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KYBERNETIKA -— VOLUME 10 (1974), NUMBER 1

A Convergence Theorem on the Iterative
Solution of Nonlinear Two-Point
Boundary-Value Systems

NGUYEN CANH

The nonlinear two-point boundary value problem occurs quite naturally in studies in many
diverse science branches. For obtaining the approaching solution of the nonlinear problem
we often replace the nonlinear problem with a sequence of linear problems in such a manner
that the sequence of solutions to the linear problems approach in a limiting sense the solution
of the nonlinear problem. The convergence theorem proved here establishes the applying of the
modified Newton’s method for solving the nonlinear two-point boundary-value problem.

INTRODUCTION

Consider the following nonlinear equation:

(1) i y =1
the equation (1) may be rewritten as
2 CFx) =y -f(x)=0.

For given y and an approximate solution x = x, we wish to find x such that this
equation is satisfied.
Starting with x,, we replace F(x) by

3) F(xo) + F'(xq) (x — x0) ,

setting this relation to zero we solve the resulting linear equation for x, and so forth.
Generally we have

) F(x,) + F(x) (Xpsy =Xy =0, n=0,1...,
or
(s) oy = x, = F0)

F'(x,)
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Each x, is an approximate solution of Eq. (1) and under appropriate condition the
sequence {x,} converges to a solution of Eq. (1).

The method setting the sequence {x,} as above is called the original Newton’s
method.

If the sequence {x,} converges to the solution x* and x, is selected sufficiently
near x*, then, since the continuous of F'(x,) then F'(x,) and F'(x,) are different only
a little . therefore we may replace F'(x,) with F'(x,).

The sequence (4) then becomes

(6) F(x,) + F'(x0) (%41 — x,) =0
' _ o Flx)
(7) Xp+1 = Xp — F'(xo) .

The method setting this sequence {x,} is called the modified Newton’s method.

Note. If x is an n-dimensional vector (x = (x', ..., x")) then f and F are n-dimen-
sional vectors and

F(x) = [oF'|ox'] .

We now turn our attention to the study of nonlinear second order differential
equation with nonhomogeneous boundary conditions:

(8) F(',v',0,x) =0, va)=1v,, v(b)=u,.

Let vo(x) is an approximate solution for the nonlinear equation. By analogy with
the previous case we obtain:

©) F(tp g, v X) + F (07, 07, 0, %) [0041(x) = 0,(x)] +
+ Folvn, v, vy %) [0742(%) — w3(x)] +
+ Fol(v], 5, 0, %) [044(x) = }(x)] = 0,
n=20,1,...
Suppose the original equation may be written as
(10) F(',v,v,x) = v" — f(v',v,x) = 0.
Then we have F, = —f,, F,. = —fo, and F. = 1, which yields
(12) U 1(%) = (03, 00 %) + fi05, 000 %) [0,41(x) — 0s(x)] +
+ S0 Vs X) [ 1 (%) — v3(x)]
vi(@) = v,, v (b)=1,, n=0,1,...



A convergence theorem on this iterative solution of above nonlinear two-point
boundary-value systems was suggested by R. McGill and P. Kenneth [2]
By analogy with the modified Newton’s method we obtain

(12) F(v}, v, vy X) + F (g, 08y 00> X) [tn41(X) — v,(x)] +
+ F (05, 00, 0, %) [o741(x) — vi(x)] +
+ Fu”(”g, o> To» x) [v;.’ﬂ(x) - ";(x)] =0,

n=20,1,...
For the equation
(13) F(v",v',v0,x) = v" — f(v',v,x) = 0,
we have
(14) vn1(x) = f(vh, 10y X) + f(05, Vo, X) [Ons 1(X) — v(x)] +

£l 000 ) [oa(3) — ()],

va) =1v,, v,(b)=1v,, n=0,1,..

For simplicity and clarity of presentation, we shall first consider a single equation
of the form

as) () = 10,9,
v(a) = v,, v(b) =1,.

Now we may state the following theorem.
Theorem. Given the nonlinear two-point boundary-value problem
. d*v
(16 : — = flv,x),
) & rw)

v(a) = v,, o(b)=u0,,
with 1) f(v, x) is continuous, 2) f,(v, x) = [8f(v, x)]/0v exists and is continuous.

