > ayb,. Moreover, for each p € S(A), (Ha)p = Ha,.

Given Hilbert Zl—modules F and F, amap T: E — F is adjointable if there is
amap T*: F — E such that (Tz,y) = (x,T*y) for all v € E and for all y € F.
Moreover, T is a C- and A-linear continuous map. We denote by L4(FE, F) the set
of all adjointable maps from E into F' and write L4(E) for La(E, E).

For p € S(A), since T(NF) C N} for all T € La(E, F), we can consider the linear
map (mp)+: La(E, F) — La,(Ep, F,) defined by (m)«(T) (0¥ (z)) = o} (T(x)), T €
L(E,F),z € E.

We topologize L4(E,F) via the seminorms p(T") = ||(7p)«(T)||, T € La(E,F),
p € S(A). In this way La(E,F) may be identified with 131 La,(Ep, F,) and
LA(F) becomes a locally C*-algebra. The connecting maps opf the inverse sys-
tem {La,(Ep, Fp)}pescay will be denoted by (mpq)«, p,q € S(A), p = ¢ and
(mp)«(Tp) (cF (%)) = ol (Ty(cF(x))), Ty € La,(Ep Fp), v € E. For z €
E and y € F we consider the rank one homomorphism 6,, from E into F
defined by 0,.(2) = y(v,2). Evidently, 0,, € La(E,F) and 0;, = 0.,.
We denote by Ka(FE,F) the closed linear subspace of L4(FE,F) spanned by
{0y,5; x € E,y € F}, and write K4(FE) for K4(E, E). Moreover, K 4(E, F') may be
identified with lim Ka (E,, F}p).

We say that jc?epHilbert A-modules F and F' are unitarily equivalent if there is a
unitary element U in L4 (E, F) (namely, U*U = idg and UU* = idp).

= fr, p=q =y Ufp = idg,, and }in E, is a Hilbert A-

3. EXTERIOR TENSOR PRODUCT

Let A and B be locally C*-algebras, let E be a Hilbert A-module and let F' be
a Hilbert B-module. The algebraic tensor product E ®,1s F' is a right-module over
A ®a1g B in the obvious way: (zQ@y)(a®b) =2a@yb,x € E,ye€ F,ac A, be B.
We consider the map (-,-): (E Qalg F) X (E ®alg F) — A Qa1 B defined by

<Z!Ei®zi,zyj ®tj> =
i=1 j=1

In the same way as in the case of the Hilbert C*-modules (see, for example, [6,

n m

D @iy yy) © (20 15).

i=1 j=1

Chapter 4]), using [4, Theorem 6], we show that this map defines an inner product
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on E ®ag F. Since A ®,1g B is dense in A ® B, E ®,1; ' becomes a pre-Hilbert
A ® B-module. We denote by £ ® F' the completion of E' ®,1, F'. We call E® F' the
exterior tensor product of E and F'.

Remark 3.1. If B is alocally C*-algebra and H is a separable infinite dimensional
Hilbert space, then exactly as in the case of the Hilbert C'*-modules we deduce that
the Hilbert B-modules H ® B and Hp are unitarily equivalent.

For p € S(A) and g € S(B) we denote by E, ® F, the exterior tensor product of

the Hilbert C*-modules E, and Fj.

Let D1, pg € S(A), p1 = p2 and 1,42 € S(B), ¢1 = ¢q2. Then the linear map
of @k By ®ag Fy, — Ep, @ag Fy, defined by (o) © Uqqu)(xpl ® yql) =
of p (Tp) @k (yql) may be extended by continuity to a linear map o = ® aq1q2

from E,, ® F,, into E,, ® Fy,. It is easy to verify that {E, ® F;; A,®By; o p1p2 ®
a(iqz, p1,p2 € S(A), p1 = p2, q1,q2 € S(B), q1 > ¢2} is an inverse system of
Hilbert C*-modules. We will show that the Hilbert A ® B-modules £ ® F' and
lim (B, ® F,) are unitarily equivalent.

