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0. INTRODUCTION

As is well-known, the theory of lattice ordered groups (¢-groups) is an axioma-
tization of groups of automorphisms of chains (under composition) endowed with
the pointwise order, because by Holland’s representation theorem [Hol], any ¢-group
is isomorphic to an ¢-subgroup (i.e. both subgroup and sublattice) of the group of
automorphisms of a chain.

For the possibility of an axiomatization of groups of all monotonic permutations
(i.e. both automorphisms and anti-automorphisms) of chains, one can use a special
kind of right ordered groups. By a right ordered group we mean a group endowed
with an order relation whicg is compatible to the right with the multiplication. If
G = (G,-,<) is a right ordered group and ¢ € G, then c is called increasing if it
preserves order and is called decreasing if it reverses order under group multiplication
from the left. Denote by G; the set of increasing elements and by G the set of
decreasing elements in G.

Definition 0.1. A half ordered group is a right ordered group G such that G =
G1 U Gs. If, moreover, G is a lattice then G is called a half lattice ordered group (a
half £-group).

If G is a half -group and G2 # ), then G5 is a lattice and G and G5 are isomorphic
as lattices.

({9l

Let T be a chain and M (T') the group (under composition “o”) of all monotonic
permutations of T. If “<” is the pointwise order then M(T) = (M(T),o0,< ) is a

! The first author wishes to thank the Palacky University for its hospitality during several
visits while this research was being done.
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half /-group and the increasing elements of M (T") are precisely the automorphisms
while the decreasing elements of M (T') are exactly the anti-automorphisms of 7.

Half ordered groups and especially half /-group were introduced and studied by
M. Giraudet and F. Lucas in [Gi-L]. They proved the following generalization of Hol-
land’s theorem.

Theorem 0.1. ([Gi-L, Theorem 1.3.2]) For any half ¢{-group (G, -, <) there is a
chain T such that (G, -, <) is a substructure of (M(T), 0, < )

Hence the theory of half /-groups is an axiomatization of groups of monotonic
permutations of chains, and conversely, one can use in this theory the technique of
permutation groups. But in contrast to the /-groups which form a variety of algebras
in the language (-, e, “1, A, V) of type (2,0,1,2,2), the class of half /-groups is not a
variety of algebras of any type. (For example, the product of half /-groups need not
be a half ¢-group.)

Nevertheless, we can investigate the half /-groups from another point of view
making it possible to study varieties of related algebras.

Definition 0.2. An m-group is a pair (H, ) where H is an {-group and ¢ is a
decreasing group automorphism of H of order two, i.e. for each a, b € H,

p(ab) = p(a)p(b),

It is obvious that the m-groups form a variety in the language (-, e, 1, V, A, ¢)
of type (2,0,1,2,2,1). It is known ([Gi-L]) that if G is a half ¢-group and G5 # 0
then there is an element v € G2 with u? = e, and if pu: G1 — Gi is the inner
automorphism defined by ¢, () = uru~! then (G, ¢,) is an m-group.

For two m-group structures (H, ) and (H,¢') on the same ¢-group H, (H, p)#
(H,¢") means that, for some u € H, o(u) = u~! and pp’ = p,.

Theorem 0.2. ([Gi-L, Theorem 1.3.2 and Lemma I11.3]) For any m-group (H, ¢)
there is a half {-group (G, -, <) such that Gy = H and, for some u € G\ H and
all v € H, ¢(x) = uru and u?> = e. This establishes a 1-1 correspondence between
the quotient by # of the class of m-groups and the class of half ¢-groups which (in
non-trivial cases) are not ¢-groups.

Therefore in the following we will study the m-groups instead of the half ¢-groups.
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Remark. Note that not every ¢-group has decreasing group automorphisms of
order two and that (by [Gi-L, Corollary II1.8]) the existence of such an automorphism
of an /-group H is not characterizable by the theory of the first order of H.

Let (G,¢) be an m-group and M an ¢-subgroup of G. Then M is called an m-
subgroup of (G, ¢) if it is stable under ¢, and so (M, <p|M) is an m-group. (We will
often write (M, ) instead of (M, ¢|M). A normal convex m-subgroup of (G, ) is
called an m-ideal of (G, ). It is obvious that the set of convex m-subgroups of (G, ¢)
is a complete lattice which is a closed sublattice of the lattice of convex ¢-subgroups
of the ¢-group G, and that the set M(G) = M((G, ¢)) of m-ideals of (G, ¢) is in the
same way a complete lattice which is a closed sublattice of the lattice of ¢-ideals of
the ¢-group G. Hence this means that M(G) is a Brouwerian complete lattice.

Moreover, the kernels of homomorphisms of m-groups are exactly all m-ideals.
(An m-homomorphism is any ¢-homomorphism that also respects ¢.) If M is an
m-ideal of an m-group (G,¢) and : G/M — G/M is the mapping defined by
P(gM) = p(g)M for each g € G, then (G/M, ) is an m-group (the factor m-group
of (G, ¢) by M).

Denote by M the variety (in language (-, e, ~1,V, A, ¢)) of all m-groups. It is clear,
by the above, that M is an arithmetical variety (see [B-S]).

Let M be the set of all varieties of m-groups. M, ordered by inclusion, is a
complete lattice in which the trivial variety &), is the least element, the variety M
is the greatest element and infima are formed by intersections. Since M is anti-
isomorphic to the lattice of fully invariant congruences on the free m-group with a
countable subset of generators, the lattice M is distributive and, moreover, is dually
Brouwerian. We will show, in Proposition 2.1, that M is not Brouwerian.

Also, if (V;; i € w) is an increasing chain of varieties of m-groups and W is any
variety of m-groups then

wn (\G{u vi) = i\g/w(w nY;).

Notations. We shall write Var, X for the variety of ¢-groups generated by a class
X of {-groups and Var,, ) for the variety generated by a class ) of m-groups.

An /-equation is an equation of the form

\/ /\ w;;(T) =e, I and J finite,
iel jet

where w is a word of the language of groups of n variables and T = (21,22, ..., Z,),
n € N*, in other words an equation of the language of ¢-groups, while an equation of
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the language of m-groups is of the form

V A\ wi (@ e@) =,

iel jeJ

with 1 of 2n variables.

