Archivum Mathematicum

Karl-Hermann Neeb
Lie group extensions associated to projective modules of continuous inverse algebras

Archivum Mathematicum, Vol. 44 (2008), No. 5, 465--489

Persistent URL: http://dml.cz/dmlcz/127115

Terms of use:

© Masaryk University, 2008

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/127115
http://project.dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Tomus 44 (2008), 465-489

LIE GROUP EXTENSIONS ASSOCIATED TO PROJECTIVE
MODULES OF CONTINUOUS INVERSE ALGEBRAS

KARL-HERMANN NEEB

ABSTRACT. We call a unital locally convex algebra A a continuous inverse
algebra if its unit group A* is open and inversion is a continuous map. For
any smooth action of a, possibly infinite-dimensional, connected Lie group
G on a continuous inverse algebra A by automorphisms and any finitely
generated projective right A-module E, we construct a Lie group extension
Gof G by the group GL4(E) of automorphisms of the A-module E. This
Lie group extension is a “non-commutative” version of the group Aut(V) of
automorphism of a vector bundle over a compact manifold M, which arises for
G =Diff(M), A= C>°(M,C) and E =T'V. We also identify the Lie algebra
H of G and explain how it is related to connections of the A-module E.

INTRODUCTION

In [I] it is shown that for a finite-dimensional K-principal bundle P over a
compact manifold M, the group Aut(P) of all bundle automorphisms carries a
natural Lie group structure whose Lie algebra is the Fréchet-Lie algebra of V(P)%
of K-invariant smooth vector fields on M. This applies in particular to the group
Aut (V) of automorphisms of a finite-dimensional vector bundle with fiber V' because
this group can be identified with the automorphisms group of the corresponding
frame bundle P = FrV which is a GL(V)-principal bundle.

In this paper, we turn to variants of the Lie groups Aut(V) arising in non-commu-
tative geometry. In view of [I9], the group Aut(V) can be identified with the group
of semilinear automorphisms of the C°° (M, R)-module I'(V) of smooth sections of
V, which, according to Swan’s Theorem, is a finitely generated projective module.
Here the gauge group Gau (V) corresponds to the group of C*° (M, R)-linear module
isomorphisms.

This suggests the following setup: Consider a unital locally convex algebra A
and a finitely generated projective right A-module E. When can we turn groups of
semilinear automorphisms of E into Lie groups? First of all, we have to restrict our
attention to a natural class of algebras whose unit groups A* carry natural Lie
group structures, which is the case if A* is an open subset of A and the inversion
map is continuous. Such algebras are called continuous inverse algebras, CIAs, for
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short. The Fréchet algebra C°*°(M,R) is a CIA if and only if M is compact. Then
its automorphism group Aut(C*°(M,R)) = Diff(M) carries a natural Lie group
structure with Lie algebra V(M), the Lie algebra of smooth vector fields on M.
Another important class of CIAs whose automorphism groups are Lie groups are
smooth 2-dimensional quantum tori with generic diophantine properties (cf. [10],
[]). Unfortunately, in general, automorphism groups of CIAs do not always carry
a natural Lie group structure, so that it is much more natural to consider triples
(A,G, ), where A is a CIA, G a possibly infinite-dimensional Lie group, and
pa: G — Aut(A) a group homomorphism defining a smooth action of G on A.

For any such triple (4, G, u4) and any finitely generated projective A-module
E, the subgroup Gg of all elements of G for which pa(g) lifts to a semilinear
automorphism of E is an open subgroup. One of our main results (Theorem is
that we thus obtain a Lie group extension

1 — GLA(E) = Autu(E) — éE —Gg—1,

where G, is a Lie group acting smoothly on E by semilinear automorphisms. For
the special case where M is a compact manifold, A = C*°(M,R), E = T'(V) for
a smooth vector bundle V, and G = Diff (M), the Lie group G is isomorphic to
the group Aut(V) of automorphisms of the vector bundle V, but our construction
contains a variety of other interesting settings. From a different perspective, the Lie
group structure on G also tells us about possible smooth actions of Lie groups on
finitely generated projective A-modules by semilinear maps which are compatible
with a smooth action on the algebra A.

A starting point of our construction is the observation that the connected
components of the set Idem(A) of idempotents of a CIA coincide with the orbits of
the identity component A of A* under the conjugation action. Using the natural
manifold structure on Idem(A) (cf. [15]), the action of A* on Idem(A) even is a
smooth Lie group action.

On the Lie algebra side, the semilinear automorphisms of F correspond to the
Lie algebra DEnd(E) of derivative endomorphisms, i.e., those endomorphisms
¢ € Endg(FE) for which there is a continuous derivation D € der(A) with
d(s-a) =¢(s)-a+s-(D-a)for s € E and a € A. The set li]n\d(E) of all
pairs (¢, D) € Endg(F) x der(A) satisfying this condition is a Lie algebra and we
obtain a Lie algebra extension

0 — Enda(E) = gl,(E) — DEnd(E) — der(4) — 0.

Pulling this extension back via the Lie algebra homomorphism g — der(A) induced
by the action of G on A yields the Lie algebra g of the group G from above
(Proposition [£.7)).

In Section [5] we briefly discuss the relation between linear splittings of the Lie
algebra extension g and covariant derivatives in the context of non-commutative
geometry (cf. [5], [21], [8]).
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Preliminaries and notation. Throughout this paper we write I := [0, 1] for the
unit interval in R and K either denotes R or C. A locally convex space E is said
to be Mackey complete if each smooth curve 7y: I — E has a (weak) integral in FE.
For a more detailed discussion of Mackey completeness and equivalent conditions,
we refer to [20, Th. 2.14].

A Lie group G is a group equipped with a smooth manifold structure modeled
on a locally convex space for which the group multiplication and the inversion
are smooth maps. We write 1 € G for the identity element and A\;(z) = gz, resp.,
pg(x) = xg for the left, resp., right multiplication on G. Then each z € T1(G)
corresponds to a unique left invariant vector field ; with z;(g) := dA\y(1) -z, g € G.
The space of left invariant vector fields is closed under the Lie bracket of vector
fields, hence inherits a Lie algebra structure. In this sense we obtain on g := T1(G)
a continuous Lie bracket which is uniquely determined by [x,y]; = [z, u] for
x,y € g. We shall also use the functorial notation L(G) for the Lie algebra of G
and, accordingly, L(¢) = T1(¢): L(G1) — L(G3) for the Lie algebra morphism
associated to a morphism ¢: G; — G» of Lie groups.

A Lie group G is called regular if for each £ € C*°(I, g), the initial value problem

Y(0) =1, (t) =) £@E) = T(\)E®)
has a solution v¢ € C*°(I, G), and the evolution map
evolg: C*(1,9) = G, & (1)

is smooth (cf. [22]). For a locally convex space E, the regularity of the Lie group
(E,+) is equivalent to the Mackey completeness of E (|25, Prop. I1.5.6]). We also
recall that for each regular Lie group G its Lie algebra g is Mackey complete and
that all Banach-Lie groups are regular (cf. [25, Rem. I1.5.3] and [12]).

A smooth map exps: L(G) — G is called an exponential function if each curve
vz (t) := expgs(tx) is a one-parameter group with 4, (0) = . The Lie group G is
said to be locally exponential if it has an exponential function for which there is an
open 0-neighborhood U in L(G) mapped diffeomorphically by exp. onto an open
subset of G.