«—(p,q)

Proposition 3.2. Let A, B, E and F be as above. Then the Hilbert A ® B-
modules E® F and lim  (E, ® F,) are unitarily equivalent.
—(p.9)

Proof. First we will show that for each p € S(A) and ¢ € S(B) the Hilbert
Ap ® Bg-modules (E ® F)(, 4 and E, ® F, are unitarily equivalent.
Let p € S(A) and ¢ € S(B). Since

V) (@ @y, 2 ©y)) = |Imp((z,2) © 74((y,9)) | 4,08,
= |(oF (@), 07 (x >®< ®): 74 W)l a, 08,
= |(eF(x) @0l ( p($)®05(y)>”AP®Bq

for all 2 € F and y € F, we can define a linear map U, o): (E ®alg F)/N(]g‘%;rJ —
Ep ®a1g Fq by
Uy (z @y + N5T) = 07 (2) @ ag (y).

(p,q)

Evidently U, ,) is a surjective A, ®a1g By-linear map and

oo (Emom s

n
2w @i+ NG

P (E®F)(p,q)

n
for all > x; ®y; € E®ug F. From these facts, taking into account that A, ®a,1, By is
i=1

dense in A, ® By; (E ®a14 F)/NE®F is dense in (E® F)

(p,9) y and E, ®a1g Fy is dense

(p,q
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in F, ® Fy, we conclude that U, ,y may be extended by continuity to an isometric
surjective A, ® By-linear map U, q) from (E ® F)(, 4 onto E, ® Fy. According to
[6, Theorem 3.5], U, q) is a unitary element in La,g5,((E ® F)p.q), Ep @ Fy).

. . _ EQF
It is easy to Verlfy that (ogpz ® otiqz) © U(Pla‘h) - U(Pz#lz) © 0(?1#11)(?24]2) and

* EQF *
(Upa ) 0 (0L, @0k ) = U(p(?,th)(pz,qz) 0 (U(py,q1))* for all p1,p2 € S(A), p1 = p2
and q1,q2 € S(B), q1 = qo. Therefore (U, ¢))(p,q)e5(4)x$(B) is an inverse system of
adjointable maps of Hilbert C*-modules.
Let U = lim Up,q- It is easy to see that U is an adjointable map from

)
lim (E®F)4pq intolim (B, ® F;) and U* =lim (U, q))*. Therefore U is
— (P9 ' — (P9 — ’

(p,9)
a unitary element in Lagp (lim (E®F)(p,q),lim  (E,®F;) ) and Proposition 3.2
—(p,9) 7 e—(pa)

is proved. (]
Using the above and [8, Theorem 4.2], we obtain:
Corollary 3.3. Let A and B be locally C*-algebras, let E be a Hilbert A-module

and let F' be a Hilbert B-module. Then the locally C*-algebras Lagp(E ® F) and
lim  La,eB,(E,® Fy) as well as Ksgop(£ ® F') and lim : Ka,0B,(E,® Fy) are
q

—(a) «—(p,
isomorphic.

Proposition 3.4. Let A and B be locally C*-algebras, let E be a Hilbert
A-module and let F be a Hilbert B-module. Then there is a continuous *-morphism j
from La(FE) ® Lp(F) into Lagp(E ® F) such that

JTeS)(zy)=Tr®Sy, Te€La(E), S€Lp(F), z€E, yeF.

Moreover, j is injective and j(K4(E) @ Kp(F)) = Kagp(E ® F).

Proof. Letpe S(A) and ¢ € S(B). Then, since A, and B, are C*-algebras,
E, is a Hilbert Ap-module and Fj is a Hilbert By;-module, there is an injective
morphism of C*-algebras j, ) from L4, (E),) ® Lp, (Fy) into La,gp,(E, ® F;) such
that

) (Tp © Sg)(@p ® yq) = Tpap @ Sqyq

for all T, € La,(Ey), Sy € Lp,(Fy), xp € Ep, y, € Fy and
j(p,q) (KAP (Ep) & KBq (Fq)) = KAp®Bq (Ep & Fq)

(see, for instance, [6, pp. 35-37]).
It is easy to verify that

j(p2,qz) o ((ﬂplpz)* ® (ﬂ.thqz)*) = (F(Pl,(n)(}?%(h))* Oj(m,tn)
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for all p1,p2 € S(A), p1 = p2 and q1, g2 € S(B), ¢1 = g2 Then (Jip.q)) (p.q)eS(A)x5(B)
is an inverse system of morphisms of C'*-algebras. Let j = lim J(p,q)- Evidently
—(p,a

J is an injective continuous *-morphism from L 4(E)® Lg(F) into Lagp(E®F) and
JT@S) z@y)=Te® Sy, T e€Lus(E), Se€Lp(F), t€FE, yeF.