Let

fv(DO’ x) = af((;], x)

1
b—a

v=vo

[(vs = vs) x + bv, — avs].

”ub(x) =

Define the following sequence of linear differential equations
o,y
dx?

v(a) =v,, v,(b)=1,, n=01,...,

= fv(vov JC) [Un+1 - U,,] -+ f(vm x)
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and vo(x) is an arbitrary continuous function on [a, b] such that

max |vg(x) — va(x)] £ L.
xe(a,b]

Then for a sufficiently small interval [a, b] the nonlinear equation (16) has a unique
solution and

— the sequence {v,(x)} converges to it;

— the convergence speed of the sequence {u,,(x)} to the solution of equation (16)
is.given by the inequality

(v, v*) £ ] z

vy, vg) 5
— a bound on the error is given by

o

max |v,,, — v*| £ max [v,,, — v

|
xefa,b] 1 — o xefa,b]

where a is a positive number given below and v*(x) is the solution of equation (16).

Proof. It follows from the hypotheses in the theorem that there exist M; and
M, > 0 such that ]f(t;, x)\ < My, |f(v, x)] < M,. Let m = max {M,, M,}.
Define the following complete metric space S:

S = {v(x) | v(x) continuous on [a, b], v(a) = v,, v(b) = v;, o(v, v) £ L}

where
o(v, v) = max  |uy(x) — vy(x)] .
xela,b]

Define the operator P on S:

b

P(u(x)) = var(x) — JK(X» $) {/(vo. ) [P(o(s)) = o(s)] + f(o, 5)} dis

a

where K(x, s) is the Green’s function,

b— s

— a

(x —a) for x<s,

K(x,s) =
%T—S(x —b) for x

v

Firstly we shall show that, the Green’s function

IK(x,9) £ 46 — a).



It means that:
a) For x £ s implies

SHb-a).

In fact, we get

(x—a)=8b—-a), 0<d<1,

<
b—s =nb-a), 0<p=£1-90.

From that we have
b= 96=a)_,
I (b —a)? |
M=ol —6)=6-—25%;
when 6 = % the product én achieves the maximum value and dy < 1, which is

obvious. Finally we have

b) For x Z s, by the similar proof, implies that

(18) |'Z'(j('x—b)fg%(b—a).

- |
Combining the both relations (17), (18) implies that
IK ()] = 46— a).

The operator equation Py = v has a unique solution in S. P maps § into S, for

arbitrary ve S we have
0(Po, 0) = max [P v(x) — vu{x)| < %T (b = a)?[e(Po,v) + 1] <
< (b~ ) [o(Po, ) + (e o) + 1]

o’
o (b = aP (L 1)
o(Pe, o) < 1= (mf4)(b-a)? =7

or (b ~ a) sufficiently small. This implies P v(x) € S. For two arbitrary elements v,,
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v, € § we have

Po; — Py, = r’K(x, $) {f(to, 8) [P va(s) ~ vy(s)] —

= fovos ) [P oa(s) = va(s)] = [f(vs, ) = (v, )]} ds,
Pv, — Po, = ~r]’((x, $) {fo(vo, ) [P 02(s) — P vy(s) + v4(s) —

— vy(s5)] = flvg, 5) + fvy, 8)} ds.
f(vy, s) — f(v3, 5) is replaced by f,(7, 5) (v; — v,) where #(s) is such that

- o(#, v,) S ovy, vy) .
It follows that !
¥

o(Pvy, Pvy) £ f

(b - a)2 [Q(PDZ’ Pvl) + 20(”1’ 02)]

(mf2)(b — a)
Q(PU‘, PU;,) s li-iim‘lj—-—z Q(Ul, UZ) .

(m{4) (b — a)

From which we see that when the condition
m / m
—(b—-aP/|l——=(h-a)l|=a<l
S (b—a) //[ (-9 ]

is satisfied, it means that (b — a) is sufficiently small, then P is a contraction mapping.

From the theorem 1 Chapter 14 [3] that the operator equation Py = v has a unique
solution v* in S, v* may be obtained as limit of the sequence {v,}

v*(x) = lim v,(x),
n=® v

where v, ,(x) = P ,(x) and v, is an arbitrary element in S. Part | of the theorem
is proved.