If A is an associative algebra with unit, we write 1 for the identity element, A*
for its group of units, Idem(A) = {p € A: p*> = p} for its set of idempotents and
na(a) = a=! for the inversion map A* — A. A homomorphism p: A — B is unital
algebras is called isospectral if p~1(B*) = AX. We write GL,,(A) := M,,(A)* for
the unit group of the unital algebra M,,(A) of n x n-matrices with entries in A.

Throughout, G' denotes a (possibly infinite-dimensional) Lie group, A a Mackey
complete unital continuous inverse algebra (CIA for short) and Gx A — A, (g,a) —
g.a = pa(g)(a) is a smooth action of G on A.
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1. IDEMPOTENTS AND FINITELY GENERATED PROJECTIVE MODULES

The set Idem(A) of idempotents of a CIA A plays a central role in (topological)
K-theory. In [I5] Satz 2.13], Gramsch shows that this set always carries a natural
manifold structure, which implies in particular that its connected components are
open subsets. Since we shall need it in the following, we briefly recall some basic
facts on Idem(A) (cf. [I5]; see also [3, Sect. 4]).

Proposition 1.1. For each p € Idem(A), the set
Uy :={q €Idem(A4) : pg+ (1 —p)(1 —q) € A*}
is an open neighborhood of p in Idem(A) and, for each g € U, the element
sq=pq+ (L —p)(1—q) € A satisfies sqqsq_1 =p.

The connected component of p in Idem(A) coincides with the orbit of the identity

component Aj of A* under the conjugation action A* x Idem(A) — Idem(A),

(9,p) — ¢g(p) :=g-p:=gpg "

Proof. Since the map g — pg+ (1 — p)(1 — g) is continuous, it maps p to 1 and
since A* is open, U, is an open neighborhood of p. Hence, for each ¢ € Up, the
element s, is invertible, and a trivial calculation shows that s,q = ps,.

If ¢ is sufficiently close to p, then s, € AJ because s, = 1 and Aj is an open
neighborhood of 1 in A (recall that A is locally convex and A* is open). This
implies that ¢ = s, 'ps, lies in the orbit {cy(p): g € Aj'} of p under Aj. Conversely,
since the orbit map A* — Idem(A), g — c4(p) is continuous, it maps the identity
component A into the connected component of p in Idem(A). O

Lemma 1.2. Let A be a CIA, n € N, and p = p?> € M,,(A) an idempotent. Then
the following assertions hold:

(1) The subalgebra pM,,(A)p is a CIA with identity element p.
(2) The unit group (pM,(A)p)* is a Lie group.

Proof. Since M, (A) also is a CIA ([30]; [LI]) which is Mackey complete if A is so,
it suffices to prove the assertion for n = 1.

(1) From the decomposition of the identity 1 as a sum 1 = p+ (1 — p) of two
orthogonal idempotents, we obtain the direct sum decomposition

A=pAp®pA(l—p)® (1—-p)Ap® (1 —p)A(l —p).

We claim that an element a € pAp is invertible in this algebra if and only if the
element a + (1 — p) is invertible in A. In fact, if b € pAp satisfies ab = ba = p, then

(a+(1=p)(b+1-p)=ab+(1-p)=1=(b+(1-p)(a+(1-p)).
If, conversely, ¢ € A is an inverse of a + (1 — p) in A, then ca + ¢(1 —p) =1 =
ac + (1 — p)c leads after multiplication with p to ca = p = ac, which implies
(pep)a = p = a(pep), so that pep is an inverse of a in pAp. The preceding argument
implies in particular that (pAp)* = pApN (A* — (1 —p)) is an open subset of pAp,
and that the inversion map

Mpap: (PAP)* — pAp, a—a ' =nala+1-p)—(1-p)
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is continuous.
(2) is an immediate consequence of (1) (cf. [LI], [25], Ex. II.1.4, Th. IV.1.11). O

Let E be a finitely generated projective right A-module. Then there is some
n € N and an idempotent p = p? € M,(A) with E = pA"™, where A acts by
multiplication on the right. Conversely, for each idempotent p € Idem(M,(A)),
the right submodule pA™ of A™ is finitely generated (as a quotient of A™) and
projective because it is a direct summand of the free module A™ = pA™ @ (1 —p)A™.
The following lemma provides some information on A-linear maps between such
modules.

Lemma 1.3. Let p,q € Idem (Mn(A)) be two idempotents. Then the following
assertions hold:
(1) The map x — Aglpan (left multiplication) yields a bijection
apg: ¢Mu(A)p={x € M,,(A) : gz = z,zp = x} — Hom 4 (pA”, gA"™).
(2) pA™ = qA™ if and only if there are x,y € M, (A) with xy = q and yx = p.
If, in particular, ¢ = gpg~! for some g € GL,(A), then x = gp and
y =g~ ! satisfy xy = q and yx = p.

(3) pA™ = gA™ if and only if there are x € ¢M,,(A)p and y € pM,,(A)q with
ry = q and yx = p.

(4) If pA™ =2 qA™, then there exists an element g € GLa,(A) with gpg—! = q,

where
~ (p O ~ (q O
p—(o 0) and q—(o O)'
Proof. (1) Each element of End 4(A™) is given by left multiplication with a matrix,
so that M, (A) = End4(A™). Since pA™ and gA™ are direct summands of A™, each

element of Hom(pA™, gA™) can be realized by left multiplication with a matrix,
and we have the direct sum decomposition

End4(A™) = Hom(pA”",gA™) & Hom (pA™, (1 — q)A™)
@ Hom ((1 — p)A™,¢A™) @ Hom ((1 — p)A™, (1 — q)A"),
which corresponds to the direct sum decomposition
M (A) = qMp(A)p ® (1 — @) M (A)p ® ¢Mn(A)(1 - p) & (1 — ¢) M, (A)(1 —p).

Now the assertion follows from ¢M,, (A)p = {:17 € M,(A): qv =z,ap = z}

(2), (3) If pA™ and gA™ are isomorphic, there is some x € qM,,(A)p =
Hom(pA™, ¢A™) for which A, : pA™ — ¢A™, s — xs is an isomorphism. Writing
At as A, for some y € Hom(gA™, pA™) = pM,,(A)q, we get

p=AoX(p)=yzp=yzx and qg=X;0N(q)=2yq=u1y.

If, conversely, p = yz and ¢ = xy hold for some z,y € M, (A), then p?> = p
implies p = yxr = yxyxr = yqr and likewise ¢ = xy = xpy, which leads to

(pyq)(qzp) = pyqzp =p* =p and  (qzp)(pyq) = qzpyqg = ¢° = q.
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Therefore, we also have p = y'a’ and ¢ = 2’y with 2’ := qzp € ¢M,,(A)p and
y' = pyq € pM,(A)g. Then A, : pA™ — gA™ and Ay : gA™ — pA™ are module
homomorphisms with Ayr 0o Ay = Agryy = Ag = idgan and Ay 0 Ay = Ayrr = Ap =
idpan.

(4) (cf. [3, Prop. 4.3.1]) Pick =,y as in (3). Let

1—gq T 1-p P >
o= and = € M, (A).
(50 .5,) pim (V57 47,) € Ml
Then a direct calculation yields a? = 1 = 2. Therefore z := Ba € GLg,(A).
Moreover, we have

aga™t = (8 2) and f <8 2) gt =p,

so that zgz~! = p. O

Proposition 1.4. For each finitely generated projective right A-module E, we
pick some idempotent p € M,,(A) with E = pA™. Then we topologize End s (E) by
declaring

Qpp: pMn(A)p - EndA(E)a Z = )\.’r|pA"

to be a topological isomorphism. Then the algebra End 4(F) is a CIA and GLa(E)
is a Lie group. This topology does not depend on the choice of p and if A is Mackey
complete, then GL4(E) is locally exponential.

