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KYBERNETIKA — VOLUME 22 (1986), NUMBER 3

ON A FUNCTIONAL EQUATION CONNECTED
TO SUM FORM NONADDITIVE INFORMATION
MEASURE ON AN OPEN DOMAIN —I

PL. KANNAPPAN, P. K. SAHOO

Shannon’s entropy is additive. However, there are information measures such as entropy
of degree B which are nonadditive. The sum form representation of these measures along with
additivity and nonadditivity properties yields many interesting functional equations for instance
(S) and (4). In this paper, we find the measurable solutions of the functional equation (4) on
an open domain.

1. INTRODUCTION

Let If = {P = (p1, p2s --» P)|Pe > 0, ¥, pi = 1} be the set of all finite complete
=

discrete probability distributions and I', be the closure of I'?. In analysing the
additivity and sum property of Shannon’s entropy one comes across the following
functional equation
noom " m
(s) -21 .Zlfkpiqj) = -fo(pi) + Z]f(qj) )
i=1 5= i i=

where P €T, and Q € I,,. The entropy of degree

. Y-t
1 Hi(P) = T— (B+1)

VAR
proposed by Havrda and Charvat [3] is nonadditive. If we write .
J
__pr-r
) _ 1) = 2

then the entropy of degree f takes the form
@ HYP) = ¥.1(0)
=
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The function f in (3) is called the generating function and satisfies the functional
equation

4 T Loy = 5le) + Tota) + 22100 T1(a)

where PeTl,, Qel,, and 2 = (2' 7% — 1). The functional equation (4) was solved
in [2] when f is continuous and (4) holds for all m = 2, n 2 3. The continuous
solutions of (4) can also be found in [4]. In [5], the equation (4) was solved when
the function f is Lebesgue measurable and (4) holds for some (arbitrary but) fixed
pair of integers (n, m) with m = 3 and n Z 3. The equation (4) was solved in [7]
when f is Lebesgue measurable and (4) holds for some (arbitrary but) fixed pair
of integers (n, m) with n = 2 and m 2 3. In [2,4,5,7, 8] the solution of (4) on
[0, 1] was found using O-probability under various regularity conditions. The need
for the solution of (4) on the open domain [0, 1] arises from the awkwardness
in the definition of 0¥ = 0. It is also a priori quite possible that there may exist
solutions other than those on [0, 1] restricted to 10, 1[. See in this regard [1, 6, 9, 10]
for solution of similar equations on open domains. In this paper, we find the measur-
able solutions of the functional equation (4) on the open domain for m and n greater
than 2.

2. SOLUTION OF (4) ON o, 1]

In order to solve (4) we make use of the following results.
Result 1 [10]. Let f;: 10, 1[ - R (reals) and satisfy the functional equation
(5) Yfip)=0 (0<Pi< LYyp=1
i=1 i=1
for arbitrary (but fixed) n = 3 and at Jeast one of the f;'s be measurable. Then the
fi’s are given by
(6) fi(P) =ap + b;,

where a and b;’s are arbitrary constants satisfying

n

(7 a+3Y b =0.
Lemma 2. Let f: ]0, 1[ — [ be measurable and satisfy the functional equation

® S $f0a) = LI E1i0).

i=1j=
for a fixed pair of positive integers n, m{ 3) and for all P e I'Y and Q € I'’. Then

) ey =" peloI[,
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or

(10) f(p)=Ap+ B, pel0, 1],

where f is an arbitrary constant and A4, B are constants satisfying

(11 (A + mnB) = (4 + nB)(4 + mB).
Proof. Fix (41, 42, -+ -» 4m) € I', temporarily and let

(12 F2) = 5£(00) = £f(0) 10) 10, 1L

Using (12) in (8), we obtain

(13) iilF(pi) =0.

The measurable solution of (13) is given by'(see Result 1)

(14) F(p) = A(41, q25 > qu) [1 — np] .

Letting p = o(#1/n), where « is any fixed real number in J0, 1[, in (14) and (12),
we get

(1) 37(pa) = L7 S@) = [1 = mo) [1 = nl ™" [3 flag) ~ 3 S(0)].
Equation (15) holds for all p # 1/n. But from (12) and (13), we see that (15) holds
also for p = 1/n. Fixing p(=a) we define 6(p) = [1 — np][1 — na]™* and
(16)  g(q) = f(pg) — 1(p)f(a) — 6(p) f(aq) + 5(p) f(@) f(q), g€]0,1[:
By use of (16), cquation (15) can be reduced to (5) and hence
(17) g(q) = B(p) [1 — mq].
From (17) and (16) we get
(18)  f(pa) — f(p)S(a) = 8(p) f0eq) — &(p) f(2) f(9) + B(p) [1 ~ ma], p=*2-
Letting g = o in (18), we get
(19) flop) = (@) S(p) = [1 = np] [1 = na] ™ [(o%) = f(@) S)] +
+ [1 — mo] B(p).