In the first section of the paper the lattice and semigroup M of varieties of m-
groups is studied. It is shown that multiplication distributes over some joins and
meets. The fact that the complete lattice M is dually Brouwerian but not Brouwerian
is proved in the second section. In that section some connections between varieties
of {-groups and those of m-groups are described and representations of m-groups
by permutations of m-groups are used to generate varieties of m-groups. The third
section is devoted to the study of some special varieties of m-groups. For example,
the least non-trivial variety of m-groups (which, in contrast to the situation for ¢-
groups, differs from the variety of abelian m-groups) is found and a new idempotent
in the semigroup M is described, and some classes of varieties of m-groups that
are simultaneously torsion classes are shown. Free m-groups in some varieties of
m-~groups are described in the concluding section.

1. THE ORDERED SEMIGROUP OF VARIETIES OF m-GROUPS

Definition 1.1. Let ¢/ and V be varieties of m-groups. Then the product of
U and V is the variety UV defined by: (G, ) € UV if and only if there is an m-
homomorphism of (G, ¢) onto an element in V with the kernel in /. (In other words:
There is an m-ideal M of (G, ¢) such that M € U and G/M € V.)

It is obvious that M endowed with multiplication defined in this way is a semigroup
which, with inclusion, is an ordered semigroup. For the study of questions concerning
the distributivity of multiplication over the lattice operations in M, the following
proposition is useful.

Proposition 1.1. Let U and V be varieties of m-groups and let G be an m-
group. Then G € UV V if and only if there exist m-ideals M and N of G such that
MnNN={e}, G/M €U and G/N € V.

Proof. Thanks to distributivity of the lattice M(G), the proposition can be

proved similarly as the analogous proposition in [Mal] for varieties of ¢-groups. O

Theorem 1.1. For any varieties U, Uy, Us,V; (i € I) of m-groups the following
equalities hold:
a) (Z/ﬁ \/Ug)u = UU V UsU;
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b) (N ViU =N Vild.
i€l iel

Proof. a)Itis obvious that the right hand side of the equality is contained in
the left hand side.

Let H = (H,p) € (U1 VU2)U. Then H contains an m-ideal G such that G €
Uy VU2 and H/G € U. By Proposition 1.1, G contains m-ideals A; and As such that
AiNAy = {e}, G/A1 € U1 and G/A2 € Us.

For any x € H, consider the subgroup x~'A;z of H, a conjugate of A;. Clearly
z 1Az C G. If g € G then g7l 1Ajzg = x_lgl_lAlglx where g1 € G, thus
g1
(and the f-ideals A; and 2~ ! A;x are isomorphic).

Set Ny = 2 YAiz. Then N; is an f-ideal not only of G but also of H. Let
xeH

¢ € N;. Then for each z € H there is ¢, € A; such that ¢ = 71,z and p(c) =
o(z)"Yo(cx)p(), where p(c,) € Ay. If y € H then for z = ¢(y) we have y = ¢(x),
hence for each y € H, ¢(c) = y~'d,y where d, € A, and so ¢(c) € () z 1Az =
xeH
Ni.
Therefore N; is an m-ideal of the m-group (G, ¢), and thus (G/N1,9) is an m-

group.
Consider the mapping

7 Ajzg = 27 Az, i.e. 271 A2 is normal in G. Clearly this is an /-ideal of G

a: G/N1 — H Glz A

c€H

such that
algN) = (....9- (z71Az), .. )

for each g € G. It is obvious that « is an embedding of the ¢-group G/N; into the
(-group [] G/D., where D, = 271 A;x.

zeH
Let ¢ be the mapping of [[ G/D, into [[ G/D, such that
zeH rEH
VY: (c..,9 Day..) = (ons0(9)Da,y ... ).
We have

a(B(gMN) = a(e(g)N1) = (.., ¢(9)Das - .),
$(algN) = (- gVt D) = (- 9(@)Dar-.).
Therefore the embedding a: G/N; — [][ G/D, is an m-isomorphism of (G/N1, %)

zeH
into [[ (G/Dgs,2,).
zeH
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Let f,: Ay — D, = 2~ ' A2 (x € H) be the isomorphism such that f,(a ) =z laz
for each a € A;. Let fm denote the extension of f, to G, where fm( ) =2~ tgx for all
g € G. (Clearly fx(Al) = 2t Aj2.) Tt is obvious that f» is an f-automorphism of G.

Let ¢ = cp’G be the restriction of ¢ on to G. Then ¢ is a decreasing involutory
group automorphism of G. Let an identity

(*) m(gl,EZ,'“,gk):e,

where 1o(¢1, &, ..., &) = E1eR 52’“ and & = x; or & = ¢(x;), be satisfied in
G/A;. That means that for each g1 41, g2 A1, ..., 941 € G/A; we have

(A" - (7241)"2 - (kAL = Ay,

where ; = g; if § = x; and v; = ¢(g;) if §; = ¢(x;).

Let hq, ho, ..., hi € G. Set n; = h; for {; = x; and n; = @(h;) otherwise. Then
there exist g1, g2,...,9x € G such that h; = f.(g;). If v; = p(g;) then there are
g;,g;’ € G such that w(fx(gj)) = fx(g;) and gé = gp(g;’).

Then in the case {; = x; we have n;j = f.(g;)¥ and in the case & = ¢(z;) we
have n;j = fx(g;)“ = ﬁ(g@(g&’))”. Moreover, fx(Al) = D,. Hence

(mDe)™ - (12D2)" ... (D)™ = fulo} - o8 ... 03),

where o; = g; for {; = x; and o}
is satisfied in G/Aj,

©(g7) for & = p(x;), and since the identity (x)

(mD2)" - (12D2)" ... (1 Da)'* = ful(A1) =

Therefore (%) is also satisfied in G/D, for each x € H.
Similarly as for group identities, one can prove that if tv,, are words in the form
of the left hand side of identity (%), where p € P, ¢ € Q and P, @ are finite, and if

the identity
= \/ /\ Wpq =€
PEP q€Q
is satisfied in G /A1, then this identity v = e is also satisfied in G/D,, for each xz € H.
Therefore, v = e is satisfied in the m-group (G/N1,9).
By assumption, G/A; belongs to the variety Ui, hence G/N; also belongs to U;.
Moreover, (H/N1)/(G/N1) ~ H/G € U, thus H/N; € UiU.

If we denote analogously No = () 2 1 Aoz, then Ny is an m-ideal of H and
xeH
G/Ny € Uy, (H/N3)/(G/N32) € U, that means H/Ny € UsUd.
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In addition, Ny N Ny = {e}, and so H € Uhld V UsUL.

b) Obviously, the left hand side of the equality in b) is contained in the right hand
side.

