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A REMARK ON THE OSCILLATORINESS
OF SOLUTIONS OF A NON-LINEAR THIRD-ORDER EQUATION

PAVOL SOLTES, Kosice

In [2] a theorem is given (Theorem 2, p. 250) which gives sufficient conditions
for a non-oscillatory solution of the equation

(1) " 4+ pt)x’ 4+ q(t)xx = 0,

with o > 1, &« = m/n, where m and n are nondivisible odd natural numbers,
to have the properties:

lim2"(t) = lim2'(t) = 0, lim|a2(f) =L = 0.
t->00 t>n 1>
1t is further shown (in a Corollary) that under the hypotheses of Thcorem 2
(in [2]) with the added assumption 0 << ¢ << ¢(¢) we have for a non-oscillatory
solution x(t)
lim z(t) = 0.
t->00
In the present remark it is shown that the hypotheses of Theorem 2 (in [2])
arc sufficient for L == 0 and thus for lim x({) = 0 to hold. A further theorem
is presented which gives sufficient conditions for a non-oscillatory solution x(¢)
of (1) with o« = m/n > 0, where m and n» are relatively prime odd natural
numbers, to have the property
lim 2(f) = 0

t>m
or

liminf |x(¢)] = 0.
>0
Theorem 1. Let the hypotheses of Theoremn 2 in [2] hold, i.e.: Let o > 1,
o« = m[n, where m and n are relatively prime odd natural nwi-bers. Let the
Sfunctions p(t) and q(t) satisfy the following conditions for sufficiently large t:
1) q(t) is non-negative and continuous:
2) p(¢), p'(t) are continuous and p(t) << 0, p'(¢) = 0;
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3) for any constants A, B there exists a ty > to such that for all t = t; we have
¢ t
A+ Bt — [Q(s)ds < 0, where Q(t) = [ g(s)ds .
ty t

Then any non-oscillatory solution x(t) of the non-linear differential equation (1)
has the following properties for large t:

a) sgn x(t) == sgn a"(t) £ sgn 2'(t), where

sgn x(¢) =
—1 if «(t) < O0;
b) lim x"(f) = lim 2'(¢) = lim z(f) = 0;

t->c0 t—->c0 t->0
c) x(t), ' (t) and x"(¢) are monotonous functions.

Proof. We shall prove that lim x(f) = 0. Let x(f) be any non-oscillatory

t—>0

solution of the differential equation (1). Thus there exists a number ¢ = &
such that x(¢) =+ 0forall¢t = ¢ . Since —ux(t) is also a solution of the differential
equation (1), without loss of generality, assume that x(f) > 0 for all ¢ = #;.
Suppose that lim 2(f) == L > 0. Then from (1) we have:

t->0

a"(t) = —p(t)x'(t) — q(t)e(t) 5
now, since for sufficiently large ¢ 2’(f) << 0, we have
L") £ —q(B)ex(t) < — Leg(t) -
Since, by assumption 3), lim @Q(¢) = oo, this leads to 2"(t) - — oo for { — oo,

t>0

which is a contradiction. Thus necessurily L = 0.

Theorem 2. Let o« = m/n > 0, where m and n are relatively prime odd

natural numbers. Let the functions p(t), p'(t) and q(¢) be continuous and for
sufficiently large to Tet for all t = ty

p(f) 20, q(t) 20, p'(t)£0.
If for any constanls A and B
12
(2) lim (4 + Bt — JQ(s) ds) = — o0,

>0 14
t

where Q(t) = f q(s) ds, then a solution x(t) of (1), for which

ty
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1 1
(3) x"(l()).l'(l()) - o .('/2(/()) —-{— o Il(f()).l'z(/o) = 0 5

is cither oscillatory or lim x(t) = 0.
t->0

Proof. Let z(t) be any non-oscillatory solution of the differential cquation (1)
satisfying (3). Thus there exists a number ¢; = # such that x(f) = 0 for all
t = 1. Since —z(t) is also a solution of the differential equation (1), assume
without loss of generality, that x(¢) > 0 for all ¢ > {;. Then from (1) we have

2"(H i _x’z(f) n rp(s)x’(s)

) ;"_(f—) : 2 xotl(t) x%(s)

ds +

t

f t

+ OC(OC + 1) J x3(8) ds =— I\yl _ | q(s) ds .

