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NONUNIQUENESS RESULTS FOR ORDINARY
DIFFERENTIAL EQUATIONS
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Abstract. In the present paper we give general nonuniqueness results which cover most
of the known nonuniqueness criteria. In particular, we obtain a generalization of the
nonuniqueness theorem of CHR. NOWAK, of SAMIMI’s nonuniqueness theorem and of STET-
TNER’s nonuniqueness criterion.

1. INTRODUCTION
In the recent paper of CHR. NOWAK [5] the following criterion is given:

Theorem. Assume that

(i) f € C[Ro,R™], where Ry = {(t,z): 0 < t < a,|z — 29| < b} and z(t) is a
solution of

(*) = f(t,x), z(0) =z

on [0, al;

(ii) g(t,u) is continuous on 0 < t < a, 0 < u < 2b, g(t,u) is nondecreasing in u for
t > 0, and u(t) is a solution of

u' = g(t,u), 0<t<ty,

such that u(t1) > 0 for some t1, 0 < t; < a with u(0) = 0 and tlin(l] u(t)/B(t) = 0,
where B € C[[0,a], R"] with B(t) > 0 for t > 0, R* being the interval [0, 00);
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(iii) v € C[(0,a] x R™, RT], v(t, ) is locally Lipschitzian in z, v(t,z) = 0 < z =0
and

Dty (t,z — wo(t)) = limsup % {v(t+ h,x —xo(t) + h[f(t, z) — f(t,20(t))])—
h—0+

—v(t,x —x0(t))} = g(t,v(t,z — zo(t))) on (2,

where 2 = {(¢t,z): u(t) < v(t,z —zo(t)) for 0 <t < t1, |z — x| < b};
(iv) Fz1 # @0, |21 — 30| < 3b: V(t1, 21 — 20 (t1)) < u(tr).
Then there exists a solution x1(t) # xo(t) of (x) on 0 < t < a such that

lim v(t, z1(t) — zo(t))

0 B(t) =0

Tracing the proof of this theorem, we observe two controversible points. First,
the set Ry is bounded with respect to z for fixed ¢, however the proof works with a
solution x1(¢) such that |z1(t)] — oo as t — ¢+, where ¢ > 0. Moreover, neither is
the replacement of Ry by Ry = {(t,z): 0 < t < a,z € R"} sufficient to ensure the
existence of a solution x1(¢) of

1’/:f(t,$), w(tl):xl

on (0, t1], because the function v can be small for large 2. In our opinion, the theorem
should be supplemented by a condition which ensures that the solution x;(t) exists
on (0,t1]. Such a condition is the condition (31) of our Corollary 2.

Secondly, the relation
liH(l] v(t,x1(t) — zo(t)) =0

t—
does not imply }1_{1(1) 21(t) = xo since v(t,z1(t) — xo(t)) — 0 can be caused by t — 0
and not by z1(t) — xo(t) — 0. Thus the theorem should be supplemented by a
condition such as our condition (32) in Corollary 2.
It is not difficult to give an example which shows that NOWAK’s theorem is not
valid without additional conditions:

Example. Consider the initial value problem

This problem has the unique solution x(t) = 0; the other solutions of the equation
2 =z are z(t) = Ce', C' # 0, and do not satisfy the initial condition x(0) = 0. Put
v(t,z) = ta?, g(t,u) = t~1(2t + 1)u. Let B(t), t > 0 be any continuous function
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such that B(¢) > 0 for ¢t > 0 and }irr(l) t/B(t) = 0. Since the solutions u = Cte?! of
u' = g(t,u) are positive for C' > 0 on (0, c0) and

Dt ws(t,z—x0(t)) = DT ws(t,2) = (2t+1)2% = g(t,v(t,x—x0(t))) fort >0, v € R,

all the assumptions of the theorem are satisfied, which is a contradiction with the
uniqueness of ().