Let H € (| Vild and let ¢ € I. Then h € V;U, hence there exists an m-ideal G; of

i€l
H such that C; € V; and H/G; € U. Set G = () G;. Evidently, G is an m-ideal of
i€l
H and G € () Vi. Moreover, H/G is isomorphic to an m-subgroup of [[ H/G;, and
iel i€l
He(NW)U. O
iel

Remark 1.1. The following questions are open.
a) Does multiplication distribute over joins from the right also for infinite cases?
b) Does multiplication also distribute over joins and meets from the left?

(For varieties of ¢-groups see [G¢-Ho-Mc, Theorem 6.1].)

2. REPRESENTATIONS AND VARIETIES OF m-GROUPS

Definition 2.1. For (G, @) an m-group, T a chain, and « a decreasing automor-
phism of T', we say that (G, T, ) is a representation of (G, ¢) if and only if G C Aut
T and ¢(g9) = aga for all g € G.

Definition 2.2. Let (G, ) be an m-group and let (H, T, «) be a representation
of an m-group (H,1). Then the wreath product GWrH of (G, ) and (H,4,T) is
defined as the usual wreath product of the ¢-groups G and (H,T') provided with the
decreasing automorphism W riy of order two defined by:

v((gt)teT,h) € GWrH; (¢Wrw)((gt)teT,h) = ((@(ga(t))teTaw(h))'

It is straightforward to check that GWrH defined in this way is an m-group and
that, if 4/ and V are m-varieties and G € U, H € V then GWrH € UV.

Example 2.1. Let Inv: Z — 7 be the automorphism of 7 defined by Inv(a) = —a
for each a € 7. Then the wreath product of (Z,Inv) by itself is the ¢-group ZWr7Z
provided with the automorphism /> defined by

L ((ki)iez,n) = ((li)icz, —n),

where [; = —k_; foralli € 7.

The m-group (ZWrZ, I5) together with the m-groups introduced in the following
example will enable us to prove that the lattice M is not Brouwerian.
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Example 2.2. Let ¢ > 1 be an integer and p = 2¢+ 1. Let G, be an ¢-group with

generators A—gp; -+, Q—1p; GOp, Qip, - - -, Agp, bp and defining identities [a;p, ajp] = e,

<1, 7 < q, and b_lazpbp = ajp, where i + 1 = j (mod p), and with the ordering

such that b; _q;) a’ilzalgga’f;] af;f, >eifand only if n > 0,orn=0and k; > 0,
for each —¢ < i < ¢. (That means, for p prime, that G, is the Scrimger p-group.)

Denote by ¢,: G}, — G, a mapping such that

k—q k-1 ko k —k1 —ko ,—k—1 —k_
n 1 0,1 1 0 q
(bp A—gp -+ A—1pQoplip - - qp *b —qp - Go1plop Gip  -o-CGgp -

It is easy to verify that ¢, is an involutory decreasing group automorphism, and so
(Gp, pp) is an m-group.

Similarly, let G5 be an ¢-group generated by elements a_12, a2, by with defining
identities [a_12,a12] = e, b;la,lgbg = a2, and bz_lalgbg = a_1o, lattice ordered

by bga bakh > e if and only if n = O orn > 0 and k_; > 0, k; > 0, and let
p2: G2 — G2 be such that s Zak hak) = b "a ]ﬁam . Then (Gq, p2) is also
an m-group.

The following result was inspired by N. Ya. Medvedev. (For an analogous theorem

concerning varieties of ¢-groups see [K-M 1, Theorem 3].)

Proposition 2.1. The lattice M of varieties of m-groups is not Brouwerian (and
so it is not completely distributive).

Proof. Let p be an arbitrary prime number. Denote by (&7 %)), the variety
of m~groups defined by the identity [z?,y?] = e. Then (G, ¢p) € (L Bp)m

Let P = \ (& %,)m be the join of all varieties (&7 %B,,)m, where p is any odd prime
pF#2
number. Consider the m-group (H,Iy) = (ZWrZ,Iz) and prove that (H,I2) € P.

Let G = [[ G, be the cartesian product of the f-groups G, and @: G — G the
PF2
mapping such that if a € G then (¢(a))(p) = ¢, (a(p)) for every p. Obviously, (G, )

is an m-group. If we denote by G = [[ G, the direct product of the ¢-groups G,
p#2
and ¢ = @’G, then (G, ) is an m-ideal of (G, p).

Consider @, b € G such that a@(p) = a1, and b(p) = b, for each p. We have
bG > a"G for everyn € Z,a"G L @G for every m,n € Z,m # n, and (EGEHG)EG =
aGt "G for every n € 7.

Hence the /-subgroup of G /G generated by the elements @G and bG is isomorphic
to H. Moreover, it is an m-subgroup of (G/G, ) isomorphic (as an m-group) to
(H,I,). Therefore (H,I) € P.

Set (H,I3) = (ZWrZ, I,) and show that Var,,(H, I;) = Var,,(H, I5). Let to be a
word which is not an identity in (H,I3). Then there exist (finitely many) elements
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((k}),m1),...,((k"),my) € H such that m(((kz}),ml),...,((k:?),mn)) # e. We

can write v in a form o = \/ A 43, where A and B are finite sets and tw,g =
a€ABEB

s (((BE)oma), o (62, mn), B2 (L)), T (k) ma)) ) e word in the

group signature.
If in (H,I), m(((k}),ml),...,((k:?),mn)) = ((li),m) and m # 0, then in

(H, L), w(((0)m1),... ((0).mn) ) = ((0),m) #e.

Hence, let m = 0. Express every word maﬁ< (k} ml) ,((k?),mn),fg(((kil),
m1)), ..., L(((k"), n))) in the form ((lfl‘“ﬁ) s (lf”ﬁ)rwﬁ,ﬁl), where each
of (I*%),..., (I7*°") is equal to either some of (k!) or of Iry(k}), j = 1,...,n
Let ro be the maximum of the absolute values of all r;,3. Choose ¢, € Z such that
(1Y (((k;zl), mi), ..., ((k), mn)) (to) # e. Define elements ((E}), mi),..., ((%ZL), my) €
H such that Ef = k‘f if |i — to] < 7o, and 7{:3 = 0 for \z = to| > 7. Then
m(((’z;g),ml), . ((’zgy),mn))(to) - m(((kg),m ), (kD )) to) # e. Hence
(H,I,) € Var,,(H, I5), which means Var,,(H, I) = Var,,(H, .[2) cpP

Denote by Hy the subgroup of H consisting of all elements ((k Z) ) such that
kito = k; for each i € 7. Then (Ha, I5) is an m-subgroup of (H,I5) and (Ha, I3) =
(G2, p2). Hence (Ga, p2) € P.

