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MATEMATICKO-FYZIKALNY CASOPIS SAV. 16, 2. 1066

MODIFICATION ON SEMI-COMPLETENESS FOR INTEGER
SEQUENCES

JURAJ BOSAK., ANTON KOTZIG, STEFAN ZNAM, Bratislava

Let there be given a natural number £ and two sequences 7 — {p 1.7 .
M b of natural numibers. A sequence A== a1} of non-negative

integers is called a (P, k. M)-representation of the integer ¢ if

(\) O " < opi for @ 1,2 ...:
(B) ¢ Zu,-m,-:
[
(Y :/1[ = k.
T

A sequence M ois called a (P, k)-sequence. if (D) M is a (strictly) increasing
sequence: (1) any non-negative integer has at least one (7, k. M)-representa-
tion: (I) every member of M has only one (2, k, M)-representation.

The aim of the present paper is to construet all (2. &)-sequences.

Yemark. (P, &, M)-representation of a given number can be interpreted
as the weighing of” a solid by a set of weights having my, maomy, oo units
so that cach m; can be used at most p; times and the total number of ased
weights cannot exceed Lo The (L. F)-sequence can be interpreted as such an
~cconomical™ system of weights by means of which it is possible to determine
the gravity of an arbitrary solid (whose gravity can be represented by an
integral number of units) with the following property: the solids with the
eravity cqual to the gravity of one of the weights of the set can be (under
the conditions given above) weighed only by the same weight from the set.
In all weighing of this type the weights of the set are put only on one side
of the scales.

Theorem 1 oof [5] implies the following

Lemma 1. Let (g1 be a sequence of non-negative tntegers and let {f.)7
J

he the sequence of naturals such that f Lofio =14+ > qifi(j = 1.2, ...
il



Then for all natural number we have: if an inteqer « fulfils the Dnequedity o -
n "

oo D qifithew it can be awritten in the form - i fiowhere agare intogers
A /2,

Julfilling the inequalitics O =2 ag <2 q (1 =+ 10200000 n).

Theorem. To cvery P and k there exvist one and only owe (P.R)-sequenc.

ramely M= {7 where
i-1
[y Doif i
Jl

(h) e

] 1’/'[(,):,- O T A D (] AN BRIV

g1

. K
av de N g < v -
{ max fu ‘AZ T ST A TR
and ro l i1

o f ;> ke

d = 14+ (k-1 Z p) | (ps D)

Jj 1 il

Proof. L. Define the sequence M = {in; |77, by the cquation (1). We shall
prove that M has properties (D), (I8) and (I) and it is uniquely determined.

Obviously M is an increasing sequence, i.c. (D) is valid. It can be casiiv
shown that for £ == 1 the sequence M - {7 defined by (1) has the
form {i}7", and it is the only (P, 1)-sequence. Therefore we can suppose
in the following that £ = 2. By induction we can casily establish that tor
coes 12000 e ]

i1
(2) mp =1+ ijm]-.
i1
so that
r '
mec = [ (pi 1) 1N iy,
Jl il

from which it follows by elementary consideration that

(3) d > pymy 4 (k= ppmg.
i i
I Put
(p,«,, if @ =7,
i { /\"7-‘\,;2)]', if ¢ =»r T
i1
| A A

(1) The sum (product) with a lesser upper index than the Jower one is defined as 0
(1. respectively).
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Detine the sequence {fi)i, recurrently by the relations fi -1, fi
2

Nogifi =230, According to (2) and by the definition of ¢; for i
S
1.2, .. r 4 Lwe have fi = my. Further, put n =» -+ 1. By applying (3)

from Lemma 1t follows that everv non-negative integer @ =~ d can be repre-
sented in the form

A D ) A Y ) | U R S/ NP D 1 S I
.
where ay <5 py, as =5 pac o 0y TPy Ay T k — Z pi. Obviously
A
ri-1
\> o == A
=1

and the equality can occur only if

)

Pr, > == pPaoooo (ly Pr. U
Lo N pi but in sueh case by (3) we get a (P, &k, M)-representation of .
'
Therefore numbers smaller than d have a (P, k- 1, M)-representation.
iti. From Lemma 1 (for n - »

1) it follows that every non-negative
integer ¢ not greater than

i '