Now, since
e for each p € S(A) and for each ¢ € S(B),

I | Ka, (B@Ks, (Fy) Ka,(Ep) ® Kb, (Fy) — Ka,eB,(Ep ® Fy)

is an isomorphism of C*-algebras;
° KA(E)®KB(F):lim KAP(EP)(XDKBq(Fq)
— ()

)

and
e Kagp(E® F) =lim KAP®BQ(Ep®Fq),
«—(p,9)
we deduce that j(Ka(E) ® Kp(F)) = Kagp(E ® F). O

4. INTERIOR TENSOR PRODUCT

Let A and B be locally C*-algebras, let E be a Hilbert A-module, let F' be a
Hilbert B-module and let ®: A — Lg(F) be a continuous *-morphism. We can
regard F as a left A-module, the action being given by (a,y) — ®(a)y,a € A,y € F,
and we can form the algebraic tensor product of E and F over A, E ®4 F. It is
the quotient of the vector space tensor product E ®,1; F' by the vector subspace Ng
generated by elements of the form za® y — 2 @ ®(a)y, a € A, x € E, y € F. Now,
E ®4 F is a right B-module in the obvious way, the action of B being given by
(r®y+ Ngp,b) 2@yb+ Ng,be B,z € E,ye F.

Exactly as in the case of the Hilbert C*-modules, we show:

Proposition 4.1. Let A, B, E, F and ® be as above. Then E ®4 F' is a pre-
Hilbert B-module with the inner product given by

(x@y,z@t) =y, ®((z,2))t), z€E, yeF.

In the particular case when F' = B, this proposition was proved in [8, pp. 181].

We denote by E ®¢ F' the completion of E ®4 F. We call E ®¢ F' the interior
tensor product of £ and F' using ®. For the element x ® y + Ng we use the notation
TRY.
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For each ¢ € S(B), the map ®,: A — Lp, (F,) defined by &, = (14)« 0 ® is a
continuous *-morphism.
Let ¢1,92 € S(B), g1 > ¢2. Define a linear map tq,4,: E ®aig Fy, — E ®aig Fy, by

V302 (T O Yqy) =2 ® U(iqz(yql)'

Since

<1/1q1q2 (r® yq1)a Var1gs (z® yq1)> = <U

for all z € E and y,, € Fy,, g4, may be extended to a linear map g, q4,: F Qs
Fy, — E ®g,, Fy, such that

q1

wa q2 ($®?JQ1) = w®0¢i q2 (yQ1 )

Proposition 4.2. Let A, B, E, F' and ® be as above. Then

{E®a, Fy; Bys Yage, @1 2 q2,q1,q2 € S(B)}

is an inverse system of Hilbert C*-modules, and the Hilbert B-modules E @4 F and

lim (E ®s, F,;)are unitarily equivalent.
—q

Proof. The fact that {E ®s, Fy; By¥giq.s @1 = @2, q1,q2 € S(B)} is an
inverse system of Hilbert C*-modules is a simple verification.
To show that the Hilbert B-modules F ®¢ F and lim (E ®¢, F,) are unitarily
—aq

equivalent, first we will show that for each ¢ € S(B) the Hilbert B,-modules (F ®q¢
F)q and E ®g, Fy are unitarily equivalent.
Let ¢ € S(B). Define a linear map Uy: E ®a1q F' — E ®a1g Fy by

Uz ®y)=z®0)(y), v € E, ye F.

Since
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for all x € E and y € F, U, may be extended by continuity to an isometric By-linear
map U,: (E®e¢ F)y — E ®g, Fy such that

Uy(z®y) = z®05(y), relE, yeF

and, moreover, it is surjective. Then according to [6, Theorem 3.5], U, is a unitary
element in Lp, ((E ®¢ F)y, E ®9, F;). It is easy to verify that (U;)ges(p) is an
inverse system of adjointable maps of Hilbert C*-modules.