Denote for any prime number p by (&7 %,), the variety of ¢-groups defined by the
identity [P, yP] = e, i.e. by the same identity as the variety of m-groups (& Zp)m
Similarly, denote by <7, and <% the variety of abelian m-groups and ¢-groups, respec-
tively. Asis shown in [K-M 1], for the varieties of ¢-groups (& B2)e, (o Bp)e, where
p # 2, and o, (o PB2)eN (A Bp)e C 7. Therefore also (o Ba)m N (A Bp)m C G-
As (Ga, ¢2) & o, we get

\/ ((ﬂ%Z)m N (ﬂ%p)m) 7é (%L@Z)m n \/ (%L@p)
P#2 p#2

therefore the lattice M of varieties of m-groups is not Brouwerian. O

Notation 2.1. Let H be an /{-group. Then the /-groups H*, obtained from
H by reversing the order, and H,, obtained by reversing the group operation, are
isomorphic. For a variety V of ¢-groups, V* will denote the variety of those H* with
H in V, in other words, the variety whose defining set of equations is obtained from
that of V either by exchanging A and V or by reading the operations from right to
left.

Let & denote the trivial variety of ¢-groups (defined by = = e), and £¥ the
universal one (defined by = = ).
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A reversible variety is a variety of £-groups such that ¥V = V*. The set of reversible
varieties of ¢-groups was introduced and studied in [Hu-Re|, where it was proved
that it is an uncountable proper subsemigroup and sublattice of the set of varieties
of ¢-groups, and that the following ¢-group varieties belong to it:

— All varieties defined by group identities, in particular the Abelian variety <7,

and hence also all @/™ for each positive integer n.
— The variety A of normal valued #-groups defined by the identity

(zVe)yVe)<(yVe)l(zVe)
— The variety R of representable /-groups defined by the identity
(zve)AyVve?X= (Ve A(yV e))Z.

The following facts are well known (see [Ho2] or [Re]):

— &/ is the smallest and N is the largest proper variety of ¢-groups.

— R is generated by the class of totally ordered groups, </ is generated by the
totally ordered group Z of integers, and Z¥ is generated by AQ), the {-group
of all automorphisms of the chain @ of rational numbers.

Also recall from [Gi-L] that the totally ordered m-groups are just the abelian ones

provided with the map op(z) = 271

Notation 2.2. For any ¢-group H, Exch = Exch H will denote the permutation of
H x H* defined, for any a, b € H, by Exch(a, b) = (b, a). It is clear that (H x H*, Exch)
is an m-group.

Theorem 2.1. Fach set of identities defining a reversible variety of {-groups
defines a variety of m-groups.

Proof. LetV = V* be a reversible variety of ¢-groups and let H € V. Then
H*, and hence also H x H*, satisfy the same (-group identities as H. Therefore the
m-groups in the form (H x H*, Exch), where H is an arbitrary ¢-group in V, generate
a variety of m-groups with the same /¢-identities as V. O

Corollary 2.1. The ordered semigroup M of varieties of m-groups contains a
copy of the set of reversible varieties of all -groups as a A-subsemilattice.

Notation 2.3. If V is a reversible variety of /-groups, then the variety of m-
groups defined by the same /-group identities as V will be denoted by V,,,. A variety
U of m-groups will be called an (-variety if U = V), for some variety of ¢-groups V.
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Remark 2.1. For any m-group (G, ¢), the map ¢ defined by i(g) = (g,go(g)) is
an embedding of (G, ¢) into (G x G*, Exch).

Definition 2.3. Let V be a variety of m-groups. We will write

Vi = Vary, {(G x G*,Exch); (G x G*,Exch) € V};
V! = Var,, {(G x G*,Exch); for some ¢, (G, ) is an m-group in V}.

Lemma 2.1. V), is the {-variety of m-groups axiomatized by the set of equalities
{\//\mij(f,y) =e; \//\mij(f,go(f)) = e Is an axiom OfV}.
i i

Proof. Take \/ Aw;;(T,»(T)) = e, an axiom of V, and (G x G*,Exch) € V,.
(]
Then for all (7,g’) € G x G* we have

\//\ng((gag Exchg,_/ (\//\I‘U”g g /\\/mzjg g) ( )

hence G and so G x G* and (G x G*,Exch) satisfy \/ A\ w;;(Z,7) = e, and so does
g

any m-group in V.
Conversely, take an m-group (G, ¢) satisfying the set of axioms, then clearly (G x
G*,Exch) satisfies all axioms for V, hence, by Remark 2.1, so does (G, ¢). O

Lemma 2.2. V¢ is the (-variety of m-groups axiomatized by the set of all (-
equations true in all (G, p) € V.

Proof. Clear by Remark 2.1 and the fact that (reversible) ¢-equations are
preserved under direct products and reversibility of order. O

Lemma 2.3. For any variety V of m-groups the following conditions are equiva-
lent:

a) V is an (-variety of m-groups.

b) =

c) Vo=

d)

Proof. Clear from Lemmas 2.1 and 2.2. O
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Lemma 2.4. V, CV C V-

Theorem 2.2. a) Vy is the largest {-variety contained in V.
b) V¢ is the smallest {-variety containing V.

Proof. Clear from Lemmas 2.3 and 2.4. O

Theorem 2.3. If U is a reversible variety of (-groups generated by a family
{G;; i € I} of t-groups then Uy, is generated by {(G; x G},Exch); i € I'}.

Proof. Clear from Lemma 2.1 as well as from Lemma 2.2. O

Example 2.2. (From well known facts, see [Re].)

a) (Z x Z*,Exch) generates 7,,.

b) {(T 3 X T Exch); T; totally ordered group} generates R,y,.

c) (Aut Q x (Aut Q)*, <p), where we saw that ¢ was unique up to m-isomorphism,
generates M.

Mimicking, as introduced in [G¢-Ho-Mc]|, proved a very powerful tool in the study
of f-groups. (The reader can also refer to [Re], §10.3 for the ¢-group version.)

