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MATEMATICKO-FYZERALNY CASOPIS SAV. 16, 1 1a6s

ING AN ORIENTATION INTO A GIVEN
NON-DIRECTED GRAPH

BOHDAN ZELINKA, Liberee

In 121 AL Rotzig publishes the following vroblem (Problem 240 1o 162)

Lt G be a won-divected graph withoul loops aud maliiple edacs o it the ~ci
of vertices. Characterioe those subsets N (respeetively Yy of )
an ortentation of (s the sel of those vertices «f achiich theve s Dicosiineg (res
pectivelip oulgoing) edye.

awhich avisc [ron

This problem isx being solved i this paper {we covsider oniv Smite ovorhy

et

We shall assume that the graph €0 is conmected, I s not, we niay con \
cach component separately. Dy oa tree we anderstand any conmected ovapih
without circenits. therefore abso the graph consisting of a anigue soleted
vertex. The symbol Vo where o isa vertex ol the graph €0will signiiny the o
of vertices of the grapt 7 which are jomned by an edoe with the vertos
M =1, then M U i

we W
Theovem V. Lol (0 be a non-divected graph soithont Toops cnd pouliipio ooy

its verlew set be Vo The systene - Z(GY (respe V() of Hhose sitbscls N Goaos
of the set Voaehich arise from aw orientalion of @ s the sl of those oplions o
which e isono incoming (resp oulgoingy odge i ooqual 1o Le systonr o ol
Cotervally stable (see VU)) sihsels of the sct )V din the coase achope 0 (s pot o fe
cnel s cqual to the systei of all woi-coply velernalliy stable soabscts af the sei |
i Ahe case whore 68 (s Tree.

defore provine this theorem. we shall state some Toninae,

Lemma b There is aliwvays 7707y (0.

Proof. Let MW o Z(¢) and let the graph ¢ be divedted so that the et J/
is the =et of exactiy all vertices at which there is no meoming edee. Now i
we shall revesse the ovientation of ali edges of the graph (/0 the <ot 3/ ix evident

Iy the set of exactiv all vertices at which there i no outeoine edee. No Y/

e 170D Anadogously we can prove that M o () implies W 74,
Lemma 2. [f ¢/ is « tree, then ab ave arbitrary oricatalion of G Alepe crists
af least owe certer of the graph G al achich there (s wo tneoming cdyge of (0 ~a €

é . (0).
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Proof. lach edge of the graph ¢/ comes exactly into one vertex. Theretore
the number of the vertices at which there is at least one incoming edge cannot
exceed the number of cdges of the graph. As the number of edges of a tree
is less than the number of its vertices, there must exist at least one vertex

in (7 at which there is no incoming edge of (4.

Lemma 3. [ (/ is « treeow an arbilvary vertex of ity then (7 can be direeted so
thal w s the wwique vertex in G al which there is no incoming edge.

Thix assertion is well-known and intuitive. so we shall ot give the proof.
Let us note only that the graph ¢/ thus direeted is properiy an arborescen-
cet (see [T]) with the root w.

Lemma 4. [/ (s wot -« lree, then @t can be divected so thal al each verler of 7
there Dsad Teast one Licoming edge of 6 therefore G e 7 (G,

Proof. Let A be an arbitrary skeleton of the graph (/. Choose a vertex u
ol the graph (7 which is incident at least with one edge not belonging to A
Such a vertex exists. because (Cis not a tree. Diveet the graph K so that w
ix the unique vertex in A at which there is no incoming edge of A (see Lemma 3).
Now choose an edge £ incident with o which does not belong to A and direct
it =0 that it might. come into . The remaining edges of the graph ¢/ may he
divected avbitvavily. In the case of such an orientation there is evidently at
cach vertex of the graph ¢ some incoming edge of (4.