Let U = lim U,. A simple calculation shows that U is a unitary element in
—q

Ly <1irn (E®q F)y,lim (E @, Fq)>. Therefore the Hilbert B-modules E ®g F and
q —q
lim (E ®s, F,;) are unitarily equivalent. O

—q
Corollary 4.3. Let A, B, E, F and ® be as above. Then the locally C*-algebras
Lp(E®e¢F) andlim Lp, (E®s,F;) as well as Kp(E®g F) andlim Kp (E®e¢, Fy)
—q —q

are isomorphic.

Proposition 4.4. Let A and B be locally C*-algebras, let E be a Hilbert
A-module, let F be a Hilbert B-module and let ®: A — Lg(F) be a continuous
x-morphism.

1. Then there is a continuous x-morphism ®,: La(FE) — Lp(E ®¢ F) such that

O (T)(zwy)=T()®y, z€E, yeF, Te Ls(E).

Moreover, if ® is injective, then ®, is injective.
2. If »(A) C Kp(F), then ®.(K4(E)) C Kg(E®qs F). Moreover, if ®(A) is dense
in Ks(F), then ®,(Ka(F)) is dense in Kg(F ®q¢ F).

Proof. First we suppose that B is a C*-algebra.

(1) The continuity of ® implies that there is a continuous *-morphism ¥,: A, —
Lp(F) such that ¥, om, = ®. Then, since A, and B are C*-algebras and ¥,:
A, — Lp(F) is a morphism of C*-algebras, there is a morphism of C*-algebras
(Up)e: La,(Ey) — Lp(E,®y, F) such that (\I/p)*(Tp)(Jf(:r) ®y) =T, (0’5(17)) QY
(see, for instance, [6, pp. 42—-43]). It is easy to verify that the linear map U: EQq¢F —
E,@y, F defined by U(x®y) = o}’ (2)®y is a unitary element in Lp(E®q F, E,Qw, F)
and the map ®.: Ls(F) — Lp(E®q¢F) defined by @.,.(T) = U*o(V).((mp)«(T))oU

is a continuous *-morphism and
. (T(zxy)=T(x)®y, xz€E, yeF, Tec Ls(E).
If ® is injective, then it is easy to see that ®, is injective.

734



(2)If®(A) C Kp(F), then ¥, (A4,) C Kp(F) and according to [6, Proposition 4.7],
(V) (Ka,(Ep)) € Kp(E, ®y, F). Since (mp)«(Ka(E)) = Ka,(Ep), it is easy to
see that ¢, (K4 (F)) C Kp(E ®¢ F).

If ®(A) is dense in K 4(F) then ¥,(A,) = Kp(F) and according to [6, Proposi-
tion 4.7), (,).(Ka,(E,)) = Kp(E, ©g, F). Therefore ®,(K4(E)) = Kp(E ®q F).

Now we will suppose that B is an arbitrary locally C*-algebra.

(1) For each ¢ € S(B) we consider the map ®,: A — Lp, (Fy) defined by &, =
(mq)« o ®. Evidently ®, is a continuous *-morphism and according to the first half of
this proof, there is a continuous *-morphism (®,).: La(E) — Lp,(E ®e, Fy) such
that

(fl)q)*(T)(x@)Uf(y)) =T(z)® Uf(y), x€FE, yeF, TeLa(E).

It is easy to see that (g q,)s © (Pg,)s = (Pg,)s« for all ¢1,q2 € S(B), ¢1 = qo.
Therefore there is a continuous *-morphism ¥: LA(E) — lim Lp, (E ®s, Fy) such
—q
that (74). 0 U = (®,). for all ¢ € S(B). Identifying the Hilbert B-modules E ®¢ F
and lim (E®g, F;) (cf. Proposition 4.2) and the locally C*-algebras Kp(E®4 F') and
—q

lim Lp,(E®s, Fy) (cf. Corollary 4.3) we can identify the continuous *-morphism W
—q

with a continuous *-morphism ®,: La(F) — Lp(F ®¢ F). It is easy to see that
O, (T)(z®y)=T)Qy,r € E,y€ F, T € La(E). Also it is easy to verify that if
® is injective, then ®, is injective.

(2) If ®(A) € Kp(F), then ®,(A) C Kp, (F,) for each ¢ € S(B), and according
to the first part of this proof, (®4).(Ka(F)) € Kp, (E ®4, F;). This implies that
(I)*(KA(E)) - KB(E®¢F), since KB(E®¢F) = lim KBq (E@@qu) and (ﬂ'q)*o@* =

—aq
(®y)+ for each g € S(B).