Since

vpes(%) = Pofx), 0,(x) = Po,s(x),
and
Q(PL‘", Pun—l) sa Q(vm vn—l)

or

0(Vas 15 ) £ ¢ (D, D=y} -

By using continuously the similar inequalities, we have

HOnt > U0) = 0Oyt p Vs p=1) + oo + 0(0ns1, 1) S

S (a4 2 o(vy, vo) -



Finally we have 55
v* = lim v,,,
proo
and
un
o(vs, vo) -
-

o(v,, v*) £
(v, 0*) i

Part 2 of the theorem is proved.

We now consider the expression

b
Uy o(X) — v¥(x)| = UK(.\', $) { (o> 8) [0 1(s) — vi(s)] +
|Ja
|
+ [f(vn 5) — f(v*, 5)]} dsi.
By the mean value theorem, it follows that

|Un+1(x) - v*(x)| = U‘bK(x’ 5) {fu(UO’ 5) [Un*l(s) - Un(s) +

B

+ [, 5) [va(s) ~ v*(s)] ds

where #(s) is such that ?
oft, v*) < o(v,, v*),

therefore we have
[0+ 1(x) — v¥(x)| = I rK(x, $) {Flvos S) [Bas1(8) = v*(s) + v%(s) — v,(s)] +

+ 75, 5) [0a(s) = v*(s)]} ds

or

o1 0%) £ 7 (b = @ [o(tnss, v¥) + 200, 0¥)]
and
(19) (Va4 1, v%) £ @ 0(v,, %)

‘We now observe that
' Q(Un+ 1» Un) S Q(Um vn—l)
and

E‘(vn+ps l’n) = Q(Uns Ut x) + Q(vn+b ”n+2) + ..+ Q(Un+,,—1y vn+p) s
or

(Vs pr Vn) = 00 Vae ) (1 + & + & + .. + 2P,
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when p intends to co we have

lm v, , = v¥
po o

and
1

-z

ofv,, v*) £ oty 15 09) -

This inequality together with the inequality (]9) imply

o

Q(UHI’ U*) = 1 Q(”n—)—p Un) .

-0

The theorem is completely proved.

We now extend the above results to the system of equations. Consider the system

of equations
dxv
e = F(V,x),
Vie)=V,, Y(b) =V,
where
U‘(X)\ [fi(ot, ..., oY, %)
V) = R = :

() P Y, )
the f* are defined on the N + 1 dimensional closed domain D, which is given by

]vi— v;,,l <L, xefa,b], i=1,..,N,

and

(%) = o [0 = o5 + bl — anf].

The complete metric space S is defined as

= {¥(x) | v'(x) continuous on [a, b], v(a) = »!

a?

N
v(b) = v}, max [v'(x) — vl(x)] £ L, i=1,...,N}

with the distance function g(V,, V,) given by

N
oV V) = ¥ max o) = o)



F(0gs - 08, %), ooy F (055 -5 05, X)

We may now state and proof the following theorem.

Theorem. Given the system of nonlinear differential equations with two-point
boundary conditions

dzv

(20) Y Rv.x), Va)=V,, V) =V,,

dx?

where the fi(v',..,v", x), i = 1,..., N, have the following properties on D:
1) fi(v', ..., v", x) are continuous;
2) f(0h, oY, x) = [8F (01, ..., o, x)]|@v! exist and are_ continuous.
Define the following sequence of system of linear differential equations

a’v,,

S = (Vo) Do) = V] + ROV ),

Via) =Vo, Vi(b)=V,, n=01,...,

and Vo(x) is such that vj(x), i = 1,..., N, are continuous on [a, b] and

max [pj(x) — vl(x)] S L, i=1,..,N.

Then for a sufficiently small interval [a, b] the unique solution to system (20)
exists and

— the sequence {V,(x)} converges to it;

— the convergence speed of the sequence {V,(x)} to the solution of (20) is given
by the inequality

oV, V¥) £ i /ilﬁ oV, ¥o) s

— a bound on the error is given by

Q(Vn+1’ V*) = 1 _ﬂ- BQ(Vmﬂs V*)

where Y*(x) is the solution of system (20) and the number B is defined below.