In [2] (see also [1], page 197) we have given a nonuniqueness criterion which covers
several special cases. The applicability of the results is illustrated by examples. In
the present paper we attempt to generalize these results to a general form which
covers most of the known nonuniqueness criteria. Our results make it possible to
take the initial value ty of ¢ at the point —oo. Moreover, the estimates of the form

DYos(t,z — mo(t)) = g(t,v(t,x — 20())),
D¥vp(t,x —y) > g(t,v(t,z — y)),
[f(t2) = f(t 2o(8)] = g(t, [& — 2o (B)]),
[f(t,2) = f(t,y)] = g(t, [ = yl),

where x¢(t) is a solution of 2’ = f(t,x), (to) = o, can be replaced by estimates of

the form
Dtosr(t,x — 2(t) = g(t,v(t,z — 2(t))),
D+’UfF(t>x - y) > g(t, U(t’x - y))’
|f(t,z) = F(t,2(1)| = g(t, [z — 2(2)]),
|f(t,z) = F(t,y)| = g(t, |z —yl),

where z(t) is a solution of 2/ = F(t,z), z(tg) = xo, and f, F may be different

functions.
2. RESULTS
Consider an equation

(1) ¥ = f(t,x),

where f € C[R,,R"], —00 < a < A < 00, R, = {(t,z) € R*™: a < t < A,
|z — 20| < b}, 2o € R™, b > 0. Here | - | is an arbitrary but fixed norm in R™. By the
initial value problem

(2) ' = f(t, ), z(a) = zo
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we mean the problem to find solutions z(t) of (1) such that }Er(ll x(t) = zo. We say
that (2) has at least two different solutions, if there exists a T' € (a, A) such that (2)
has solutions z1 (), x2(t) defined on (a,T| and z1(t) Z x2(t) on (a,T]. In this case
we also say that (2) has at least two different solutions on (a,T]. The problem (2) is
said to be nonunique, if there is a Ty € (a, A) such that for any T € (a, Tp], (2) has
at least two different solutions on (a, T

If V is a continuous real-valued function for a < t < A, |z — zo| < b, we define

D*Vj(t,x) = limsup V{t+hx+hft,z) - V(¢ )
h—0+ h

o Vt+ha 4 hf(ta) = V()
D Vy(t, z) = lim inf A

i

for (t,z) € Rq, | — x0] < b. If v is a continuous real-valued function for a < ¢t < A,
z € R”, and F € C[R,, R"], we define

Dtusp(tye — 2) = limsup LT =2 AT x;; Ft.2)) vtz = 2)
h—0+

fora<t< A, xeR", z€ R, |z —xo| <b, |z —x0| <b. Particularly, if z(¢) is a
solution of 2z’ = F(t, z) such that |z(t) — zo| < b, we have

Dtvsp(t,x — z(t))

s MR = 2(0) 4 BF(t2) = Bt 2(0)) — vlta — (1)
h—0+ h

Theorem 1. Let t; € (a, A). Assume that

(i) there exist functions g, h € C[(a,t1]x R, R] nondecreasing in the second variable
and such that there are solutions ¢(t), t € (a,t1] of

3) u' = g(t,u)

satisfying conditions ¥ (t1) < ¢(t1),

m ﬂ =0, lim pit) =0,
A B() A B()

where B € C|(a,t1], R] is positive;

376



(ii) V € C[Rq, R] is such that

(5) P(t1) < V(t1,y0) < p(t1) for some yo € R, |yo — x| < b;
(6) Vt,x) > p(t) or V(t,x) <(t) for a <t<ty, |[x— x| =10

(iii) there exists a positive function ¢ € C[(a,t1), RT] such that V(t,z) satisfies
locally the Lipschitz condition with respect to x for (t,z) € £2, U §2,, where

(7) R, =A{(t,x): p(t) <V(t,x) <e(t)+e(t), a<t<ty, |x—xo <b},
(8) Ry ={(t,z): P(t) —elt) <V(t,z) <(t), a <t <ty |r—x0| <b},

and
(9) DVi(t,z) = g(t,V(t,x)) on 2, if 2,#0,
(10) D Vi(t,z) < h(t,V(t,z)) on 2 if 24 #0.

Then the equation (1) has at least two different solutions x(t) on (a,t1] such that

(11) lim

Proof. Choose z1,25 € {z: |x — 29| < b}, 1 # 22 such that
(12) P(t1) < V(t1,z5) < o(t1) (41 =1,2).

Such a choice is possible in view of (5) and the continuity of V. Consider solutions
xj(t) of

(13;) = ftx),  xi(th) =5

for j =1,2. Put
w(t) =z;(t),  m(t) = V(t z(t))

for j € {1,2}. In view of (12) we have

(14) Y(t1) <m(t1) < @(t1).