Definition 2.4. a) We say that a representation (G, 2, a) of an m-group (G, ¢)
mimics a representation (H, A, b) of an m-group (H, 1) if and only if, whenever
(1) XA eA,

(i) {r,(Z,¢(x))} is a finite set of words of the language of m-groups in variables

T =(x1,...,Tn),
(iii) = (h1,...,hn) € H",
then

(iv) there exist « € @ and g = (g1,...,9n) € G™ such that
(v) (w;(R))(A) < (w;(R))(a) if and only if (1;(g))(a) < (w;(g))(a).

b) We say that (G,Q,a) mimics an m-group (H,) if and only if it mimics all
representations of this m-group, and that (G, Q, a) mimics a variety V of m-groups
if and only if (G, ¢) € V and (G, Q, a) mimics all m-groups in V.

Lemma 2.5. If a representation (G, 2, a) of an m-group (G, ) mimics a variety
V, then (G, ) generates V.

Proof. Let w(Z) = e not hold in V. Then there exist (H,%) € V and h =

(hi,...,hn) € H" such that w(h) # e in (H,1). Let (H, A,b) be a representation of
(H,). Then for some A € A, w(h,bhb)(\) # \. Since (G, 2, a) mimics (H,), there

are a € Q and g € G" such that (g, aga)(a) # a, hence (7, ¢(g)) = e does not
hold in (G, ). O
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Notation 2.4. It was established in [Gi-L, Corollaire III.7] that if T is an 0-2-
homogeneous chain without outer automorphisms, the representation of the m-group
(Aut T, ) is unique up to half ¢-group isomorphisms. This holds in particular for
T = @, the rational line, and T' = R, the real line. We shall denote by Inv the
“unique” decreasing automorphism of order two defined on Aut@ as well as on

Aut R by (Inv(f))(z) = —f(—=).

Theorem 2.4. If (G,,a) is a representation for an m-group (G, ) such that G
is 2-transitive on ), then (G, <), a) mimics the variety of all m-groups.

Proof. The proof is just an adaptation of that given in [Re] in Example 10.3.4.
Let (H,A,b), A, {m,«(f, go(x))} and hq, ..., hy, be as in the definition of mimicking.
Every word w, can be written in the form tv, = \/ Aw,;;, i € I, j € J, where I and
i
J are finite and to,;; is a group word. Now, in the subgroup G U Ga of M(), each
1,5 (h, ¢(h)) is either 1o, (h, ¢(h)) = m;ij(ﬁ) of 1w, (h, (k) = m’”-j(%), where
m;"ij

Let {us; t = 1,...,m} be the set of all initial segments of the words w

is a group word.

/

rij when

written in reduced form. Let

M= AN = () (V).
As = a(N), A = (u(h)) (a(N)).

Take {af; t =1,...,m,e = 1,2} C Q such that A\{ — af is an order isomorphism.
For each i = 1,...,n take g; € G such that, for all ¢, s =0,...,mand ¢, &’ = 1,2,

gi(a) < af <= hi(X3) < XS

S

Then g;, where act on {\¢; t =0,...,m,e = 1,2}, mimics acting of h; on {\§; t =
0,...,m,e =1,2}, and hence (G, 2, a) mimics (H, A, b). O

The following lemma could be also proved using [K-M 2, Proposition 4.7.1,
Lemma 7.3.1, Theorem 7.3.1, and Lemma 7.4.1]. Here we present instead its direct
and short proof.

Lemma 2.6. Any (-group G can be (-embedded in some {-permutation group
AutT where T is a 2-transitive chain which is isomorphic to any of its bounded
intervals and anti-isomorphic to itself (in particular, the order type of T + 1+ T is
T) and card T < card G.

Proof. Let Q be the rational line, ¢ an order reversing permutation of ), and,
for each a, b € Q with a < b, take an order isomorphism z,; from the interval (a,b)
to Q. Let M be a model of QU X U {o} in a first order language including
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— a unary predicate for Q,

— a binary predicate for the natural order on Q,

— a ternary predicate for the action of X U {c} on Q.
In particular, M satisfies the first order formulas

Va,b, € Q (a<b:>3x€X(x(a,b)) :@)

and
Va,be Q (a < b= o(b) < o(a))

where o is definable in M.

It follows that, for any model M’ = Y UT U {7} of the theory M, T is a 2-
homogeneous chain which is isomorphic to any of its bounded intervals and anti-
isomorphic to itself.

Now, by Ehrenfeucht-Mostowski construction (see [Ral), for any chain S, Aut S
can be embedded in to the group of automorphisms of some M’ = yUT U {7} of the
theory of M with S C T and card S = card G < card Aut S. This embedding induces
the usual embedding of Aut .S in Aut T, hence any ¢-group can be embedded in such
an AutT.

Clearly, if T has the required properties, for a < b < cin T, T + 1+ T* =
(a,)) U{b}U (bye) =2T*+1+4+T. O

Theorem 2.5. Let (G,¢) be an m-group on a chain S. Then there exist a 2-
homogeneous chain T and a decreasing automorphism ¢ on T such that (G, ) C
(Awt T, ) and card T < card G.

Proof. Take an m-group (G, ). We know that (G, ) can be embedded into
(G x G*,Exch), hence into some (AutT x (AutT)*, Exch) where T satisfies the
requirements of Lemma 2.6. Let 71, o, T» be chains such that

— « has one element,

— there is an o -isomorphism 4; from 7" onto 77,

— there is an o-isomorphism iy from 7" onto T5.

For any (g,h) € AutT x (Aut T)* set

F((g, h))ir(t) = g(2),
F((g:h)(a) = a,
F((g,h,))iz(t) = igh(t).

Let u be the anti-isomorphism of S = T1 + o + 15 defined by
u(zl(t)) =1is(t), wula)=a, U(Zg(t)) =11 (t),
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and let ¢ be defined on Aut S by

Y(g) = ugu~* for all g.

Clearly (Aut .S, 1) is an m-group and F' is an m-embedding of (AutT x (Aut T)*,
Exch) into it.

By Lemma 2.6., S is isomorphic to T, hence with the same properties. O

3. OTHER VARIETIES OF m-GROUPS

On any abelian ¢-group H, one can define a mapping Inv such that for each a € H,
Inv(a) = !, and that (H,Inv) is an m-group.

Definition 3.1. By the variety Z we will understand the variety of m-groups
defined by the identity o(z) = Inv(z) = 27 1.