Proof. It follows from the hypotheses of the theorem above that there exist the
numbers Q;, R;j, U; such that

G e N 9 = 0
|70t o oY X)| £ Ry,
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and
N
[FECH. o), x) = fi(v, ..., 05, )| =U, Y Jvi — vl .
i=1

m= max {R; Q,U,}.
N

Define the operator P on S,

PV = Vyf) — j K, 5) {9(Vor ) [P VES) — V(9] + (Y, 9} di

a

where
b—s
(x —a) for x<s,
b—a
K(x, s) = :
a_s(x—b) for x2s,
b—-a
therefore

IK(x,5)| < (b - a).

Firstly we shall show that the operator equation PY = V has a unique solution
on S. P maps S into S, for arbitrary ¥ € S we have:

N
o(PY, V) = ¥ max [Pv' — vl| = N%(b —a)’[o(PV, V) + 1] =
i=1 x
<N %’(b ~ a) [o(PV, V) + oV, V) + 1] <

I

I”(b — @) [o(PV, V,;) + NL + 1]

=N

or .
N(m/4)(b — a)*(NL + 1) <L

1 — N(m[4)(b — a)?

Q(P v, vab) =<

for (b — a) sufficiently small. This implies PV e S. Furthermore, for two arbitrary
elements V; and ¥, in S, we have

PV, — PV, = f K(x, 5) (J(Vo 3) [PYs — V] = J(Vo, 5) [PVs — V1] —
~ F(Vy,5) + F(Vy,5)} ds =
- f "K(x, $) (J(Vou 5) [PV — PV, + ¥, — V,]

— F(V,,s) + F(V,,5)} ds.



We replace F(V,,s) — F(¥y,s) by J(V,s) (Yo — Vi), Ye(Vy, Vo), ie, oV, V)< 59
< o(Vy, Vo).
It follows that

N
o(PV,, PV,) = ¥ max |Pv} — Pvi| < N %(b — a)? [o(PV,, PY,) + 20V, V,)],
i=1 x

N(m[2) (b — a)*
1 — N(m[4) (b — a)? eV Va).

from which we see that when the condition

o(PY,, PY,) <

N(m[2) (b — a)?

TNy —ap !

is satisfied i.e., (b — a) is sufficiently small, then P is a contraction mapping of S
into S. Therefore the operator equation PV =V has a unique solution Vin S, and
the sequence {V,(x)} converges to it, i.e.,

V¥(x) :,.l_i.T V(x),

where the V,(x) are calculated by the equation Y,y = PY,,n = 0,1, ..., and ¥, has
satisfied the condition defined above.

Since P is a contraction mapping of S into S and from the contraction mapping
principle we easy to see that

0¥ V) = 12 alV ).

We now consider the expression

f K, 5) (Vo ) [Vasr(s) = Vils)] + [F(Van 5) — F(V*, 5)]} ds.

|Vn+l - V"I =

By the mean value theorem for functions of several variables, we may replace every
component of F(V,, s) — F(V*, 5) by the following form
SHoh, v, s) = fiv*, L o, s) = fA(t, L, oY, 5)
[on — o*' ] + o+ fAQO, .00, s) [0} = v*¥], j=1,..,N
where for each s € [a, b], 7V is a vector on the line segment joining V* to V,. After
some calculation we obtain
Nm(b — a)? [

e (AN AR AT

Q(Vn+ 15 V‘) =



or

N(m[2)(b — a)®

(21) e(Vosss V¥) = 1 — N(m[4) (b — a)?

Q(Vm V*) = Q(Vn, V"‘) .

And from the contraction mapping principle we have
1
1-8
This inequality together with the inequality (21) implies

Q(Vn+ 1s V*) = liﬁ (Vn+ls vn) .

oV, V¥ £ o(Varss V).

The theorem is completely proved.

CONCLUSIONS

In this paper we have presented a convergence proof for a proposed method
of obtaining numerical solutions to systems of nonlinear differential equations with
two-point boundary conditions. By this method some computational effort may
be saved, but the convergence will necessary be slower than the method which is base
on the original Newton’s method.

(Received April 14, 1973.)
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