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Matematicky &asopis 17 (1967), No. 1

ON SOME PROPERTIES OF THE EQUATION
y'(@) + [@)y@) =0, 0 <a <1

STEFAN BELOHOREC, Bratislava

The above equation, denote it by (r), has been studied with f(x) > 0 [4],
[5]. In this paper two theorems will be proved when f(x) is a continuous not
necessarily nonnegative function and some theorems in the case of f(x) > 0.

A solution y(z) of equation (r) will be called oscillatory if it has at least one
zero in the interval (x, oo) for an arbitrary x. If for every x > x1 y(x) # 0,
then the solution will be called nonoscillatory. The number « is assumed to be
from the interval 0 < « << 1 and ,,0dd*, i. e. of the form « = p/q, p and q
are odd integers.

Theorem 1. Let the function f(x) be continuous in the interval {x¢, o). Then
every solution of equation (r) can be extended to the whole interval {xo, co).

Proof. Let y(x) be a solution of (r) defined in an interval <{x1, x2) (¥1 = x9),
such that y(x1) = yo, ¥'(x1) = y1. Then from (r) for x € (z1, x2) we obtain

y(@) = yo + (e — ) — [ @ — OO

2

Wherefrom we have for x —x; = 1
M p(@)] = @— ) (Iyol + Iyl + [ 10 @)= @) -

In the case x — x; << 1 we have the following estimate

(@) = ol + Il + [ 1] ly@ra

and we proceed in the same way. From the inequality (1) we have

If@)] ly(@)|

C= (@ — ) | f(@)].

(Iyol + |yl +f[f(t)[ |y(t)|adt)°‘
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Hence by integration in the interval {x;, ) we bave

(1ol + laal + [ 1701 lyO1oat)' ™ = (1 —a) [ (¢ — en)al )] s +

=+ (lyo| + lyal)t—=

and finally we receive an inequality

@) @) = @— o)1 —a) [ ¢— a0l + () + )0

X1

Because the right-hand side of the last inequality is defined and continuous
for every x = x1, then the solution y(x) increases more slowly than the function
on the right-hand side. Since the inequality

Y @I =yl + [ 1) lyo)at,

is also valid, hence y'(x) is bounded for every x and thus the solution y(x)
can be extended to the whole interval {(x;, oc). A similar consideration is
possible also in the interval (22, 1>. The theorem is thus proved.-

Remark. From the 1nequahty (2) the following estimate follows: Provided
that fxal f(@)|dz < oo, then for every solution y(x) of the equation (r) there
exists a constant K, so that for every x = 21 y(x) < Kw is valid.

Theorem 2. Let the function f(x) be continuous in the interval {xo, oo) and let

fxa[f(xndx < oo.
Then for every solution y(x) of equation (r) there exisis lim y'(x) = c. Initial

conditions can be chosen such that ¢ # 0. I f in addition

oo

f 21| f()|de < oo,

then any solution of the equation (r) s of the form
y(x) = c2x + ¢1 + o(1),

where ¢ and cs are suitable constants.
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Proof. From (r) we have
3) y'(@) = y'a) — [ fooa.

By the above remark |y(x)] < Kz, therefore

lff(f)ya(t)dt‘ < K“J?If(x)]xadx — o

21

It follows from this that the integral f f@)yx(t)dt exists and by (3) the lim y'(x)
exists. Further we prove that the initlzial conditions can be chosen such that
¢ > 0. But this follows from the next inequality

)

y@) =y — [fOrnd = y@) — K [ | fe)rde > o,
which is true for a sufficient large x;. The first part of this theorem is thus
proved.

To prove the second part, let us suppose that f o+l f(x)|dx < oco. Then

according to the first part for z - oo, y'(x) has a limit. Denote it by cz. Inte-
grating (r) in the interval {x, co) we get

Y@ = o2 + [fprwa.
From this we have by integration in the interval <z, =,

y(@) = oz + ylen) — cams + [ (¢ —a0fOp@ + [ (@ — OfOpr .

As

=]

’ f(t - xl)f(t)y“xt)dt‘ < Kafwaﬂlf(x)]dx < oo,

o

is valid, then the integral | (£ — a1)f(t)y*(t)dt exists and

(@ — 1) f(t)y*(t)dt = o(1)

S o B o

is obvious.
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If we denote

ylan) — camn + [ (E— )OO = o,

then we can write
y(x) = cox + ¢1 + o(1).

Thus the second part is proved.

In paper [4] it has been proved that provided fxf(x)dx < oo, the equation

(r) has two types of nonoscillatory solutions. Bounded solutions and solutions
of the type y(x) ~ cx. The following theorem asserts that the equation (r)
has no other nonoscillatory solutions.

Theorem 3. Let the function f(x) be nonnegative, continuous in the interval
(g, o0) and such that

fxf(w)dx < oo.

Then any nonoscillatory solution of equation (r) is either bounded or of the form
y(x) ~ cx (¢ # 0).