Proposition 3.1. The variety T is generated by the m-group (Z,Inv).

Proof. Let (G,Inv) € Z. Clearly, G is abelian, hence it lies in the variety of
(-groups o7 generated by (Z,<). The rest follows from the fact that Inv is definable
in the language of groups. O

As a corollary, we get the following theorem.

Theorem 3.1. The variety Z is the smallest proper variety of m-groups and it is
not idempotent.

Proof. Let V be a non-trivial variety of m-groups and let {e} # (G, ) € V.
Take e < x € G and set y = xp(x)~!. Then p(y) = y~ !, hence the m-subgroup
generated by y in (G, ¢) is a copy of (Z,Inv), a generating structure for Z. Therefore
Zcy.

The variety Z? is generated by (Z,Inv)Wr(Z,Inv) ¢ <, hence I? # I. O

Definition 3.2. By the variety C we will understand the variety defined by the
identity [z, ¢(z)] =e.

Example 3.1. Consider the m-group (Gz,¢2) from Example 2.2. Obviously,
9p(g) = ¢(g)g for each g € G, hence (G,¢) € C. That means 47, is a proper
subvariety of C.
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Further, set A = {a” 15-aly; p,q € Z}. Then A is a commutative m-ideal of (G, ¢)
and (G/A,P) € Ay, hence (G, p) € F2.
From this we get the following theorem.

Theorem 3.2. a) <, is strictly included in C.
b) CN A2 # .

Theorem 3.3. &7, is the smallest m-variety between I and C. (Hence <,
covers I.)

Proof. Let V be a variety of m-groups such that Z C ¥V C C. Let (G,¢) € V
be such an m-group that ¢ # Inv, i.e., that there exists a € G with ¢(a) # a~!. Let
us show that then there exists an element e < b € G for which ¢(b) # b1

Let ¢(b) = b~! for each ¢ < b € G. Then a = a* - (a7)~! implies p(a™) =
o(a) - p(a™) and thus (™)~ = p(a) - (a~) 1, that means ¢(a) = ((a_)_1a+)_1 =
(a*(a’)’l)f1 = a~1, contradiction.

Hence, consider an element e < b € G for which ¢(b) # b~1. Let (b) N {p(b)) # {e}
and let k, p € 7, (b)) = b7, 0 < p. Then k < 0 and p(b)* = b°, b¥ = ©(b)?,
therefore ¢(b)*r = p’ = bk, Consequently p?> = k2 and so kK = —p, that means
©(b)* = o(b)7P. Hence ¢(b)P - bP = e, and since G € C, (¢(b) - b)p = e. This implies
©(b) - b = e, thus ¢(b) = b~!, a contradiction.

Since ((b),< ) ~ (Z,<) and ({¢(b)),< ) ~ (Z*,<), the subgroup of G generated
by {b,(b)} is an m-subgroup of (G, ¢) isomorphic to (Z x Z*, Exch). Therefore we
have <7, C V. O

Theorem 3.4. CNR,, = “,.

Proof. Clearly &, CCNR,,. Take (G,p) € CNR,y,. G is a subdirect product
of m-groups (G; x G, Exch), where each G, is a totally ordered group, hence for all
9= ((a;), (b)) € GNII(G; x G;) we have

g-¢(9) = ((a:), (b;)) - (Exch(as), (b;)) = (aib;, bia;).

Since G € C, a;b; = b;a;.
So all the o-groups G;, and hence the ¢-group G, are in the ¢-group variety <,
therefore the m-group (G, ) belongs to <. O
Definition 3.3. By the variety J we will mean the variety J = (J I", the

new
smallest variety of m-groups containing the powers of Z. (Note that J is the smallest

non-trivial idempotent in the semigroup of m-varieties.)
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Theorem 3.5. CNJ =1.

Proof. First we prove that CNZ2% = 7. Take G € Z2. There is an m-ideal M of
G such that M € 7 and G/M € I. Since G/M € I, the following identity holds in
G/M:
(gM) - p(gM) = M.

In other words, g - ¢(g) € M for all g € G, and since M € Z,

If, moreover, G € C, this yields (g . go(g))2 = e, hence g- ¢(g) =e.
Now assume CNZ" 1 =7 for some n > 2. Then ZCNI" = IQ, and hence

CNI"=CNICNI"=CNZI?=1.

This yields

cmy:m(U I") =Jenzm =1

new new

Corollary 3.1. a) o, NJ =T.
b) J is strictly contained in Np,.

Proof. a)IC &, NJCCNJT=1T.
Since T C ,,, we have N,, D UZ™ = [J. At the same time, N,, N .2, = .27, hence
J # N O

Question 3.1. It is well known that the variety N of normal valued ¢-groups
is the greatest proper variety of /-groups. Does there exist also a greatest proper
variety of m-groups?

To study some properties of varieties of m-groups, we will use methods of tor-
sion classes and torsion radicals. These notions for /-groups were introduced by
J.Martinez in [Ma2]. W. C. Holland in [Ho3| proved that every variety of ¢-groups is
a torsion class of /-groups. Similarly we can also define torsion classes and torsion
radicals for m-groups.

Definition 3.4. A class of m-groups 7 is called a torsion class of m-groups if
7T is closed under

1. convex m-subgroups,

2. m-homomorphic images,

3. joins of convex m-subgroups in 7.
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It is obvious that for any m-group (G, ¢) and convex m-subgroups A; of G, i € I,
the join A = \/ A; in the lattice of convex m-subgroups of (G, ¢) equals the subgroup
icl
of GG generated by the subgroups A;, i € I.
Definition 3.5. If 7 is a torsion class of m-groups and G = (G, ¢) is an m-group
then 7(G), the join of all convex m-subgroups of G belonging to 7, is called the
T -torsion radical of (G, ). (Clearly, T (G) is an m-ideal of (G, ¢).)

The proofs of the following two propositions are analogous to those of Proposi-
tions 1.1 and 1.2 in [Ma2], and hence they are omitted.