Proot of the Theovem Lo I W e Z(¢), then M must be internally
stable. T contained two vertices ., y joined to one another by the edge h.
then at every orientation the edge A would have to come either into oy into
o therefore either v or y would not belong to M, which is a contradiction.
Now let JH he an interoally stable subset of the set V. The case W - 6 has
heeninvestigated in the Lemmas 2 and +, so assume M -7 G and do not di-
stinguish whether (7 is a tree or not. Al edges incident with any vertex of )/
will be directed so that they might ¢o out of that vertex. Kdges joining two
vertices of "W may be divected avbitravily. Now denote by ¢ the graph whicls
arises from 7 by removing the vertex set 40O "M and all edges incident with
any vertex of that set. I (7 is an empty graph, the proof is finished. Lf ¢
ix nonempty. let ¢ b a component of it. If €' is not & tree, direet it so that
at cach veretex of (" there ix at least one incoming edge of (f (see Lemma 4).
Fdaes joining vertices of € with vertices of ' may be directed arbitrarily.
s atree et v beavertex of the graph O which is joined by an edge & with
some vertex of L0 Such a vertex must exist, because (F is conneeted. Direct
the graph ¢ so that « might be a unique vertex in (f at which there is no
imcoming cdee of " {(see Lemma 3). Direet the edge £ <o that it might come
into w. Cther edees joining vertices of ¢ with vertices of P may be directed
arbitrarily - The craph ¢ which is thus direceted has evidently the following
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property: The set M is the set of exactly all vertices of (4 at which there is no
incoming edge of (. So M € .(G). This was the proof of the assertion for
A (G) and according to Lemma 1 the same must hold also for . 1 (/).

Il.

In this paragraph we shall investigate simultaneously the sets X and V
and consider relations between them.

Lemma 5. Let G be a tree. Given an arbitrary decomposition of the set of its
end vertices wnto two non-empty disjoint sets X, Y. the graph (I can be directed
so that X — Xo, Y = Yo might hold. '

Proof. If ¢ consists of only one isolated vertex. the above mentioned
decomposition does not exist. So we shall investigate only graphs which contain
at least one cdge and use the mathematical induction with rvespect to the
number of edges.

Let ¢/ contain a unique edge £ and its end vertices w, ». Both these vertices
are the end vertices of the graph (/. There exist exactly two decompositions
which fulfill the condition of the lemma. they are Xy = {u}, Yo = {¢} and
Xo == {v}, Y o= {u). The orientation of the edge 4 from w into » correspond-
to the tirst decomposition, the orientation of the edge & from ¢ into « corces-
ponds to the second one.

Now assume that the lemma holds for all trees containing n I edges.,
where n 722 ig a positive integer. Let (7 be a tree with n edges and let the sets
Xy, Yy fulfilling the condition of the lemma be given. Assume that X has
the cardinality greater or ecqual to the cardinality of Y,. Choose a vertex
u € Xo. Let the edge incident with « be denoted by £, let the vertex incident
with 4 different from « be denoted by ». Let 7 be the graph which arises
from the graph ¢ by removing the vertex w and the edge A. The graph 7
is evidently again a tree. Now two cases can occur: either ¢ is an end vertex
of G, or not. If v is an end vertex of (7, take the decomposition of the set of
the sct of the end vertices of the graph (¢ into the sets X, Y|, where X =
= (No "~ {u}) U ol Y= Y

The sets X, Y, are evidently non-empty and disjoint and form a decomypo-
sition of the set of end vertices of the graph ¢, the graph ¢/ contains n — 1
edges, and so G can be directed so that X|) (resp. Y,) might be the set of all
vertices, at which there is no incoming (resp. outgoing) edge. Now if the graph
@ is directed so that the edge & is directed from w into v and other edges are
directed in the same way as in (7, an orientation of the graph (¢ fulfilling the
assertion of the lemma is obtained. If » is not an end vertex of the graph 7,
the graph ¢ is not a path and therefore contains at least three end vertices.
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Decompose the set of end vertices of the graph G into the sets X, Y, where
N, - X, = {u}. Y, = Y,. The sets X,, Y, are again non-empty, disjoint
and form a decomposition of the set of end vertices of the graph G’. We proceed
in further quite the same way as in the preceding case. In the case where the
cardinality of the set Xy is less than the cardinality of the set Yy, we choose
u ¢ Yy and proceed analogously.