We shall show that the set of ¢t € (a,t;) for which the solution z(¢) satisfies
(t,z(t)) € £2, is empty. Suppose on the contrary that there is a 7 € (a,t1) such that
(r,2(7)) € §2,. With respect to (6), (14) and the continuity, we can assume that
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|x(t) — zo| < b for t € [r,t1]. In view of (14) there exists an interval I = (f2,t3) such
that 7 <ty < t3 < t1,

(15) m(ts) = o(ts)
and
(16) w(s) <m(s) < p(s) +e(s) for sel.

Clearly (s,z(s)) € £2, for s € I.
For s € I and for h > 0 small enough we get

17y m(s+h)—m(s) =V(s+h,z(s+h)) — V(s,z(s))
=V(s+h,z(s) + hf(s,z(s)) + hR(h)) — V(s,z(s)),

where

(18) Jim [R(1)| =0,

As V satisfies locally the Lipschitz condition, we have
(19)  |m(s+h)—m(s) = V(s+ h,z(s) + hf(s,2(s))) + V(s,x(s))| < Lh|R(h)|

for h > 0 sufficiently small and for some L > 0. The conditions (18), (19) together
with the definition of D"V} yield

(20) D+m(s) = limsup T+ = m(s)

= D+Vf(s,x(s)).
h—0+ h

By use of (9) and (20) we obtain
D [m(s) — ¢(s)] = DFm(s) — ¢'(s) = g(s,m(s)) —¢'(s), sel.
The nondecreasing character of g(s, -) implies
D [m(s) — ()] = g(s,9(s)) = ¢'(s) =0,  sel

Thus the function m(s) — ¢(s) is nondecreasing in I and we get a contradiction with
(15) and (16). Hence the set of all t € (a,t;) for which (t,z(t)) € £2, is empty. By
virtue of (14) and the continuity we get m(t) < ¢(t) for all ¢ € (a,t1] for which the
solution z(t) exists.

378



Similarly we can prove that m(t) > ¢(t) for all ¢t € (a,t1] for which the solution
x(t) exists. Therefore

(21) P(t) < m(t) < o(t)

for all ¢ € (a,t1] for which z(t) is defined. In view of (6) the solution x(t) is defined
for all t € (a,t1] and the inequality (21) holds for ¢ € (a,t1]. On account of the
hypothesis (i) we have proved that

L V)
B
for j=1,2. O
Remark 1. 1. Suppose additionally
(22) [V(t,z)| = P)P(|lz — 2(¢)|) for a <t<t1, |[x—xo| <D

where @ € C|(a,t1], RT], ¥ € C[[0,2b), R"], z € C[(a, t1], R"] are such that

D(t
(23) lirtninf% >0, w(0)=0, W) >0 for ue(0,2b)
and
(24) tlirn z(t) = xo, |z(t) —xo| < b for t € (a,t].

—a

Then Theorem 1 ensures that the initial value problem (2) has at least two different
solutions z(t) on (a,t;] which satisfy the condition (11). Moreover, if a > —oo,
th_r)% o(t) = th_rg Y(t) =0 and V € C[R,, R], R, denoting the closure of R,, then the
condition (22) may be replaced by

V(a,z) =0 < z = xo.

2. Let the condition (5) in Theorem 1 be satisfied with yg € R, |yo — 20| < %b. If
a > —oo, |f(t,z)] < M for (t,z) € R,, and t; € (a, A) is such that (t; — a)M < 1b,
then the solutions z;(t) of (13;) are defined for ¢ € (a,t1] and satisfy® |z;(t) —zo| < b;
hence the condition (6) may be omitted in this case.

Remark 2. Theorem 1 together with Remark 1 generalize the results of [2].

Y (t) —wo| < |xj(t) —xj|+|z; — o] < |25 —a:0|+|ftt1 f(s,a:(s))ds| < |wj —ao| + M (t —
t) <|zj —xo| + M(t1 —a) < 2b+ b=
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Corollary 1. Let t; € (a, A). Assume that

(i) there exists a function q € C[(a,t1] x RT,R] nondecreasing in the second
variable and such that a certain solution ¢(t), t € (a,t1] of

u = q(t,u)
satisfies conditions 0
p(t
t 0 —= =0
@( 1) > ) tgtll (t) 1)
where B € C[(a,t1], R] is positive;
(ii) V € C[R,, R is such that
(25) V(t1,y0) <¢(t1)  for some yo € R", [yo —zo| <0,
(26) V(t,z) > ¢(t) for a <t <ty, |z —xo| =0,
(27) V(t,z) = o(t) ¥(|lx — 2(1)]) for a <t <ty |z —xo| <,

where @ € C|(a,t1],R"], ¥ € C[[0,2b), R*], 2 € C[(a, t1], R"] satisfy (23), (24);

(iii) there exists a positive function ¢ € C[(a,t1), RT] such that V(t,z) satisfies
locally the Lipschitz condition with respect to x for (t,z) € 2, and

(28) DtVi(t,z) = q(t, V(¢ z)) on 2,

holds, §2,, being defined by (7).