2 fo‘( 1(8)
& A

An integration from #; to ¢ = 4 equality (4) gives

x'(t)_i_‘( (& — s)p(s)x'(s) o+ (o 4+ 1) Jt (t — s)’3(s)
x%(s) 2 2x+2(s)

ds

ItA

t
S Kz + Kit — [ Q(s) ds .
&
This implies that there is no number & such that 2’(f) = 0 holds for any
t =z t;. Thus we have two possibilities:
1) There exists a number ¢, = ¢ such that z'(f) < 0 for any ¢ = ¢».
2) For any t; there exists a number 3 = # such that x'(f3) > 0.

Now let t; be such number that for all ¢ = {; = {; we have Ko — Nyt —
t
— J Q(s) ds < 0. We shall prove that then we have 2'(t) < 0 for any ¢ = £,

N
i. . the possibility 2) does not hold. Let t3 = # be such number that »'(f3) > 0
and let 2'(f1) = 0 for any &1 = 1, f1 < t3.

Then from (1) we have:

¢

1 1
20 — a0+ 0 + fq(s)x«ﬂ(s) ds

ty



t
1 1 1
= 2" (fo)a(to) — 5 x'2(to) + ;P(to)%z(to) + o J'P'(S)l'z(s) ds,
to
thus for all ¢t = £

2" (O)(t) — a'2(t) < 2" (Da(t) — %x'z(n <0

and therefore for all ¢ > ¢;

which is impossible, because «'(fs) > 0. Hence «'(t) < 0 for all ¢ > ;. Thus
x(t) is a non-increasing function with a finite lower bound so that lim z(t) =

t->0
L = o0.
Now suppose that limz(t) = L > 0. Then (1) yields «"(t) = x"(t2) +

{—>00

12 12
+ Plt)a(t) — p()a(t) + [ p'(s)a(s) ds — [ g(s)zx(s) ds,
ts ta

where ¢ = t2. Therefore

"(t) < K3 — Lo f q(s) ds

and from this it follows that «”(t) - — oo for { — co, which contradicts the
assumption that x(¢f) > 0 for ¢ = 3.

Theorem 3. Let o = m[n > 0, where m and n are relatively prime odd natural
numbers. Let the functions p(t), p'(t), q(t) and f(t) be continuous and for sufficiently
large to let for all t = to

p(t) 20, q(t) 20, p'(t) +|f@) = 0.

Suppose that (2) holds and that x(t) is a solution of the equation
(5) a” + p)x’ + q(t)xr = f(t),
for which
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oo

1 1 1 [
(6) " (to)a(to) — 5 x'2(to) + ;P(to)xz(to) +5 J [f@&)|dt = 0.
to

Then x(t) is either oscillatory or lim inf |z(t)| = O.

>0

Proof. Let 2(t) > Oforallt = &, = ¢y, let (¢) satisfy (6) and let lim inf () =

t->00

= L > 0. Thus there exists a number t;" = t such that z(t) = L, = L/2for
all t = ¢F. From (5) we have for t = £ = #;
t t
x" (¢ 8)x'(s ofoe + 1 x'3(s
()—I-Jp()()ds-!—( )f ()d

x(t) x%(s) 2 2%+2(s)

i*, t*,

IIA

(7) Ky —

t

¢
1
- JQ(S) ds + — [ | f(s)] ds
Ly
t*, t*,

which, analogously as in the proof of Theorem 2, implies the existence of
ts = &7 such that for all ¢ > fy2'(f) < 0; thus lim 2(¢) = L.