Proof. Let y(x) be a nonoscillatory solution of (r), then for a sufficiently
large x we have y(x) # 0. Let y(x) be positive for x > a (likewise for y(z) <
< 0). From (r) for b > a we have

y(@) = y®) + @ — bly'(@) + [ (¢ — BBy
b

Let us suppose that y(x) is not a bounded solution of (r), then for a sufficiently
large b we have y(x) > 1 and

y(@) < y0) + 2y'(=) + y@) [ o
b

From it we have

o

y®) 2y (z) + fo(x)dx.

(4) 1< +
y(x) y()

IA

Let ¢ be an arbitrary positive number, then it is possible to choose a number

b1 = b so that fxf(x)dx < ¢. Thus from (4) we get
b,

o< y(b) n xy' (%)
yx)  y)

’
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from this it follows that

xy' (x
(5) lim inf J()gl—s.

e y(®)

Let us choose ¢ << 1/3, a number bz = b; such that in the interval <(bs, oo)
the inequality xy’'(x) == (1 — 2¢)y(x) is fulfilled. With regard to the inequality
(5) such a choice is possible. Az y'(x) is a decreasing function we have from (r)

(L —26)(y/ (bo) — y' (@) = (1 — 2) ff(t)y“ =

o

f(1 2yt <y (bz)fxf (@)da < ey (b2).

by
From the last inequality if follows that
1— 3¢

0< Y'(b2) < ¥'(2),

and by this the lim y'(x) =c¢ > 0,i. e y(x) ~ cx.

lim inf 28 f f(t)dt =

—>00

and let the function f(x) be nonnegative and continuous in the interval {xo, oo).
Then for any solution y(x) of (r) y(x) = 0 in the interval {a, oo) (@ = xy) there
exists a constant ¢ such that for any x = a the following inequality holds

ly(@)| = c(x — a)1-A/a-a),

Proof. We can consider only such a solution y(x) of (r) that is positive
for x = a. By integrating (r) in the interval <z, b> and then in <a, ) (b > a)

we have
x b
y@) = 9@ + @—ay'®) + [ ¢ — aftyoa + @—a) [y

Because the function f(z) is nonnegative and for any b > a there is y'(b) = 0,
we get the following inequality
b

b
ye) = @—a) [ fpend = @—aye [ foa

x
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And thus we have for any b > «a

b
W) — ap—? = @ — a)? [ fipyt
z
Since the function on the left-hand side of the last inequality is bounded from

below by a positive constant on every finite interval <a, a;), then it follows

from this and from the assumption of the theorem that there exists a constant
¢ > 0 so that

y(x) = c¢(x — a)A=A) /-,
Thus the theorem is proved.
In the following two theorems we shall state conditions under which equa-

tion (r) has nontrivial oscillatory solutions together with nonoscillatory solu-
tions and conditions under which all solutions of (r) are nonoscillatory.

Theorem 5. Let the function f(x) be positive and continuous in the interval
(&g, 00) (xo > 0). Besides let the function

flx)xB+a/2

be nonincreasing and bounded from below with a positive constant k.Then equation
(r) has both nontrivial oscillatory mad nonoscillatory solutions.

Proof. 1. We shall prove the existence of an oscillatory solution of (r).
The change of variables lg = £, y = x1/2u transforms (r) into

(6) () — u(t)/4 + flx)aB+2ux(t) = 0
LU
YT 8T )

Let us find a solution of equation (6) with the initial conditions
(7) w(@) = 0, 0 < ia) < (4R)+A-DE(1 — (1 + a).
We shall show that this solution is oscillatory. Multiply (6) by 2u(¢) and inte-
grate it in the interval <a, t>, we have
t

w2(t) — u2(t)/4 4 2 ff(é”)e(“"‘)”/zu“(v)i/,(v)dv = u?(a).
If we use the second mean value theorem for integrals after an arrangement
we obtain

(8) WA(t) — u2(t)/4 + 2/(x + 1) flet)eBratigati(t) < u2(a).
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The solution with initial conditions (7) remains for £ = a in the region
9) — (4RO < t) < (4O,

In the opposite case the point #p > @ would exist such that u(fo) = (4k)V/A-®,
Then from (8) it follows

wH{to) < W) + (4R)F= [ — 2J(1 + a)f ()2} < 2(a) —
— (4k) /-1 — a)f(1 + ) < O,

but this is a contradiction. If #(f) is a solution of (6), then —u(t) is also a solu-
tion of (6) and thus we can consider only u(t) = 0. Hence inequality (9) it

true.
We shall show further that this solution u(t) has no last zero. Let the poin-

{ > a be the last zero of u(t) and for ¢ > w«(f) > 0. From (6) it is evident thas
for any ¢t > () < 0. In the opposite case a num bert; > ? would exist such

that it(t1) = 0, i. e.
(tr) = w(tn) fut (1)} 4 — 2o + 1) fe)eG+N2} = 0,

Hence we have
ul—a(tl)/4 g 2/(a + 1)]‘(6!; e(3+az)t,/2 > L

and finally (1) = (4k)1/1-®, which contradicts (9).
Thus u(t) is concave in the interval I, o) and since it is a positive function,
there exists the lim %(t) == ¢ > 0. From (6) we obtain for { > co

t

—>00

0= —c/4 + !lim f(et)eB+at/2 cx = cx(—cl-af/4 + k).