Then the problem (2) has at least two different solutions x(t) on (a,t1] such that
(11) is valid.

Proof. Lett* € (a,t1) be fixed. Put

q(t,u) for (t,u) € (a,t1] x RT,
g(t,u) = { _
q(t,0) for (t,u) € (a,t1] x R™.

Setting h(t,u) = Ju for (t,u) € (a,t1] X R,

b(t) = { 0 for t € (a,t%),

—22(t—)F  for te [t h),

we can easily see that the assumptions of Theorem 1 are satisfied with 2, = 0. In
view of Remark 1 we get the desired statement. O
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As a consequence we obtain the following revised and generalized form of NOWAK’s
Nonuniqueness Theorem [5]:

Corollary 2. Let t; € (a, A) and let F € C[R,, R"] be such that the equation
(29) 2 =F(t,z2)

has a solution z(t) defined on (a, t1] and satistfying (24). Suppose that the hypothesis
(i) of Corollary 1 holds true, while the hypotheses (ii), (iii) are replaced by

(ii’) v € C[(a, A) x R™,R"] is such that

(30) v(t1,yo — 2(t1)) < p(t1) for some yo € R™, [yo — xo| < b,
(31) v(t,x — 2(t)) > o(t) for a <t<tq, |x—xz0| =D,
(32) v(t,x — 2(t)) = () ¥(|x — 2(t)]) for a <t<ty1, |z —x0| <V,

~

where @ € C|(a,t1],R"], ¥ € C[[0,2b), R"] satisfy (23);
(iii") v(t, z) satisfies locally the Lipschitz condition with respect to = and

Dtvsp(t,z — 2(t)) = q(t,v(t,z — z(t))) on {2,

where 2 = {(t,z): p(t) <v(t,x —2(t)), a <t <t1, |r —zo| < b}.
Then there exist at least two different solutions x(t) of (2) on (a,t1] such that

vt z(t) — (1)

fim == = 0.

Proof. Put V(t,z) =v(t,z — 2(¢)). Then

D+Vf(t> .%‘) = lim sup V(t that hf(t’ x)) - V(t, .%‘)

h—0+ h
— limsup v(t+h,x—z(t+h)+hf(t,x)) —v(t,z — 2(t))
h—0+ h
— lim sup v(t+h,x+hf(t,z) — 2(t) — th(Lt, z(t)) — hR(h)) — v(t,x — z(t))’
h—0+

where hlir(r]1+ |R(h)| = 0. Since v(t, z) satisfies locally the Lipschitz condition, we have

DtVi(t,z) = DM opp(t,z — 2(t)) = q(t,v(t,x — 2(t))).
Thus the hypotheses of Corollary 1 are fulfilled. O
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Taking into account Remark 1, we easily get a generalization of SAMIMI's
Nonuniqueness Theorem [7] (see also [1], page 201):

Corollary 3. Let the assumptions of Corollary 2 be fulfilled with the exception
that a > —oo, v € C[[a, A) x R™, RT], the condition (30) is satisfied for some yo € R,
lyo — 20| < 3b, the condition (31) is omitted and (32) is replaced by v(a,z) = 0 <
x = 0. If, moreover, th_r)% o(t) =0, |f(t,z)] < M for (t,z) € R, and the number t; is
such that (t; — a)M < 3b, then the problem (2) has at least two different solutions
x(t) on (a,t1] such that

Since |x — z| < 2b for |z — 20| < b, |z — 20| < b, it is obvious that the function
v(t,x) can be considered for a < t < A, |x| < 2b instead of (t,z) € (a,A) x R™.
Supposing a > —oo, B(t) = 1, we obtain the following generalization of the revised
STETTNER’s Nonuniqueness Theorem (see [8] and [6]):

Corollary 4. Let a > —00, 0 < § < A—a and let F € C[R,,R"] be such
that the equation (29) has a solution z(t) defined on (a,a + ¢) and satisfying (24).
Suppose there is an M > 0 such that |f(t,z)] < M for (¢t,x) € R, and assume that

(i) the function q € C[(a, A) x R", R] is nondecreasing in the second variable and
has the following property: the equation

u = q(t,u)

possesses a positive solution (t) such that tlirn o(t) = 0;
—a

(ii) v is continuous for a < t < A, |z| < 2b with values in RT and satisfying locally
the Lipschitz condition with respect to x for a <t < A, 0 < |x| < 2b and such that

(33) v(it,x) =0 2=0 for a <t < A;
(iii) fora <t < A, |z — xo| < b, |y — xo| < b, x # y the inequality
(34) DFvsr(t,z —y) = qt,v(t,z — y))

holds.