Proof. We simply combine Lemma with Lemma [T.3(1) to see that we obtain
a CIA structure on End(F), so that GL4(FE) is a Lie group which is locally
exponential if A is Mackey complete ([11]).

To verify the independence of the topology on End 4 (F) from p, we first note
that for any matrix

~ 0
p:<g 0) € My(4), N>n,

we have a natural isomorphism pMy (A)p = pM,,(A)p, because all non-zero entries
of matrices of the form pXp, X € My(A), lie in the upper left (p x p)-submatrix
and depend only on the corresponding entries of X.

If ¢ € Idem (Mg(A)) is another idempotent with ¢A¢ =2 E. then the preceding
argument shows that, after passing to max(n, £), we may w.l.0.g. assume that ¢ = n.
Then Lemma yields a g € GLy, (A) with gpg~! = g, and then conjugation with
g induces a topological isomorphism

PMu(A)p = PMan(A)p —= GMan(A4)7 = gM,(A)g. -
Example 1.5. (a) Let M be a smooth paracompact finite-dimensional manifold.

We endow A := C°°(M,K) with the smooth compact open topology, i.e., the
topology inherited by the natural embedding

C*®(M,K) — ﬁ C(T"M,T*K), fw (T*(f))
k=0

kENp?
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where all spaces C(T*M,T*K) carry the compact open topology which coincides
with the topology of uniform convergence on compact subsets.

If F is the space of smooth sections of a smooth vector bundle
q:V — M, then E is a finitely generated projective A-module ([30]). The al-
gebra End 4 (F) is the space of smooth sections of the vector bundle End(V) and its
unit group GL(F) = Gau (V) is the corresponding gauge group. We shall return
to this class of examples below.

(b) We obtain a similar picture if A is the Banach algebra C(X,K), where X is
a compact space and E is the space of continuous sections of a finite-dimensional
topological vector bundle over X. Then End4(FE) is a Banach algebra, so that its
unit group GL4(F) is a Banach-Lie group.

2. SEMILINEAR AUTOMORPHISMS OF FINITELY GENERATED PROJECTIVE
MODULES

In this section we take a closer look at the group I'L(E) of semilinear automor-
phism of a right A-module E. One of our main results, proved in Section |3| below,
asserts that if F is a finitely generated projective module of a CIA A, certain
pull-backs of this group by a smooth action of a Lie group G on A lead to a Lie
group extension G of G by the Lie group GL4(E) (cf. Proposition acting
smoothly on E.

The discussion in this section is very much inspired by Y. Kosmann’s paper [19].

Definition 2.1. Let F be a topological right module of the CIA A, i.e., we
assume that the module structure £ x A — FE,(s,a) — s-a =: pg(a)s is a
continuous bilinear map. We write End 4 (FE) for the algebra of continuous module
endomorphisms of F and GL4(E) := End4(F)* for its group of units, the module
automorphism group of E. For A = K we have in particular GL(E) = GLg(E).
The group GL4(F) is contained in the group

TL(E) := {¢ € GLg(E) : (3¢4 € Aut(A))(Vs € E)(Va € A) ¢(s - a)
= ¢(s) - pa(a)}
= {¢ € GLk(E) : (Ipa € Aut(A))(Va € A) o pg(a)
= pp(da(a)) oo} .

of semilinear automorphisms of E, where we write Aut(A) for the group of topolo-
gical automorphisms of A. We put

TL(E) = {(¢,$4) € GLk(E) x Aut(4) : (Va € A) ¢opp(a) = pu(¢a(a) o ¢},

where the multiplication is componentwise multiplication in the product group.
In [I6], the elements of fL(E) are called semilinear automorphisms and, for A
commutative, certain characteristic cohomology classes of E are constructed for
this group with values in differential forms over A. If the representation of A on E
is faithful, then ¢4 is uniquely determined by ¢, so that fL(E) ~TL(E).
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The map (¢, ¢pa) — ¢4 defines a short exact sequence of groups
1 — GLA(E) - TL(E) — Aut(A)g — 1,
where Aut(A)g denotes the image of the group I' L(E) in Aut(A).

Remark 2.2. (a) For each ¢ € Aut(A), we define the corresponding twisted module
EY by endowing the vector space E with the new A-module structure defined by
sy a:=s-1Y(a), i.e., pge = prot. Then a continuous linear map ¢: E — EY is
a morphism of A-modules if and only if ¢(s-a) = ¢(s) - ¥(a) holds for all s € F
and a € A, ie.,

¢popp(a) =pgv(a)ogp for aecA.
Therefore (¢,v) € r L(E) is equivalent to ¢: £ — EY being a module isomorphism.
This shows that

Aut(A)g = {¢ € Aut(A): EY 2 E}.

(b) Let ¢ € Diff (M) and ¢: V — M be a smooth vector bundle over M. We

consider the pull-back vector bundle

VY ="V = {(2,0) € M x V :9p(z) = gv(v) }

with the bundle projection q%: VY — M, (z,v) — x.

If s: M — V¥ is a smooth section, then s(z) = (z,s'(¢(z))), where s': M — V
is a smooth section, and this leads to an identification of the spaces of smooth
sections of V and V¥. For a smooth function f: M — K and s € ['(V?), we have
(s- f)(z) = f(z)s(z) = (x, f(2)s' (1(x))), so that the corresponding right module
structure on E = I'V is given by s’ f = s’ - (¢ - f), where ¢ - f = f ot ~!. This
shows that E¥ = (I'V)¥ = T'(V¥), i.e., the sections of the pull-back bundle form a
twisted module.

(c) Let E be a finitely generated projective right A-module and p € Idem(M,,(A))
with E 2 pA™. For 1) € Aut(A) we write 1™ for the corresponding automorphisms
of A™, resp., M, (¢) for the corresponding automorphism of M, (A). Then the map
Yt M, ()" (p)A" — pA™ induces a module isomorphism M, (1))~ !(p)A" =
(pA™)?.

(d) Let pg: A — End(F) denote the representation of A on F defining the right
module structure. Then, for each a € A*, we have (pg(a),c;!) € fL(E) because
pe(a)(s-b) =s-ba=(s-a)(a"tha).

Definition 2.3. Let G be a group acting by automorphism on the group N via
a: G — Aut(N). We call a map f: G — N a crossed homomorphism if

flg192) = f(g1)a(91)(f(g2)) for g1,92€G.

Note that f is a crossed homomorphism if and only if (f,idg): G — N x, G is a
group homomorphism. The set of all crossed homomorphisms G — N is denoted
by Z1(G, N). The group N acts naturally on Z'(G, N) by

(nx f)(g) = nf(g)alg)(n)~*
and the set of N-orbits in Z!(G, N) is denoted H!(G, N). If N is not abelian,
ZY(G,N) and H'(G, N) do not carry a group structure; only the constant map 1 is
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a distinguished element of Z!(G, N), and its class [1] is distinguished in H!(G, N).
The crossed homomorphisms in the class [1] are called trivial. They are of the form
f(g) = na(g)(n)~! for some n € N.

Proposition 2.4. Let pp: A — Endg(FE) denote the action of A on the right

A-module E and consider the action of the unit group A* on the group I'L(E) by

pE(a)(¢) == pr(a)~'opr(a). To each b € Aut(A) we associate the function
C(y): A =TL(E), aw pp((a)a)™ =pp((a)  rea).

Then C(v) € ZY(AX, T L(E)), and we thus get an exact sequence of pointed sets

1 — GL4(E) — DL(E) — Aut(4) - H (AX TL(E)),
characterizing the subgroup Aut(A)g as 6_1([1]).