Proposition 3.2. Let T be a torsion class of m-groups and let G = (G, ¢) be an
m-group.
a) If A is a convex m-subgroup of G, then T(A) = ANT(G).
b) If ®: G — H is a surjective m-homomorphism, then ®(7T(G)) C T (H).
¢) T(T(G)) =T(G).
d) If {A;; i € I} is a family of convex m-subgroups of G, then ’T(\/ A) =
icl
V T(4).
iel
Proposition 3.3. Suppose we assign to each m-group G = (G, ¢) an m-ideal
T (G) subject to conditions a) and b) (and so also c¢) and d)) in Proposition 3.2. Let
T = {G; T(G) = G}. ThenT is a torsion class of m-groups and 7 (G) is a T -torsion
radical of G, for each m-group (G, p).

Functions satisfying conditions a) and b) in Proposition 3.2 are called torsion
radicals. Thus there is a one-to-one correspondence between torsion classes and
torsion radicals of m-groups.

Products of torsion classes of m-groups can be defined likewise as for varieties
of m-groups: If Y and 7 are torsion classes of m-groups, then an m-group (G, ¢)
belongs to U - 7 if and only if there is an m-ideal M of (G,¢) with (M,¢) € U
and (G/M,p) € T. To verify that U - 7 is a torsion class of m-groups we can use,
similarly as for /-groups (see [Ma2, p. 287]), the corresponding torsion radicals:

If (G,y) is an m-group, let X(G) be the unique m-ideal of (G, ) such that
X(G)/U(G) = T(G/U(G)). Then (G, ) € U - T if and only if X(G) = G. Since
the lattice of convex m-subgroups of G is distributive, condition a) in the definition
of a torsion radical can be verified in the same way as in [Ma2] for ¢-groups. Condi-
tion b) is satisfied trivially. Hence X is a torsion radical and thus i - 7 is a torsion
class of m-groups.

“w”

Moreover, the operation on torsion classes of m-groups is associative. Let o

be an ordinal number. If ¢ is not a limit ordinal, we define 7 =7 - 7°~ !, if o is a
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limit ordinal, we set 79 = {G ;U 749G =G } We have, similarly as for ¢-groups
a<lo

(see [Ma2, p. 287]), that 77 is a torsion class of m-groups.

Theorem 3.6. IfV is a reversible variety of {-groups, then V,, is a torsion class
of m-groups.

Proof. Let (G,¢) be an m-group and C;, i € I, a family of its convex m-
subgroups such that (C;, @) € V,, for each ¢ € I. Since by [Ho2] V is a torsion class
of f-groups, C = \/ C;, the convex (-subgroup of G generated by C!s, belongs to V

i€l
too, and hence (C, ¢) € Vy,. O

Corollary 3.2. a) For each n > 1, I" is a torsion class.
b) J is a torsion class.

Proof. a) For n =1, it is enough to prove that Z is closed under the join of
two convex m-subgroups.

Take an m-group (G,y) and convex m-subgroups (4,¢) and (B,¢) of (G,¢)
belonging to Z. Since Z C 47, we have for (C, @) = (A, p)V (B, ¢) that (C,p) € @,
and C' = AB = BA. Hence, for any ¢ = ab € C,

p(c) =pla) - pb) =a b7 =b"ta" =7,
thus (C, ) € 7.
We know that products of torsion classes are torsion classes, too, hence I is

torsion class of m-groups for each n > 1.
b) Follows from the fact that 7 = |J I™. O

ucw

Question 3.2. Many of properties of varieties of /-groups were proved using the
fact that by [Ho3] all varieties of ¢-groups are torsion classes. Is also every variety
of m-groups a torsion class of m-groups?

For varieties of m-groups that are simultaneously torsion classes of m-groups, we
will prove a generalization of a result concerning varieties of /-groups due to Bernau
[B] (see [K-M 2, Theorem 4.3.2]). Recall that an ¢-subgroup H of an ¢-group G is

called closed if for each a; € H, i € I, such that a = \/ a; in G exists, we have a € H.
iel

The closure H of an ¢-subgroup H of G is the intersection of all closed ¢-subgroups

of G containing H. Now, if (G, ) is an m-group then H C G is called a closed

m-subgroup if it is both an m-subgroup and closed. The closure of an m-subgroup

H of (G, ) is then the intersection of all closed m-subgroups of (G, ¢) containing H.
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Proposition 3.3. If X is a variety of m-groups, (G, ) an m-group, (H, ) an
m-subgroup of (G, ) and (H,¢) € X, then also (H,p) € X.

Proof. Let (G, ) be an m-group and H an m-subgroup of G. Denote by K the
m-subgroup of G generated by the suprema of subsets of H (for which they exist).
Let X be a variety of m-groups and (H, ¢) € X. Every element a € K can be written

in the form

(+) a=\/ N\ ¢ (hij)

il jeJ
where I and J are finite sets, s;; = 0 or 1,

€ijn(ij)

€ij1
hij = <\/ Mz’a‘l) <\/ Mz’jn(z’j)) ;
G G

Eijk = +1, Mijk c H+, \G/Mijk exists.
Let an identity w(z1,...,2n, p(21),...,9(,)) = e be satisfied in X. Let a; =

a € K, as,...,a, € H, and a be in the form (4). Let my;; be the supremum of
some finite subset of M;;, and let

- Sii €ii1 Siin(ii €ijn(ij)
=\ N\ e miih) et (mi ).
il jed

Then a; € H, and so m(al,a2, cooyan, (@), plag), .. .,(p(an)) = e. Write to in the
form

m(x1,...,$n,<ﬁ(x1)a---asﬁ(wn))
= \/ /\ maﬁ($1,-~-,$na§0(x1)""’90($n))’

a€A BEB

€1

where .5 = ™ (wam) RN (xi’fgk), Tapi € {T1,..., 20}, e =41, 8, =0o0r L

Set bag; = aap;j for zag; # x1, and bag; = a1 for xz.p; = x1. Now, if
Wag = ¢* (bap1) .- ¢ (bapr), then m(dl,ag,...,an,go(dl),go(ag),...,go(an)) =
\/ /\ Eaﬁ(al,a@,...,an,¢(61),¢(a2),~-~7¢(an)) =e.

aEA BEB
We will use the following substitution in t,g. If xfjﬁ,y # x1 then bi"m is not
changed, if x5, = x1 then b,g, = @1, and in this case: If e, = 1, €45, = —1, sy, =0,
then mfﬁc’” in bis@’w is substituted by \/ M;’,ik
Similarly for
Ey = ]., Eijk = ]., Sy = 1,
Ey = — 1, Eijk = ]., Sy = 0,
Ey = *1, Eijk = 71, S,y:]..
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If e, €ijk =1, sy =0, then mfjjf in bi"m is substituted by g®¥*, where g% is any
element in M, ;.