Lemma 6. Let ¢ be a connected graph which is not « tree. Given an arbitrary
decomposition of the set of its end vertices into two disjoint subsets Xo, Yo, the
graph G can be divected co that X = Xy, Y = Y.

Here the case where one of the sets X, Yy or even both arve empty is not
excluded.

Proof. Denote by F the set of end vertices of the giaph (. First consider
the case when both the sets XNy, Y are non-empty. Choose an arbitrary skele-
ton A of the graph (7. The set of end vertices of the skeleton K will be denoted
F' evidently £ C F'. Now the decomposition of the set F’ into two disjoint
non-empty subsets X, 1, will be deseribed. All vertices of the set X will
belong to X|, all vertices of the set Y will belong to Y. A vertex of #/ = F
which is joined in (7 with some vertex not belonging to F by an cdee not
helonging to A can be put into an arbitrary set of X, Y, .Now take the sub-
araph II of the graph (¢ generated by the sets of those vertices of I~ F
which are not joined with any vertex not belonging to F’ by an
edge not belonging to K. If some component of the graph H is a tree.
choose one vertex in it and puat it into Y, all other vertices of that
component will be put into X,. All vertices of the component of the
araph I1 which is not a tree will he put into X,. Now direct the skeleton A
so that X (vesp. Y,) might be the set of all vertices at which there is no in-
coming (resp. outgoing) edge of K (see Lemma 5). If the vertex w e F' = F
is joined with a vertex » ¢ £’ by an edge k not belonging to A and if « ¢ X,
(resp. w € Y,), direct the edge A from v into u (resp. from u into v). Now let
o be a component of the graph H. If Hy is a tree and w is a vertex of H,
belonging to Y, direct Hy so that « might be the unique vertex in Hy, at
which there is no incoming edge of Hy (see Lemma 3). If Hy is not a tree,
direct it =0 that at every vertex of Hy there might be at least one incoming
edge of Iy (see Lemma 4). Other edges of the graph ¢/ can be directed arbitrari-
'v. Evidently an orientation fulfilling the assertion of the lemma is obtained.

Now let Xy — @, Yy / 0. Choose again a skeleton K of the graph G. If there
exist end vertices of the skeleton A which are not end vertices of the graph 7,
we proceed as in the preceeding case and take X, # (0 which can evidently
be chosen in such a way (the component of Hy cannot be an isolated vertex,
because such a vertex would be an end vertex of the graph, which would be
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a contradiction with the assumption that all vertices of the graph /1 belony
to 177 - K. Ifall end vertices of the skeleton A are end vertices of the graph
(7, chioose a vertex w which is incident with an cdee o of the graph 7 which
does not belong to K. Divect the skeleton A oacan arborescencee with the
root v (sce Lemma 2). FPurther diveet the edge b so that it might come into o,
The remaining edges may be directed arbitravily. Evidently the desired
orientation is obtained.

Tn the case Xy < {70 ), (3 we proceed analogously,

i Xy Yo oo Cooproceed again as in the fivst cases but N, 60 Y. 6
must. hold. This can be obtained. (The set I contains at least two vertices,)
If the graph /1 is non-empty and contain< a component which is not a tree,
the assertion is evident. 18 /7 contains oniy comvonents which are not tiees,
direct one of them according to Lemma 4. Choose an edee £in it and place
its beginning vertex into Y. others into X 1€ /7 is cnmpty. then exery vertex
of 177 i« joined with a vertex not belonging to /77 hy an edec not helonging to
K and can he put into an arbitrary edge of the sets N0 Y 0 A< 7 contains
at least two vertices. the assertion holds also here.

Now we can express a theorem.