Proof. That C(¢) is a crossed homomorphism follows from

C(W)(ab) = pr(v(ab) " pr(ab) = pr(¥(a) " pr (4(0) "~ pr(b)pi(a)
= C(¥)(a)p(a)~ C(¥)(b)pp(a) = C(¥)(a)pE(a) (C(4)(D)) -
That the crossed homomorphism C(%)) is trivial means that there is a ¢ € I'L(E)
with
C()(@) = pp(¥(a) " pr(a) = dpp(a) 9™ pi(a)
which means that pg (v(a))¢ = ¢pg(a) for a € A*. Since each CIA A is generated

by it unit group, which is an open subset, the latter relation is equivalent to
(,9) € TL(E). We conclude that T ([1]) = Aut(A)g. O

Example 2.5. Let gv: V — M be a smooth K-vector bundle on the compact
manifold M and Aut(V) the group of smooth bundle isomorphisms. Then each
element ¢ of this group permutes the fibers of V, hence induces a diffeomorphism
o of M. We thus obtain an exact sequence of groups

1 — Gau (V) — Aut(V) — Diff (M) — 1,
where Gau (V) = {qb € Aut(V): oy = idpy } is the gauge group of V and
Diff(M)y = {v € Diff(M): ¢*V =V}

is the set of all diffeomorphisms 1 of M lifting to automorphisms of V (cf. Re-
mark [2.2b)). The group Diff (M) carries a natural Fréchet-Lie group structure for
which Diff(M)y is an open subgroup, hence also a Lie group. Furthermore, it is
shown in [I] that Aut(V) and Gau (V) carry natural Lie group structures for which
Aut(V) is a Lie group extension of Diff(M)y by Gau (V).

Consider the CIA A := C*(M,K) and recall from Example [L.5{a) that the
space E := C>°(M,V) of smooth sections of V is a finitely generated projective
A-module. The action of Aut(V) on V induces an action on E by

Pu(s)(x) == ¢ s(¢y/ (x)) -
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For any smooth function f: M — K, we now have ¢g(fs)(z) = f(gb;j(:c)) .

op(s) (o (%)), e, ¢u(fs) = (¢ - f) - ¢r(s). We conclude that Aut(V) acts on
FE by semilinear automorphisms of E and that we obtain a commutative diagram

Gau (V) —— Aut(V) —— Diff (M),

b

GLA(E) ——=TL(E) —— Awt(A)g
Next, we recall that
(1) Aut(A) = Aut (C*(M,K)) = Diff (M)

(cf. [25, Thm. IX.2.1], [2], [13], [23]). Applying [19, Prop. 4] to the Lie group G = Z,
it follows that the map Aut(V) — I'L(E) is a bijective group homomorphism. Let
us recall the basic idea of the argument.

First we observe that the vector bundle V can be reconstructed from the
A-module E as follows. For each m € M, we consider the maximal closed ideal
I, = {f €A f(m)= 0} and associate the vector space E,, := E/I,,FE. Using
the local triviality of the vector bundle V, it is easy to see that E,, = V,,. We may
thus recover V from E as the disjoint union

V= U E,,.

Any ¢ € I'L(F) defines an automorphism ¢4 of A, which we identify with a
diffeomorphism ¢p; of M via ¢pa(f) := fo ¢;41. Then ¢4 (L) = Ig,,(m) implies
that ¢ induces an isomorphism of vector bundles

VoV, s+ LB s+ LnE) = ¢(s) + Loy m) E -

Its smoothness follows easily by applying it to a set of sections s1,..., s, which are
linearly independent in m. This implies that each element ¢ € I'L(E) corresponds
to an element of Aut(V), so that the vertical arrows in the diagram above are in
fact isomorphisms of groups.

Finally, we take a look at the Lie structures on these groups. A priori, the
automorphism group Aut(A) of a CIA carries no natural Lie group structure, but
the group isomorphism Diff (M) — Aut(A) from defines a smooth action of
the Lie group Diff(M) on A. Indeed, this can be derived quite directly from the
smoothness of the map

Diff (M) x C®°(M,K) x M — K, (¢, f,m) — f(6~ (m))

which is smooth because it is a composition of the smooth action map
Diff(M) x M — M and the smooth evaluation map A x M — M (cf. [27]
Lemma A.2]).

Since the vector bundle V can be embedded into a trivial bundle
M x K™, we obtain a topological embedding of Gau (V) as a closed subgroup of
Gau (M x K") = C>(M,GL,(K)) = GL,(A). Accordingly, we obtain an embed-
ding F — A™ and the preceding discussion yields an identification of GL 4(F) with
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Gau (V) as the same closed subgroups of GLy,(A) (cf. Proposition [L.4). Since both
groups are locally exponential Lie groups, the homeomorphism Gau (V) — GL4(E)
is an isomorphism of Lie groups (cf. [25, Thm. IV.1.18] and [12] for more details
on locally exponential Lie groups).

3. LIE GROUP EXTENSIONS ASSOCIATED TO PROJECTIVE MODULES

In this section we consider a Lie group G, acting smoothly by automorphisms
on the CTA A. We write p4: G — Aut(A) for the corresponding homomorphism.
For each right A-module F, we then consider the subgroup

Gg:={9geG:EI2E} = ,u;ll(Aut(A)E) ,
where we write B9 := E#40) for the corresponding twisted module (cf. Re-
mark [2.2a)). The main result of this section is Theorem which asserts that
for G = G, the pull-back of the group extension I'L(E) of Aut(A)g by GLA(E)
yields a Lie group extension G of G by GLA(E).
Proposition 3.1. If E is a finitely generated projective right A-module, then

the subgroup Gg of G is open. In particular, we have pa(G) C Aut(A)g if G is
connected.

Proof. Since E is finitely generated and projective, it is isomorphic to an A-module
of the form pA™ for some idempotent p € M, (A). We recall from Remark[2.2c) that
for any automorphism ¢ € Aut(A) and v € GL,(A) with M, ()" (p) = v 'pv,
the maps

M ()" (p)A™ — (pA™)Y,w = ™M (), Ma(d) 7 (p)A" — pA™ s -s

are isomorphisms of A-modules. According to Proposition[I.1} all orbits of the group
GL,(A)o in Idem (Mn(A)) are connected open subsets of Idem (M,L(A))7 hence
coincide  with its connected components. Therefore the subset
{g € G:c-pe GL,(A) - p} of G is open. In view of Lemma 2), this open
subset is contained in the subgroup Gg, hence Gg is open. g

From now on we assume that G = Gg. Then we obtain a group extension
1 GLA(E)— G- @G —1,
where ¢(¢,g) = g, and
2) G :={(¢,9) €TL(E) x G: (¢, na(g)) € TL(E)} = piT L(E)
acts on E via 7(¢, g) - s := ¢(s) by semilinear automorphisms. The main result of

the present section is that G carries a natural Lie group structure and that it is a
Lie group extension of G by GL4(E). Let us make this more precise:

Definition 3.2. An extension of Lie groups is a short exact sequence
1— N é 4, G—1
of Lie group morphisms, for which G is a smooth (locally trivial) principal N-bundle

over G with respect to the right action of N given by (g,n) — gn. In the following,
we identify N with the subgroup ¢(N) < G.
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Theorem 3.3. If A is a CIA, G is a Lie group acting smoothly on A by
wa: G — Aut(A), and E is a finitely generated projective right A-module with
1a(G) C Aut(A)g, then GLA(E) and G carry natural Lie group structures such
that the short exact sequence

1 GLA(E)—»G L G—1
defines a Lie group extension of G by GLA(E).
Proof. In view of Proposition End4(FE) is a CIA and its unit group GL4(FE)
is a Lie group. The assumption p4(G) C Aut(A)g implies that G = G, so that
the group G is indeed a group extension of G by GL4(FE).