Then the initial value problem (2) is nonunique.

Proof. Choose t; € (a,a+ ) such that ({1 — a)M < b, the solution ¢(t) is
defined in (a, ¢1], and |2(¢) —zo| < 3b holds for t € (a,t1]. Put B(t) = 1. From (33) it
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follows that the condition (30) of Corollary 2 is fulfilled with yo € R™, |yo — zo| < 1b.
In view of (34) we have

Dt upp(t,x — 2(1)) > qlt, ot — (1))

on 2 = {(t,x): p(t) <v(t,x —2(t), a <t <ty |x—=x9| <b}. With respect to
Remark 1 we can omit the relations (31), (32) and Corollary 2 yields the desired
result. g

Remark 3. If f € C[R,,R"], F(t,z) = f(t, 2) for (t,z) € R, in Corollary 4, we
need not assume the existence of the solution z(t) of (29) which satisfies (24).
In the following Corollary 5 we will suppose that the norm | - | is Euclidean. We

denote this norm by | - ||, and the scalar product in R* by -. Put R, = {(t,z) €
R a <t < A, ||x — x| <0}

Corollary 5. Let F € C[R,, R"] be such that the equation (29) has a solution
z(t) defined on (a, A) and satisfying (24). Assume f € C[R,, R"] and

(i) there exists a function ¢ € C[(a, A) x R, R] nondecreasing in the second
variable and such that a certain solution ¢(t), t € (a, A) of

u = q(t,u)
satisfies conditions
. _ . e(t)
lim p(t) = 0, lim —% =0, o(t) >0 for te (a,A),
t—a t—a (t)

where B € C|(a, A), R] is positive;
(ii) there exists a positive function € € C[(a, A), RT] such that the inequality

(35) (f(t,2) = F(t,2())) - (x = 2(8)) = [lx = 2(B)[[ ¢(t, ||z = 2(D)]])

holds on 2 = {(t,z): ¢(t) < ||z — 2(t)|| < o(t) +&(t), a <t < A, ||z — xo| < b}.
Then, for any t; € (a, A) sufficiently close to a, the problem (2) has at least two
different solutions x(t) on (a,t1] such that

- lz(@®) = 2@
(36) M gm -

Proof. From (i) it follows that tlim ©(t) = 0. There exists a t2 € (a, A) such
—a

that [|2(¢) — zol| < £b and ¢(t) < 3b for ¢t € (a,t2]. Choose t1 € (a,to] arbitrary.
Define

V(t,z) = ||z — 2(t)|| for (t,z) € Rq.
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Since

DYy (t3) = [ (1(6) =/ 0) - o 2(0)
1
e —z0)] (f(t,x) — F(t, (1)) - (z — 2(t))

is true for a <t < t1, || — zol| < b, z # 2(t), we get

DtVi(t,z) = qt, |z — 2(t)|)) = q(t, V (¢, z)) for (t,z) e 2, t<t,

in view of (35). Moreover, we have

V(t,z) = ||z — 2Ol = llz — zoll — [[2() — o]l > g > ()

for t € (a,ts], ||x — x0|| = b. Corollary 1 and Remark 1, where &(¢t) = 1, ¥(u) = u,
imply that (2) has at least two different solutions on (a,t;] such that (36) holds. O

Remark 4. Similarly as in Corollary 4 we can modify Corollary 5 in such a way

that (35) takes the form

(35) (f(t,x) = F(t,y) - (z —y) = |z —ylla(t, [lz = yl)

fora <t < A, ||z — ol <b, ly —woll <b, x#y. Thus we can obtain a vector
variant of the results of V. LAKSHMIKANTHAM [3] (see also [1], page 99, or [4], page
55) and M. SAMIMI [7] (see also [1], page 101) for scalar differential equations.
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