Hence we have ¢ = (4k)1/@-®, The case ¢ > (4k)1/1-0 contradicts (9). If
¢ = (4k)/1-  then from (8)we obtain

()R - 2Y(e + 1) K{aR) A0 < 2(a),
and hence after an arrangement
(4k) 0= k(L — @)/(1 + @) < W(a).
But this contradits (7). Thus the solution «(t) has no last zero and by the above

transformation y(z) is oscillatory.

2. We shall prove the existence of a nonoscillatory solution. Since the func-
tion f(x)x3+¥/2 is nonincreasing, there exists a constant K such that for any
x €{ %9, oo) the following inequality holds f(x)x* < Kax@-3)/2, From this it
follows that for an arbitrary positive number ¢ << 1, we can find a number

a > xo such that f f(@)xedx < & << 1. Consider the initial value problem of
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(r) y(a) = 0, ¥'(a) = 1. This solution y(x) has no zero in the interval (a, oco).
In the opposite case a number b > a would exist such that y(b) = 0and y(x) >0
in the interval (a, b). The solution y(x) satisfies the following inequality

(10) y(@) = y'(a)(x —a)
for all x in the interval (a, b). Integrating (r) and by (10) we obtain

oo

Y@ = y@ + [fOye(@)t—ardt <y + v'a) [ ford =

=y @ + y'(a).
Finally we have the inequality
0 <y(a)l—z¢) = y'(x).
We see that y(x) is an increasing function in the interval (@, b) and thus we

have a contradiction. Hence the solution has no zero in the interval (a, oo)

and thus is nonoscillatory.
It is obvious that in both cases there exists an infinite number of such solu-

tions and this proves the theorem.

Theorem 6. Let the function f(x) be positive and continuous in the interval
{xo, o0) (o > 0). Let there exist @ number 8, 0 < f < (1 — «)/2 such that the
Sfunction

f(x)x(3+a)/2+ﬂ

ts nondecreasing and bounded from above by a positive constant k. Then all
solutions of (r), besides the trivial one, are nonoscillatory.
Proof. Let there be 6 = 1/2 4 B/(c — 1). The change of variables 1g z =

t, y = x%u transforms (r) into

(1) a(t) + (20— L)a(t) + 86 — Du(t) + fl@)a@d) 2sua(t) = 0

. du | ;
u=—,lgx=t|,
de £

where 20 —1 < 0, 6(0 — 1) < 0.
If we multiply (11) by 2u(t), integrate in the interval {to, ¢) and use the second
mean value theorem for integrals we obtain

t
(12) WR(t) + 2(20 — 1) f a2(v)dy + 6(6 — 1)ud(t) +

+ 2f(et)e@+a 2480t | ya(p)u(v)dy = u2(to) + (0 — 1)u(fo) (fo = & < ¢).

—_—
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Since f(x)axB+m/2+6 < k for all x of the interval (&g, o), then after an arrange-
ment from (12) it follows
(13)  22(t) + 6(0 — 1)u2(t) + 2f(x + Dkusti(t) > w2(to) + 0(5 — 1)ut(to).
Let us suppose that the equation (11) has an oscillatory solution u(t) |- 0.
If we denote by {t,};>, the sequence of zeros of the solution u(t) and by
{tn ), the sequence of zeros of %(t), then from (13) we can see that {|u(t,)|}
increase. Besides, u(t) satisfies the inequality

—{2R/((x + 1)3(1 — NP = w(t) < {2k/((x + 1)O(1 — )P,

since in the opposite case the point #;, would exist such that the following holds

u(ty) > {2k/((ox + 1)8(1 — )V, () = 0.
Hence
8(0 — 1)u1—a(t;c) < _gk/(l +a)< —k < _f(et;c)e((3+<x)/z LNy
Then from (11) we obtain

it) = —u(t){0(0 — 1)ul=%(t;) + f(ef)e@FHEFIEL > o,

i. e. the solution u(t) at a neighbourhood of the point ¢, is a convex function,
but this is a contradiction.
As {|u(tn)]} increases, then either lim |u(ty)| = oo, or lim |u(ts)] = L >
n—>c0 n—ro0
> |u(t1)] > 0. If in the first case we put to = t; and t = ¢, so that |u(fy) is
sufficiently large we obtain from (13)

00 — )u2(t,) + 2/(x + 1) kustl(t,) > u2(tk)-

But this contradicts the boundedness of «(f). In the second case 4 (t) is bounded.
This follows from (11) since %(¢) and u(t) are bounded for every oscillatory

solution. Besides, it is evident from (12) thatJ‘fdz(v)dv << co. Hence it follows

t

that lim u(t) = 0 (cf. [3] p. 185), but this is a contradiction. We have thus
t—>c0

proved that the solution w(f) z’s 0 of the equation (11) cannot be oscillatory.
Thus any nontrivial solution of (r) is nonoscillatory. This proves the theorem.
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