Choose n and p € Idem (M, (A)) with E = pA™ and let U, be as in Proposi-
tion In the following we identify £ with pA™. We write gxa := M, (pna(g))(a) for
the smooth action of G on the CIA M,,(A) and gz := pa(g)™ (z) for the action of
G on A™, induced by the smooth action of G on A. Then Ug := {g € G : gxp € U, }
is an open neighborhood of the identity in G, and we have a map

v:Ug — GLn(4), g Sgup=p-gxp+(1-p)-(1—g=p),
which, in view of Proposition [T} satisfies

(3) Y(g)(g*xp)y(g) ' =p forall ge€Us.

This implies in particular that the natural action of the pair
(7(9), 114(g)) € GLn(A) x Aut(A) = GLA(A") x Aut(A)

on A™ by (v(9), pa(9))(z) = v(g) - (94z) preserves the submodule pA™ = E, and
that we thus get a map
Se:Ug = T'L(E) =T'L(pA"), Se(g)(s) :=(9) - (gis) .
For g € G, s € F and a € A, we then have
Se(9)(s-a) =7(g) - (98(sa)) = (g) - (gtts) - (9% a) = Su(g)(s) - (9-a),

which shows that o: Ug — @, g— (SE(g),g) is a section of the group extension

q: G — G. We now extend o in an arbitrary fashion to a map o: G — G with
qoo =idg.

Identifying GL4(FE) with the kernel of the factor map g: G — G, we obtain for
g,9" € G an element

w(g,g') :==0o(g)o(g')o(gg) ™" € GLA(E),

and this element is given for g, ¢’ € Ug by

w(g.g)=7(g) - gx(vg) g7 *v(99)") =(9) - (9x(g")) - v(gg) "

Since all the maps involved are smooth, the preceding formula shows immediately
that w is smooth on the open identity neighborhood

{(9.9') €Us xUq : 9,9',99" € Ug}
of (1,1) in G x G.
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Next we observe that the map

S: G — Aut (GLA(E)), S(g)(¢) := a(g)¢o(g) "
has the property that the corresponding map

Us x GLA(E) — GLA(E).  (9,9) = S(9)(9) = (9)(g * &)7(9) "
is smooth because v and the action of G on M,,(A) are smooth.
In the terminology of [26, Def. I.1], this means that w € C2(G,GL4(E)) and
that S € C}(G, Aut(GLA(E))). We claim that we even have w € C% (G, GL4(E)),
i.e., for each g € G, the function

1

wg: G — GLA(E), =+ w(g z)wlgzg™", 9)" = a(g)o(z)a(g) ™ o(gzg™") ™"

is smooth in an identity neighborhood of G.

Case 1: First we consider the case g € U}, := {h € G : hxp € GL,,(A)-p}. The map
v: Ug — GL,,(A) extends to amap v: U, — GL,,(A) satisfying gxp = v(g) "' py(9)
for each g € U/,. Then S3(9)(s) := v(g) - (¢98s) defines an element of I'L(E), and
we have o(g) = (¢(9)S%(9), g) for some ¢(g) € GLA(E). For z € Us Ng~'Ugg we
now have

wy(w)s = o(g)o(z)a(g)  o(gzg™")'s

= ¢(9)1(9) ~gﬁ(v(:v)~ f (g‘lﬁ(v(g)‘%(g)‘l- (g2~ g™ Dr(gzg™") " s] )))
= 0(9)7(9)(g * v(x)) ((g:vg’l) *(v(9) " ¢>(9)’1)) y(grg™") s,
We conclude that
wg() = 3(9)7(9)(g 7)) ((929~") * (4(9) " 6(0) ™)) - v(gzg ™) "

If ¢ is fixed, all the factors in this product are smooth GL,,(A)-valued functions of
x in the identity neighborhood Ug N g~ 'Ugg, hence wg is smooth on this set.

Case 2: Now we consider the case g xp ¢ GL,(A) - p. Since g x p corresponds
to the right A-module (g * p)A™ = (pAn)ra(® ™' = Era@@)™" apd Eral)™ ~
E follows from g € Gg = G, there exists an element 7(g) € GLga,(A) with

n(g)(g * p)n(g)~t = p for p = (1(; 8) € M3, (A) (Lemma . We now have

pA™ = pA?™ and g x p € GLg,(A) - P, so that the assumptions of Case 1 are
satisfied with 2n instead of n. Therefore wy is smooth in an identity neighborhood.
The multiplication in G = GL4(F)o(G) is given by the formula

(4) na(g)-n'o(g’) = (nS(g)(n")w(g,9"))o(99') .

so that the preceding arguments imply that (S,w) is a smooth factor system in
the sense of [26, Def. I1.6]. Here the algebraic conditions on factor systems follow
from the fact that defines a group multiplication. We now derive from [20]
Prop. I1.8] that G carries a natural Lie group structure for which the projection
map q: G — G defines a Lie group extension of G by GL(FE). O
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Proposition 3.4. (a) The group G acts smoothly on E by (b, g).s := ¢(s).

(b) Let p: G — I'L(E) denote the projection to the first component. For a Lie
group H, a group homomorphism ®: H — G is smooth if and only if qo®: H — G
is smooth and the action of H on E, defined by p1 o ®: H — T'L(E), is smooth.

(¢) The Lie group extension G of G splits if and only if there is a smooth action of
G on E by semilinear automorphisms which is compatible with the action of G on
A in the sense that the corresponding homomorphism ng: G — I'L(E) satisfies

(5) m5(g9) o ppla) = pe(pa(g)a) omr(g) for geG.

Proof. (a) Since G acts by semilinear automorphisms of E which are continuous
and hence smooth, it suffices to see that the action map G x E — F is smooth
on a set of the form U x F, where U C G is an open 1-neighborhood. With the
notation of the proof of Theorem [3.3] let

U := GLA(E) . O'(Ug),
which is diffeomorphic to GL4(F) x Ug via the map (¢,g) — ¢ - o(g). Now it

remains to observe that the map

GLA(E) xUa X E— E, (¢,9,5) — ¢(Se(9)s) = o(v(9) - (9ts))

is smooth, which follows from the smoothness of the action of GL4(E) on E, the
smoothness of v: Ug — GL,(A) and the smoothness of the action of G on A™.

(b) If ® is smooth, then g o ® is smooth and (a) implies that f := p; o & defines
a smooth action of H on E. Suppose, conversely, that g o ® is smooth and that f
defines a smooth action on E. Let Ug and U be as in (a) and put W := &~1(U).
Since ¢ o ® is continuous,

W =20"(q " (Us)) = (g0 @) (Ug)

is an open subset of H. Since ® is a group homomorphism, it suffices to verify its
smoothness on W. We know from (a) that the map

gE:UGXE_)Ea (gvs)'_)SE(g)s
is smooth. For h € W we have ®(h) = f1(h)o(f2(h)), where fi(h) € GLA(E) and
foi=qo®: W — Ug is a smooth map. Therefore the map
WxE—E, (hs)— fh)(o(f(h)"s) = f(h)Se(fa(h) " +s=fi(h)-s

is smooth. If e1,...,e, € A™ denote the canonical basis elements of the right
A-module A", then we conclude that all maps

W — GLA(E), hw fi(h)-e = fi(h)pe;

are smooth because pe; € E. Hence all columns of the matrix f1(h) depend
smoothly on h, and thus f;: W — GL4(E) C M, (A) is smooth. This in turn
implies that ®(h) = fi(h)o: (f2(h)) is smooth on W, hence on H because it is a
group homomorphism.
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(¢) First we note that any homomorphism ®: G — G is of the form 5(g) =
(f(g9),9), where f: G — I'L(FE) is a homomorphism satisfying (f(g),uA(g)) €
TL(E).