Theorem 2. Lel there be given a connecled graph ¢ couteining at Loast Lo
rertices and given Lo subsets XY of its vertew set. The graph € can be dircetod
so that X (resp. Y) might be the sel of oll rertices of the araph ol wiich ther
s wo tncoming (resp. owlgotng) edge, if and only Tf the Jollowing conditions e
SJulfilled:

(1) X and Y wre internally stable.

2) XnY = .

(3) Kvery end vertex of the graph O belongs ¢ither to N, orto ).

(4) If H, s a component of the graph H «risen fronm the graph by removing th
the set X U Y and if Hy ts a tree, then Ho coniains o vertex w joined w00 aeith
« vertea of X and « verteax v jotred in G acith o vertex of Y.

Proof. Necessity of the condition (1) is implied by Theorem I. The inter-
section X M Y at an orientation of the graph  {fulfilling the assertion of the
theorem would be the set of vertices, at which there are neither incoming. nor
outgoing edges, i. e. the set of isolated vertices. As ¢ is connected and conrains
at least two vertices, this set is empty. Therefore the condition (2) is necessary.
The necessity of the condition (3) is also evident. An end vertex of the graph
(! is incident only with one edge and this edge cannot be at the same time
an incoming edge and an outgoing onc. Assume that there exists a component
H, of the graph H which is a tree and no one of whose vertices is joined with
a vertex of X. So if the vertex w of Hy is incident with an edge A not helong-
ing to Hy, the edge £ joins the vertex w with a vertex v ¢ ¥ and therefore the
edge b at the orientation fulfilling the condition of the theorem must be direct-
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ed fraom winto » Therefore at no vertex of Hy there is an incoming edee not
belonging to [y, But according to Lemima 2 at every orientation there must
exist a vertex in f/y at which there is no incoming edge of f1y. Therefore 11,
contains a vertex o at awhich there is no incoming edge of ¢/ and <o w o X
which is a contradiction with the assumption that o belongs to 77, Tn a case
where o vertex of Hy ix joined with a vertex of Y. the prool isx analogous.
Thus also the conditon (4) ix necessary.

Now let the conditions (1. (2). (3). (4) be fulfilled. All edee~ incident with
any vertex o N (resp. ol V) will be directed so that they might ¢o out from
(resp come into) that vertex. Now let /1 he a component of the graph /.
A end vertices of the graph Iy e joined cither with some vertex of X
or with some vertex of Yo Ifan end vertex of the graph 1) were joined neither
with a vertex of X, nor with a vertex of Y, it would be an end vertex also in
the araph O and would have to belong. according to the condition (3). to .\
or to Y. which would be a coutradiction. Decompose the set of end vertices
of the gvaph 1y into two disjoint subsets Xo, Yo so that end vertices of the
eraph I/, which are joined with vertices of X (vesp. of V) and are not joined
with vertices of ) (resp. of X) might belong to Xy (vesp. to Vo). and vertices
of the graph 11 which are joined at the same time with vertices of X and of V
may belong to one arbitrary set of Xg, Yy. If possible, we do it so that X,
and Yo might he non-empty. T it is not possible, it signifies that either no
end vertex of I/ is joined with a vertex of X, or no end vertex of Iy is joined
with avertex of Y. 11 is not a tree. some of the sets X, Yo may be empty.
I 1 is a tree and no end vertex of 7/ is joined with a vertex of X (resp. of V),
according to the condition (4) some internal vertex wy of i must be joined
with a vertex of X (resp. of 1), denote this case by () (resp. by (£)).

It neither (z). nor (8) occurs, direct the graph H; so that X, (resp. 1)
micht be the set of vertices at which there is no incoming (resp. outgoing)
cedge of Hy. In the case (2) diveet the graph 11, as an ,,arborescence’ with the
root wg. In the case (8) proceed analogously as in the case («). Do this with
cach component of the graph /7. The orientation obtained so fulfills evidently
the assertion of the theorem.
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