Ny (k- 1 pr)mr.l = Dy

Tl ol

can be written in the form

rl
o= > aim;.
P
-1
where ap - proas el oy Sy,
oy ~ L= > pi
i
Obviously ap 4wy -+ Sty g == k- 10 The equality can oceur only

in the case of (P, b + 1, M)-representation of m;.2; thus any ¢ < w2 has
a (P, k, M)-representation. We shall prove that any integer ¢ == my,. has

a (P ko M)-representation as well. Let m; << ¢ << mygq . where ¢

a2
Fvidently ¢ ne=2d < omy, oso that the number ¢ m:  has  according
to 11 a (P.k Lo M-representation /3 == 1b;}7 |, whence it follows that

¢y :Zl)imi.
i1

where b 0 since ¢~y <=y, Therefore the sequence (¢

DAY Do
=4c. )7, where

N S h; for ¢ #t.
- l 1 for ¢ =1t

Ci

N
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s a (L, b, M)-representation of ¢, Thus we have proved that every non-negative
integer has a (P, k. M)-representation. i.e. the sequence fulfils the condition (19).

IV, Let iy be any member of the sequence M. j 0 o 10 the uniqueness
of its (2. k. M)-representation follows from Theorem 2 of | 5], Therefore suppose
that j == + 2 and let my have a (P, ko M)-vepresentation {e )L i,

1" j \ Cilld ;.
s
i
0 < ¢ pi (1 1203, )
Sk
i

Denote

s0 that o
d . ,\-Hq,,- L.

S
Suppose that j o » L Then the following equalities and  congruences
modulo « hold:

Nnpoos ] [(pi 1)y 2 Dsd s ll (pi = )y o 1 i
Pl i

Thus we have proved that for ) o 0}
(4) sy T mod d)y.

V. From (4) it follows (the congruences being considered modulo d):

1 i i o o

l S > e N smep o > soger s > mgep - csmg 1 mod d).
i cT T P i
V1. By a simple way we obtain:

r =] " r v .
Dosmieq > e s > (s =1y = S e = N e pilsmg ) N ey
T P i T P T T

l“ I‘ /'u I'. "
=D pilsm = V) = kS pilsmi =)+ > pro (k= D p) = > pim — k
! i i i i
@ 4 -
—>pi s i = 1) o+ s 1 oy [T(pi N DI
Y c i

V1. From the definition of s it follows that s > 0. From V and VI we have:
i [ )
Zsmw, B> e ==
=1 R |
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Therefore
[ I ¥ ¥

N e D e > smeg

1

<o that

which is possible only if
S for o=,
c }1) for @i .

whenee it follows that there exist onlv one (P. &, M)-representation of ;.
Thus the validity of (I) for M has been proved.
Vi Using induction we shall prove that it N = {0, }77 | ixa (. k)-sequence.

then i i (0 12,3, ... Evidently n 1. Suppose that ;= »;
for ¢ L. 2. .. j. We shall show that myo - wjp. Let the sequence b,
he o (. k. N)-representation of wmgo. Wy o5 w1, then we should have
i i j j
- i i
. . o
Hj.op = \ bins )_ ll,‘ll,‘ == ‘Z /),;IN[ .
T Fa P71

In that case wj. would have two different (P, &k, M)-representations, which

ix in contradiction to (). Therefore #j1 = mj1. Analogously it can be proved
that my = wyo . whenee myoy = nji.

Remarks. 11 M is a (P, k)-sequence. then not only every member of M.
but also every non-negative integer ¢ <. myi2 has the only (P, k, M)-vepresen-
tation. In the special case py = p» ... - p this representation corresponds

to the representation of ¢ in the (p + 1)-adic number system.

2. (. kb)-sequences are a special case of semi-complete sequences of [1], 3],
[+4]. It we solve our problem without restriction relative to &k (condition (C))
which can be interpreted as weighing without limitation of the total number
of weigths we obtain another semi-complete sequence M = {l,p1 - 1.
(p1 o+ D(p2 = 1), (p1 + 1) (p2+ 1) (pa+ ). ...} Sequences with similar
properties were treated in [1]—{8]: representations of arbitrary integers
(both positive and negative) are investigated in |3, representations of positive
real numbers in [6] and [9].

3. Another modification of our problem can be obtained by omitting the
limitation concerning I” (condition (A)): this means when interpreted that
only the total number of the used weights is limited but there are no restrie-
tions concerning single weights m; of the set. The solution of this problem
is the sequence M = {1, k -+ 1. 2k + 1, 3k -+ 1, ...}, If zero is added to the
set of all members of this sequence. we get the reccurent basis of the A-th
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order belonging to the empty set [L1, pp. 54 --5:4]. An extensive survey of
properties of the bases for natural numbers is in [ 10] and [ 11},
In conclusion, the autors wish to express their thanks to 0 =alie for his

constructive suggestions.
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