If the extension G of G by GL4(E) splits, then there is such a smooth ®, and
then (a) implies that 7 = f defines a smooth action of G on E, satisfying all
requirements.

If, conversely, 7g: G — I'L(FE) defines a smooth action with , then the map
o = (rg,idg): G — Gisa group homomorphism whose smoothness follows from
(b), and therefore the Lie group extension G splits. O

Examples 3.5. (a) If A is a Banach algebra, then Aut(A) carries a natural
Banach-Lie group structure (cf. [I7], [24, Prop. IV.14]). For each finitely generated
projective module pA™, p € Idem(M,,(A)), the subgroup G := Aut(A)g is open
(Proposition , and we thus obtain a Lie group extension

1— GLA(E) — G — G = Aut(A)g — 1.

(b) For each CIA A, the Lie group G := A* acts smoothly by conjugation on A
and g — pp(g~!) defines a smooth action of G on E by semilinear automorphisms.
This leads to a homomorphism

o: AX — G ={(¢,9) €TL(E) x G: (¢, ppa(g)) € TL(E)}, g+ (pr(gY),9),

splitting the Lie group extension G (Proposition .

Note that for any CIA A, we have Z(A)* = Z(A*) because A* is an open
subset of A, so that its centralizer coincides with the center Z(A) of A. We also
note that pg(Z(A)) C Enda(FE) and that the direct product group GL4(E) x A*
acts on E by (¢,9) - s := ¢ o pg(g~")s, where the pairs (pp(z),27'), z € Z(A),
act trivially.

If, in addition, A is Mackey complete, the Lie group GL4(F) x A* and both
factors are locally exponential, the subgroup

Az :={(pp(2),27") 1 2 € Z(A¥)}

is a central Lie subgroup and the Quotient Theorem in [I2] (see also [25, Thm. IV.2.9])
implies that (GLA(FE) x A*)/Z(A*) carries a locally exponential Lie group struc-
ture.

If, in addition, F is a faithful A-module, then Az coincides with the kernel of
the action of GLA(E) x A* on E, so that the Lie group (GLA(E) x A*)/Z(A*)
injects into I'L(FE). If, moreover, all automorphisms of A are inner, we have
Aut(A) =2 A*/Z(A*), which carries a locally exponential Lie group structure ([25}
Thm. IV.3.8]). We obtain

P L(E) = (GLA(E) x A%)/Z(A%),
and a Lie group extension

1 — GL4(E) > TL(E) = Aut(4) — 1.
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(¢) (Free modules) Let n € N and let p = 1 € M, (A). Then pA™ = A",
GL4(E) = GL,(A) acts by left multiplication, and
IF'L(E) =2 GL,(A) x Aut(A)
is a split extension. For any smooth Lie group action fia: G — Aut(A), we
accordingly get Gg = G and a split extension G = GL,(A) x G.

(d) Let A = B(X) denote the Banach algebra of all bounded operators on the
complex Banach space X. If p € A is a rank-1-projection,

pA = X' = Hom(X,C)

is the dual space, considered as a right A-module, the module structure given
by ¢ -a := ¢ oa. In this case pAp = C, GL4(F) = C*, and for the group
G := PGL(X) := GL(X)/C*, acting by conjugation on A, we obtain the central
extension

1—-C* - G2GL(X) — G =PGCL(X) — 1.
4. THE CORRESPONDING LIE ALGEBRA EXTENSION

We now determine the Lie algebra of the Lie group G constructed in Theo-
rem This will lead us from semilinear automorphisms of a module to derivative
endomorphisms. The relations to connections in the context of non-commutative
geometry will be discussed in Section [f] below.

Definition 4.1. We write gl 4(E) for the Lie algebra underlying the associative
algebra End 4 (E) and

DEnd(E) := {¢ € Endg(E) : (3D, € der(A))(Va € A) [¢,pre(a)] = pr(Dy(a))}.
for the Lie algebra of derivative endomorphisms of E (cf. [19]). We write
DEnd(E) := {(¢, D) € Endg(E) x der(A) : (Va € A) [¢, pp(a)] = pu(D-a)}.
We then have a short exact sequence
0 — gl,(E) — DEnd(E) — der(A)z — 0
of Lie algebras, where
der(A)g = {D € der(A) : (3¢ € DEnd(E)) Dy = D}
is the image of the homomorphism DEnd(E) — der(A).

Example 4.2. If £ = C*°(M,V) is the space of smooth sections of the vector
bundle V with typical fiber V' on the compact manifold M, then it is interesting to
identify the Lie algebra DEnd(FE). From the short exact sequence

0 — gl4(E) = C*(End(V)) — DEnd(E) — V(M) = der(A) — 0,
it easily follows that the Lie algebra DEnd(E) can be identified with the Lie algebra

V(Fr V)GLY) of GL(V)-invariant vector fields on the frame bundle FrV (cf. [T9]
for details).

Lemma 4.3. For each a € A we have (pg(a),—ada) € m(E) and in particular
pr(A) C DEnd(E).



LIE GROUP EXTENSIONS AND PROJECTIVE MODULES 481
Proof. For each b € A we have pg(a)(s-b) — pg(a)(s) -b = s- (ba — ab) =
s+ (—ada(b)). O
Lemma 4.4. Let p € Idem(M,(A)) and E := pA™. We define

y: der(A) — My(A), (D)= (2p—1)-(Dp).
Then [p,v(D)] = D - p and the operator

Vps:=~v(D)s+D-s

on A™ preserves E = pA™ and (Vp,D) € m(E)

Proof. From p? = p we immediately get D-p= D -p?> =p- (D -p) + (
showing that p- (D -p) =p-(D-p)+p-(D-p)-p, and therefore p- (D-p)-p =
likewise obtain (1 —p)- (D -p)-(1—p) =0, so that D-p € pA(1 —p)+ (1 — p)Ap.
This leads to
(D),p] = (2p—=1)-(D-p)-p—p2p—1)-D-p
=—(Dp)p—pDp=-D-(p*)=-D-p.
For any s € pA™ we have ps = s and therefore
p(v(D)s+ D - s) = [p,v(D)]s +y(D)ps + p(D - s) = (D - p)s +y(D)s + p(D - )
=D-(ps) +7(D)s=D-s+~(D)s.
This implies that Vp - s € pA™ = {x € A™ : px = z}.

The remaining assertion follows from the fact that left and right multiplications
commute and D - (s-a) = (D-s)-a+s-(D-a). O

Remark 4.5. To calculate the Lie algebra L(G) of a Lie group G, one may use
a local chart ¢: U — L(G), U C G an open 1-neighborhood and ¢(1) = 0, and
consider the Taylor expansion of order 2 of the multiplication

wxy=@(¢" (2)¢7 (y) = +y +bg(z,y) +- .
Then the Lie bracket in L(G) satisfies

[x7y] = bg(l‘vy) - bg(y,l‘)

(cf. [22], [12]).
Suppose that a Lie group extension N «— G —» G is given by a pair (S,w) via
the multiplication on the product set N x G:

(n,g9)(n',g") = (nS(g)(n")w(g,9').99) ,
where the maps S: G — Aut(N) and w: G x G — N satisfy:

(a) the map Gx N — N, (g,n) — S(g)n is smooth on a set of the form U x N,
where U is an identity neighborhood of G.