Similarly for

Ey = 1, Eijk = — 1, Sy = 1,
Ey = — 1, Eijk = — 1, Sy = 0,
Ey = — 1, Eijk = 1, Sy = 1.

Denote the element obtained in this way from b,g; by cag;, and the element obtained
from 10,3 by Uag. Then always czjﬁ ; < bZB ;» and hence Uap < Wag.
Now we have

m(al, ceey Oy @(al)’ SER) (p(a"))

= \/ /\ maﬁ(al,...,an,go(al),...,sD(an)),

a€A peEB
where
Wag (a1, .. an,0(a1), ..., @(an)) = ¢" (allyy) ... ™ ()
= \/ﬂaﬁ(ala <oy Oy (p(al)a SRR Qp(an))’

and where the last supremum is meant all choices of elements in M.
Hence

m((ll, <oy A, 4,0((11)’ SERE) (P(an)>

\/ /\ 0.3 (al, ceyan,p(ar), .. (p(an))

_ (\//ﬁ\w) < v(\a//}m)

=V m(ala ag,...,0n, @(61), QO(G/Q), ey @(an))a

that means
m(al, cooyan,p(ar),. .., Lp(an)) <e.

By the same considerations applied to to~! we prove that

m_l(al, cenyan,p(ar), .. (p(an)) <e,

hence
m(al, cooyan,p(ar),. .., Lp(an)) =e.
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The following theorem is now an immediate consequence:

Theorem 3.7. If a variety of m-groups U is a torsion class of m-groups, then the
U-radical U(G) of every m-group G is a closed m-ideal of G.

Now, we can characterize the varieties Z", n > 1, by defining identities.
Theorem 3.8. For each n > 1, the variety I™ is defined by the identity

@(gyhl) _ g_2n71.

Proof. Forn =1 it follows from the definition of the variety Z.

Let the assertion be proved for n > 1.

a) Let (G,p) € I™"L. Then there is an m-ideal B of G such that (B,p) €
7 and (G/B,9p) € I" Hence for each g € G, B(gB)?" " = (¢B)~2"", thus

1 274,—1

@lo)" " B=g="" B.sog™ "o(a)” " € B. Since (B.) €T, pla)*" " =
©(g)~2" "g=2""", therefore ¢(g)%" = g~2".
b) Conversely, let an m-group (G, ¢) satisfy the identity ¢(g)?" = g~2". Consider
Z(@G), the Z-torsion radical of G. Let g € G. Then

n— n— n— n— n— n— n— n— _1
@(92 Cp(g? 1)>:<P(92 Vg =g ) g2 1:<92 Lo(g? 1)) ,

1

thus ¢~ ~<p(92"71) € Z(G). Hence @(92"71) IG) = g7 (), ie., E((g~

I(G))Zn_ ) = (g~I(G))72n_ . That means (G/Z(G),p) € I", and so (G, ¢) € I"1.
(]
Remark 3.1. Since for any m-group (G, ) belonging to the variety C, p(z)* =

7% implies ¢(x) = 27! for each x € G and k € 7, the assertion of Theorem 3.5 is
now an immediate consequence of Theorem 3.8.

4. FREE m-GROUPS

If X is a non-empty se, denote by Lx the free ¢-group over the free generating
set X. Let S = {s%; i € I}. Set S’ = {s}; i € I}, a disjoint copy of S (where
59 — sl is a bijection). Let Fp: SUS’ — SUS’ be a mapping such that Fy(s?) = s!,
Fo(sh) =9 (i € I).

Theorem 4.1. The free m-group with the generating set S is (Lgyusr, F') where
F is defined as follows: If { = \//\HSE”]‘ € Lgus' (gijk = 0 or 1) then F(¢) =

AVITF(sE).
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Proof. It is obvious that F': Lgus: — L% g such that F(\//\Hsf]jf) =
i gk

/\\/HFO (sfﬁ’” ) is the unique ¢-homomorphism of Lgus: onto Lf ¢ extending
1;0.] 1<€/Ioreover, F' is a decreasing group automorphism of order 2 of Lgyg/, hence
(Lsus, F) is an m-group.

Let (G, ) be an m-group generated, as an ¢-group, by S. Then the ¢-group G
is also generated by S U {gp(s?); s2es } Thus there is a unique /~-homomorphism
p: Lsus: — G such that p(s9) = s, p(s}) = p(s?) (i € I). Set &5, =1 for ;556 =0
and 0;5; = 0 for €5, = 1. Then

wr(VATLG ) =o(AVITFeG) =2 (AVITSG )
*/\\/HP zﬁf :/Z_\\j/E[W“ Sijk) /\\/H@ =9k (sijk))
= AVITetotsin = (V ALTrts5) ) =¢p(\i//]\1;[s:;x),

hence p is an m-homomorphism. O
Corollary 4.1. The free m-group with one generator is not commutative.

Corollary 4.2. Let V be a reversible variety of {-groups and S = {s?; i € I} a
non-empty set. Then the free m-group in the variety V,, of m-groups with the set of
free generators S is (Ly gus', F), where Ly gus' is the V-free (-group with the set of
free generators SU S’ (S' = {s}; i € I} is a disjoint copy of S) and F is the unique

decreasing group automorphism with F(s?) = s} and F(s}) = s?.

Example 4.1. The ., -free m-group with one generator is (A, F') where A, is
the free abelian ¢-group over two generators s and s’ and F' is the unique decreasing
group automorphism of order two such that F(s) = s’

Proposition 4.1. The Z-free m-group with one generator is (Z x 7 ,Inv) where
Z x 7 is the free ¢-group with one generator (1,—1).

Proof. Let (G,Inv) € 7 be generated by an element a. Let p: Zx Z — G
be the unique ¢-homomorphism such that p((1,—1)) = a. Consider any element
V Ae€ij(1,—1) (where ;5 € Z) in 7 x 7. Then
iJ

pInv(\/Aaij(l,—l)> :p(/z\\/gij<_1,1)) _ /i\\l/afaij
= Inv(\i//j\agif) = Ian(\i//j\gij(l, 1)>,
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hence p is an m-homomorphism. O

[A-F]

[B-S]
[G(-Ho-Mc]
[Gi-L]

[Hol]

[Ho?]

[Ho3]
[Hu-Re]
[K-M1]
[K-M2]

[Mal]
[Ma2]

[Ra]

[Re]
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