>0

Using (5), we have for ¢ = ¢
¢ ¢
¥'(t) = Kg — L= [ q(s) ds + [ |f(s)| ds
123 t;

and using (2), we see that x"(t) > —oo for ¢— oo, which contradicts the
assumption that x(¢) > 0 for all ¢ = ¢5. Therefore lim inf z(f) = 0.

t>
Now let z(t) < 0 for allt = ¢ = ¢o, let z(¢) satisfy (6) and let lim inf |2 (¢)| =
t->0

== L > 0. Integrating (7) from ¢} to ¢ = ¢, we get

ds

IIA

x'(t) —f"f (6 — s)p(s)x'(s) ds + oo + 1) Ji (& — 8)x'3(s)

x%(¢) x%(s) 2 x9+2(s)

t*; *,

|2
< K, + Kyt — JQ(s)ds.
t*,

Since for all ¢ > ¢ 2% << 0 holds, we have from the last inequality that there
exists a number {3 = tf such that 2'(f) = 0 for all ¢ = ¢,. In fact, let 2'(f3) < 0

and «'(ts) = 0, where f; < {4 < t3. Then from equation (5) we have:
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1 1 1
" (t)a(t) — Py x'2(t) + ;P(t)xz(t) < @"(to)a(to) — 9 x"3(to) +
t t
1 1 1
‘*‘;I’(tO)xz(tO) + o ‘[ 1f(s)] ds + 5 J [p'(s) + 1f(s)1] 2%(s) ds

t

and therefore
1
2" (t)x(t) — x'2(t) < x"(b)x(t) — 5 x'2(.) £ 0

forall t = to. If t = t4, then a2(¢) 5= 0 and
'(¢) < %' (t4)
x(t) x(ta)

for all ¢ = t4. For ¢t = {3 we have a contradiction.
This proves the existence of 2 = ¢; such that for ¢ = ¢t 2'(t) = 0. Then
from (5) we have

¢ ' ¢
2"(t) z Ks -+ L* [ q(s) ds — [ |f(s)| ds
ty 12

which, owing to (2) and (6), implies 2"(t) - + oo for ¢ = co which again con-
tradicts the assumption that x(f) < 0 for ¢ > t,. This completes the proof.

Theorem 4. Let the hypotheses be the same as in Theorem 2 with condition (2)
replaced by

o

(2" [p)dt = +oo.
to
If x(t) is a solution of the equation (1) which satisfies the condition (3), then
it s either oscillatory or lim xz(t) = 0.

t>0

Proof. Suppose that the hypotheses hold and that z(f) is not oscillatory.
Thus there exists a number & = ty, such that x(¢f) 5= 0 for all ¢ = ;. Then
from (1) we have

1 1

1
a”(t)x(t) — " x'3(t) + ;P(t)xz(t) < 2"(bo)x(bo) — P x'2(fo) +

1 1
+ o p(to)x2(to) -+ 5

j p'(s)x2(s) ds ,
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thus for t =2 ¢

a"(Bo(t) — 2'2(0) < @"(0)alt) — %aﬂ(t) < — j p(0)22(0)
and

and also there exists a number fp = ¢ such that a'(¢)x(t) < 0 for every t = 5.

Now let z(t) > 0 and 2'({) < 0. Then
limz(t) = L

t->c0

0

v

and hence z(t) = L for all ¢ 2 t. For all { > ¢ we have

from which using (8) and (2’) we get lim 2”(¢) = — oo, which is again contra-
t->00

dictory to the assumption that x(¢) > 0 for all ¢ = ¢.
Now let x(f) << 0 and 2'(t) > 0. Then

limz(¢) =L 0.

{->c0

Analogously as in the first case we prove the impossibility of lim a(f) = L < 0.
t->00
This completes the proof.
Evidently the following theorem also holds:
Theorem 5. Let the hypotheses be the same as in Theorem 3 with condition (2)
replaced by (2'). If x(t) is a solution of the equation (5) which satisfies the con-

dition (6), then it is either oscillatory or lim x(t) ==

t>0
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