(b) w is smooth in an identity neighborhood with w(g,1) = w(1,¢9) = 1.
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~

Let g = L(G), n = L(N) and g = L(G) be the corresponding Lie algebras. Then
we may use a product chart of G in some sufficiently small 1-neighborhood. Write
L(S(g)) € Aut(n) for the Lie algebra automorphism induced by S(g) € Aut(N)
and put L(S)(g,v) := L(S(g))(v). Then we define DS: g — gl(n) by

DS(z)(v) == T1,0) (L(S)) (,0).
We further define

Duw(y,y') = d*w(1,1)((y,0),(0,y)) — d*w(1,1)((y,0),(0,y))

and note that this is well-defined, i.e., independent of the chart, because (b) implies
that w vanishes of order 1 in (1,1). We thus obtain the second order Taylor
expansion

(z,y) = (2',y) = (x + DS(y)(2') + bu(z,2") + d*w(1,1)((y,0), (0,9)) + -+ -,
y+y by, y)+ ),

which provides the following formula for the Lie bracket in g, written as the product
set n X g:

[(z,y), (', y)] = ([z,2"] + DS(y)(«") — DS(y')(x) + Dw(y,y), [y,y']) -

To show that the Lie algebra of the group CA?, constructed in Theorem |3.3] is the
corresponding pull-back on the Lie algebra level, we need the following lemmas:

Lemma 4.6. Let G and H be Lie groups with Lie algebra g, resp., h, U C G an
open 1-neighborhood and o: U — H a smooth map with o(1) = 1. For the map

w:UxU—H, (9,9)— 0(!])0(9/)0@9/)_1 )

we then have
d*w(1,1)((z,0),(0,2")) — d*w(1,1)((2',0), (0,2))
= [T1(o)z, T1(0)x'] — T1(0)[x, '] .

Proof. For the function wy(g’) := w(g, g’), we directly obtain with respect to the
group structure on the tangent bundle TH:

Ty (wg)z' = o(g) - Ta(o)x' - o(g) ™" +a(g)(—o(g) " Ty(o)(g-2")a(g)~")
=0(g) - Ti(o)z" - o(g)~" = Ty(o)(g-2)o(g) ™"
Ad (0(9))Ti(o)z" = 6" (o) (x7)(9),

where 67 (o) € Q1(G, b) is the right logarithmic derivative of o and zj(g) = g - 2’
is the left invariant vector field on G, corresponding to z’. Taking derivatives in
g = 1 with respect to x, this in turn leads to

(dw)(1,1)(z,2") = [Th(0)z, T1(0)z'] — 2 (6" (o) (x7))(1).
Using the Maurer—Cartan equation ([20])
dd"(0)(X,Y) = [6"(0)(X),0" (o) (V)] ,
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we now obtain

)
) + (8" (o) (1)) (1)
) -
)

2 ( 1(67(
=2 ( )( 8" (o) ([w1,21]) (1)
=2|Ty(0)x, Ty (0)x'| — [6T(a)( 1),0" (o) (z ’)](1) — Tl(a)([x,x’])
=2|Ty(0)x, Ty (0)x'| — [Tl(a)x Ty ( )a:’] — Tl(a)([x,a:’])
= [Tl(a)a:,Tl(o)x’] - Tl(o)([z,x’]) .

O

Since, in general, Aut(A) does not carry a natural Lie group structure, the
Lie algebra der(A) is not literally the Lie algebra of Aut(A), but pua leads to a
homomorphism L(u4): g — der(A) of Lie algebras, given by

- a:=L(pa)(z)(a) := (Tpa)(1, a)(x,0).

(cf. [12] App. E] for a discussion of these subtle points in the infinite-dimensional
context; see also |25, Remark I1.3.6(a)]).

Proposition 4.7. The Lie algebra g := L(G ) of the Lie group G from Theorem
is isomorphic to

L(124)*DEnd(E) = {(x,¢) € g x DEnd(E) : (¢, L(1z4)x) € DEnd(E)} .
Proof. First we note that
L(1t4) DEnd(E) = {(x,(¢, D)) € g x DEnd(E) : L(sa)z = D}
= {(2.(¢.L(sa)x)) € g x DEnd(E) x der(A): (¢, L(4)z) € DEnd(E)}
~§:={(z,¢) € g x DEnd(E) : (¢, L(4)z) € DEnd(E)} .
Recall from the proof of Theorem [B-3] the maps
Yg)=p-(g-p)+(1—=p)-(1=(9-p)) and Sg(g)(s)=(g) (9-5).
Taking derivatives, we get
V(@) = Ti(v)(x) = 2p = DL(pa)(z) -p = (2p = 1) - (x - p)
and with Lemma [4.4] we obtain [§(z),p] = —x - p. We further derive
Ty(Se)(@) - 5= 4(a) s+ 35 € B,
and the linear map 71 (Sg): g — DEnd(FE) satisfies
[T1(SE)(2), pE(a)] = pE(a - a)
for each « € g, which means that (73 (Sg)(z),z) € g. Now

:g=gly(E)®g—3, (6,2)— (¢+T1(Sp)(2),2)
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is a linear isomorphism with

[T(¢,2),T(¢/,2")] =
([¢,¢'] + [T1(SE)(2), ¢'] — [Ta(SE)(2'), 6] + [T1(SE) (@), T1(SE)(2")], [2,27]) -
On the other hand, we have seen in Remarkthat the Lie bracket in g = gl 4 (F) xg
is given by
[(¢,2), (¢, 2")] = ([¢,¢] + DS(2)(¢') — DS(a")() + Dw(z, "), [z,2]).
From S(g)(¢) = Ad(~(9))(g - ¢) we derive that
DS(z)(¢) = [§(x), ¢] + 2 - ¢ = [T1(SE)(2), 4] -
To show that I' is an isomorphism of Lie algebras, it therefore suffices to show that
(6) [T1(SE)(2), Ta(SE)(2")] = Dw(z,2") + T1(SE)([z, 2'])

holds for z,z’ € g.

To verify this relation, we first observe that the smoothness of the action of G
on GL,,(A) implies that GL,(A) x G is a Lie group, acting smoothly on A™ by
(a,g) - s:=a(gts). Then we consider the smooth map

Sp:Ug — GL,(A) x G, g+ ((9),9),

also satisfying w(g, ') = Sk(9)Se(g)Sk(gg’) " and
(7) Sp(9) 5= Splg)-s for seE=pAn.
Lemma [4.6] provides the identity

Dw(w,a') = [T1(Sg)x, Ty (Sp)a'] — T1(Se)[z, 2],
in gl4(E), so that leads to

Dw(z,a") = [T1(Sg)z, T1(SE)z'| — T1(SE)[z, 2],

as linear operators on E, and this is (6). O

The following general lemma prepares the discussion in Example below,
which exhibits the Lie group Aut(V) of automorphisms of a vector bundle as one
of the Lie group extensions from Theorem [3.3]

Lemma 4.8. If ¢: G — H is a bijective morphism of reqular connected Lie groups
and L(¢): L(G) — L(H) is an isomorphism of locally convex Lie algebras, then ¢
is an isomorphism of Lie groups.