If ®(A) is dense in K 4(F') then for each q € S(B), ®,(A) is dense in Kp,_ (F;) and
according to the first half of this proof, (®,).(Ka(E)) is dense in Kp_ (E ®e, F,).
Thus we have

(@,)2(KA(B)) = lim (8,),(KA(B)) = lim K3, (E ©a, F,) = K5(E @a F)

O

Remark 4.5. In the case when B is a C*-algebra and F' = B, the proposition
was proved in [8, pp. 184-185].
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Corollary 4.6. Let A and B be locally C*-algebras, let E be a Hilbert A-module,
let F be a Hilbert B-module and let ®: A — Lp(F) be a continuous *-morphism
such that ®(A) = Kg(F). If for each ¢ € S(B) there is p; € S(A) such that
q(®(a)) = pqla) for alla € A and if {pq; q € S(B)} is a cofinal subset of S(A), then
b, (Ka(F)) = Kp(E ®¢ F).

Proof. According to Proposition 4.4 (2), ®,(K(E)) = Kp(E ®¢ F). We will
show that ®.(Ka(F)) is closed. Let ¢ € S(A). We know that there is p, € S(A)
such that ¢(®(a)) = pg(a) for all a € A. Therefore there is a continuous *-morphism
®,, 0 Ap, — Lp,(F,) such that &, om, = (7y).0®. Moreover, ®, (A, )= Kp, (Fy)
and then according to [6, Proposition 4.7], [|(®,, )«(T)| = ||T|| for all T in K (E,,).
It is easy to verify that (®p, )« o (mp, )+ = (7g)« 0 (). Then for each T' € Ko (E) we
have

q((2)(T)) = [1(7q)« (@)« (TN = (@, )+ ((mpg ) TV = [[(7p, ) (T)]| = Pg(T)-

From this, since {py; ¢ € S(B)} is a cofinal subset of S(A), it follows that ®.(K4(E))
is closed. g

Proposition 4.7. Let A and B be locally C*-algebras, let 2 be a Hilbert A-
module, let F be a Hilbert B-module and let ®: A — Lg(F) be a continuous
«-morphism such that ®(A)F is dense in F. Then the Hilbert B-modules Hj ®g¢ F
and H ® F, where H is a separable infinite dimensional Hilbert space (as well as
A®g F and F) are unitarily equivalent.

Proof. First we suppose that B is a C*-algebra.

The continuity of ® implies that there is a continuous *-morphism ¥,: A4, —
Lp(F) such that ¥, o1, = ®. Since m, is surjective, U,(A,)F is dense in F. Then,
since A, and B are C*-algebras and ¥,,: A, — Lg(F') is a morphism of C*-algebras
such that W, (A,)F is dense in F, the Hilbert C*-modules H4, ®y, F and H® F (as
well as A, ®y, F' and F) are unitarily equivalent (see, for instance, [6, pp. 41-42]).

On the other hand, we know that the Hilbert C*-modules H4®¢ F' and Ha, @y, F
(as well as A ®g F' and A, ®y, F') are unitarily equivalent (see the proof of the
Proposition 4.4). Therefore the proposition is proved in this case.

Now we suppose that B is an arbitrary locally C'*-algebra.

For each ¢ € S(B), ®,(A)F, is dense in F,, where ®, is a continuous *-morphism
from A into Lp,(Fy) defined by ®, = (m4)« o ®, since ®,(A)F, = (7q)«(P(A))F, =
ol (P(A)F) and ®(A)F is dense in F. Then, according to the first half of this proof,
the Hilbert C*-modules H4 ®s, Fy and H ® F; (as well as A ®g, I}, and Fy) are
unitarily equivalent. It is easy to see that the Hilbert B-modules {Lﬂ (Ha ®o, Fy)

q
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and lim (H ® Fy) (as well as lim (A ®g, F;) and lim Fy) are unitarily equivalent
— —q

—4q

q
and thus the proposition is proved. O

Remark 4.8. Putting F' = B in Proposition 4.7 and using Remark 3.1 we deduce

that the Hilbert B-modules Hj ®¢ B and Hp (as well as A®4 B and B) are unitarily
equivalent.

1]
2]
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