Proof. Let gg: G — G and qm: H — H denote simply connected universal
covering groups with L(gg) = idy(e) and L(qy) = idy(z). Then the induced
morphims $ : G — H is the unique morphism of Lie groups with L(g) = L(¢), hence
an isomorphism, whose inverse is the unique morphism ¢: H — G with L(¢)) =

L(¢)~! (|25, Thm. IV.1.19]). Since ¢ is an isomorphism, ¢ is a local isomorphism
of Lie groups, so that its bijectivity implies that it is an isomorphism. (I
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Example 4.9. We continue the discussion of Example in the light of Theo-
rem [3.3] Recall that gv: V — M denotes a smooth K-vector bundle on the compact
manifold M and Aut(V) its group of smooth bundle isomorphisms.

Let G := Diff(M )y and recall that this group acts smoothly on the CIA
A = C*(M,K), preserving the equivalence class of the projective module E =T'V.
Let G be the Lie group extension of G by GL4(E) from Theorem . In view
of Proposition we have a smooth representation 7: G — TL(E) of G on
E whose range is a subgroup of I' L(F) containing GL 4(FE) and projecting onto
Diff (M )y = Aut(A)g, which implies that the representation 7 is a bijection. In
Example we have seen that G = Aut(V) as abstract groups.

Next we recall that G is a regular Lie group ([20, Thm. 38.6]), and that we have
seen in Example that GLA(E) = Gau (V) as Lie groups, which implies that
GL4(E) is regular (J20, Thm. 38.6]). Hence @ is an extension of a regular Lie group
by a regular Lie group and therefore regular (cf. [20], [I2]). For similar reasons, the
Lie group Aut(V) is regular. To see that Aut(V) = G as Lie groups, it therefore
suffices to show that the canonical isomorphism ¢: Aut(V) — I'L(F) = G is
smooth and that L(¢) is an isomorphism of topological Lie algebras (Lemma .

In view of Proposition b), the smoothness of ¢ follows from the smoothness
of the action of Aut(V) on I'V. To verify this smoothness, let P = FrV denote the
frame bundle of V and recall that

IV {feC=PV): (Vpe P)(vkeGL(\V)) fp-k)=k"f(p)}.

Since the evaluation map of C*°(P, V) is smooth, the smoothness of the action of
Aut(V) =2 Aut(P) on I'V now follows from the smoothness of the action of Aut(P)
on P (cf. [1).

To see that g = L(Aut(V)) 2 V(Fr V)GL(Y) e first recall from Example that
DEnd(V) 2 V(Fr V)S“(V) Hence both g and L(Aut(V)) are Fréchet-Lie algebras
and L(¢) is a continuous homomorphism inducing bijections I'(End(V)) — gl4(F)
and V(M) — g. Hence L(¢) is bijective, and the Open Mapping Theorem (|28
Thm. 2.11]) implies that it is an isomorphism of topological Lie algebras. This
completes the proof that G = Aut(V) as Lie groups.

Remark 4.10. That the extension g of g by gl,(E) splits is equivalent to the
existence of a continuous linear map «: g — gl (E) for which

T1(Sg) + a: g — DEnd(E)

is a homomorphism of Lie algebras (cf. Proposition for the corresponding group
analog). This is equivalent to the existence of a g-module structure on E, lifting
the action of g on A, given by L(ua).

If such a homomorphism exists and the group G is regular, then there exists a
morphism of Lie groups Go — G splitting the pull-back extension qGG of Gy by
GLA(E).
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5. COVARIANT DERIVATIVES

In this short final section, we briefly explain the connections between linear
splittings of the Lie algebra extension from Proposition[4.7]and covariant derivatives,
resp., connections, as they occur in non-commutative geometry.

Definition 5.1. (a) There are many ways to construct “differential forms” for a
non-commutative algebra (cf. [5]). One approach, which is closest to our construc-
tion, is the one described by Dubois-Violette in [7] (cf. [6] and [9]): First, one
considers A as a module of the Lie algebra der(A), and since the multiplication on A
is der(A)-invariant, the algebra multiplication provides on the Chevalley-Eilenberg
complex (C (der A, A),d A) the structure of a differential graded algebra. The diffe-
rential subalgebra generated by A = C°(der A, A) and da(A) is denoted Qp(A).
From the inclusion of A as a subalgebra, Qp(A) inherits a natural A-bimodule
structure. In particular, F ®4 Q5 (A) is defined and a right A-module.

(b) Let E be a right A-module. A connection on E is a linear map
V: E— E®a QL (A) satisfying
(8) V(s-a)=V(s)a+s®dsa for se€E, a€A.
Since the elements of QL (A) are linear maps der(4) — A, each element of
E @4 QL (A) defines a linear map der(A) — E. If ip: QL (4) — A, a — a(D),

denotes the evaluation map, we thus obtain for each derivation D € der A a linear
map, the corresponding covariant derivative,

Vp:=(dg®ip)oV: E— E,
where we identify F ® 4 A with E. The covariant derivative satisfies
Vp(sa) =Vp(s)a+sDa for seFE, a€A.

Remark 5.2. (a) For any connection V and D € der(A), we have (Vp,D) €

DEnd(FE). In particular, we have der(A)r = der A whenever a connection exists,
and in this case any connection V defines a splitting of the Lie algebra extension
@(E) — der(A) of der(A) by gl4(E) (cf. Definition . In this sense, we call
any linear section of this Lie algebra extension a covariant derivative on E.

(b) (Covariant coordinates) We have already seen in Lemma that for each
a € A, the operator pg(a) is contained in DEnd(E) and satisfies D, ,) = —ada.
If V is a connection, we therefore have

pe(a) == pp(a) + Vaida € gl4(E), ie, [pr(A),pe(4)] ={0}.

In the context of non-commutative geometry, the operators pg(a) are called co-
variant coordinates because they commute with all “coordinate operators” pg(a),

ac A (ct [29), [18)).

Remark 5.3. (a) If a F is a finitely generated projective module, then it is of the
form pA™ for some idempotent p € M,,(A). In this case we have the Levi—Civita
connection, given by

V(s):=p-dan(s),
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where dgn: A" — A" @4 Qp(A) = QLH(A)", (a;) — (da(a;)) is the canonical

connection of the free right module A™. Note that the Levi—Civita connection is

not an intrinsic object, it depends on the embedding F — A™ and the module

complement, all of which is encoded in the choice of the idempotent p. For a

derivation D € der(A), the operator Vp € DEnd(A"™), defined by
Vn(s)=p-D-s

is the covariant derivative corresponding to the Levi—Civita connection.

In Lemma [4.4) we have seen that V/ps := (2p — 1)(D - p)s + D - s also defines
a covariant derivative on F. In view of ps = s for s € E, we have p(D - p)s =
p(D - p)(ps) = 0 (see the proof of Lemma [4.4)), so that

'hs=—(D-p)s+D-s=D-(ps)—(D-p)s=p(D-s)=Vps.
(b) For E = pA™ as above, any connection V' on E is of the form
Vo =pdan + a,
where a € M, (2}, (A)) satisfies & = pap, i.e., a € pM,(Q},(A))p. Here we use
that for any other connection V' we have
V'~V € Hom (E,E ®4 QE(A)) = Hom (pA™, pA" @4 Q}D(A))
=~ pHom (A", A" @4 Qp(A))p = pM, (Qp(A))p.
For any gauge transformation g € GL4(F), we then have
V(g-s) =pdan(g-s) =p(dn,a)g-5+9g-dans) =g- (V(s)+g " -dar,a)(9)5),
which for V9(s) := g='V(g.s) and the left logarithmic derivative 6(g) := g~! -
dar, (4)(9) € PM, (25 (A))p leads to
VI=V+46(g).
More generally, we get
VI =V+ig) +Ad(g ) -a=Vy for o =d(g)+Ad(g™h) - a.

From that we derive in particular that VI = V,, is equivalent to
§(g) =a—Ad(g™!) - a.
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