Hence (19) yields

(20) B(p) = [1 — ma]™* [fap) — f(@) /(p)] = i1 = np],
where ¢, is a constant. Putting (20) into (19), we get

21 f(pa) — f(p) f(a) =

=[1 - na]™* [1 = np] [f(eq) — f(&) f(@)] — eu[1 ~ np] [1 — mq] +
+[1 = ma] " [1 = mg] [flap) = f@) f(p)], P+
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Interchanging p and g in (2[), we get

(22)  |flep) = £l SP)]([L — ma] ™" [L = mg] = [1 = na] 7" [1 = nq])
+ [f(eg) = () f(@)] ([1 — ne] 7' [L = mp] = [ = ma]"* [L — mp])=

= ¢t — np][1 — mq] — es[1 — ng] [1 = mp].
For m =+ n, we get from (22)

(23 [flep) — A F(p) — el (g — @) = [f(29) = f(@)S(9) —es]{p —a),

Hence, from (23), we get ,

(249 f(ap) — f(2) f(p) = asp + by

and from (24) and (20) we obtain

(25) B(p) = asp + b

Using (24) and (25) in (18), we get

(26) f(pa) = f(p)f(@) = ap + bp + cpg +d. p.q *«,

where a, b, ¢, d are constants, in the case m + n.
If the right hand side of (18) is not equal to 0, then by using (26}, we can write

(27) Sf(par) = f(pq) f(r) + apq + br + cpqr + d
for p, g, (=) € 10, 1[. By using (26) in (27), we get
(28)  f(par) = f(p) (@) F(r) + [ap + bg + cpq + d] f(r) + apg + br +

+ cpqr + d
also

29) f(par) = £(p) f(@) f(r) + [ap + br + cpr + d] f(q) + apr +
+ bg + cpgr + d.

Fixing p and g, i.e. p = p, and q = g, in the right hand sides of (28) and (29) so
that right hand side of (26) is not 0 (which is possible by the hypothesis), we get

(30) Jfry=Ar + B, r+a,
where A4, B are constants. Putting (30) into (15), we get
(Ap + mB) — (4p + B)(4 + mB) =
=[1—np][1 — na]™* [(Ax + mB) — (4 + mB) f(&)] .

Equating the coefficients of p and the constant terms from both sides of the above
equation, we get

(31) A — A* — mAB + n[1 — no]" ' [(Ae + mB— (A + mB) f(a)] = 0,
and

(32) mB — AB — mB* — [} — na] ' [(Aox + mB) — (4 + mB) f(¢)] = 0.
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From (31) and (32), first we get the condition (11). Using (11) in (32), we obtain

(33) (A + mB) f(a) = (4 + mB) (A« + B).

If A + mB + 0, then

(34) flo) = Az + B.

If A + mB = 0, then, by (11) 4 + mnB = 0. Hence, A = 0 = B and
(35) firy=0, r+a.

Letting p;, = « = g, in(8) and using (35), we get

(36) fl@)=0.

Hence, by (30), (34), (35) and (36), we get

(10) f(p) = 4p + B,

for all pe ]0, 1] with (11).
On the other hand, if the right hand side of (18) is zero, we get
() [ - ml [ = el [ea) - @ f@)] = —Bp) [1 — mal.,

and

(38) flpa) = fin) fla), p*e.

From (37), we get

(39) fleq) = f(2) f(q) = ¢s[1 = mq] .

for all g € 10, 1] and ¢, is a constant. Using (39), and (38), we have
(40) esl1 — maqt) = flogt) — f{o) fa1) »

= [f(ag) — f) A @IS (1) = (1 — mq) /(1) ,
from which we can conclude that ¢, = 0 so that f(aq) — f(2) f(g) = 0, that is,

(41) flpa) = () f(a), p.qae]0,1[.

The measurable solutions of (41) are given by (9) and f(p) = 0.
Now let us consider the case m = n. Let x€ 0, 1[, PeI'y and substitute p =
= xp; (i = 1,2, ..., n)in (12) and (14). Using (12), we get

() 3, L) = (9 1(p) Fla))] =

= Alpry P p) (1 = nx)jilf(qj) AW dar @) (1 — ).
Interchanging (ps» pas - 2,) and (y, @, ..., 4,) in (42), we get
® Apispas ) (L= 19 Y f(0) = (n =] =

= A1 030 2 [(1 = 1) 2 1(2) = (1= )]
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If we choose x = 1/n in (43), then we see that A is a constant and using this in (14)
we obtain from (12) and (14)

(44) Y [f(pa)) — f(p) f(a))] — A[1 = np] = 0.
j=1
Keeping p fixed and using result 1, we get

(45) f(pg) — f(p)f(q) = A[l - np] q + C(p) [1 - nq] .

Again interchanging p and g in (45) and using the symmetry of the left hand side
of (45), we get

(46) [C(p) — 4p][1 = nq] = [C(q) — 4q] [ — np].
From (46) (fixing g{ +1/n)), we get
(47) Clp) =asp+ by, pel0,1].
Equations (45) and (47) yield
(48) f(pa) — f(p)f(q) = ap + bq + cpq + d
for all p, ¢ E]O, 1[ and q, b, ¢, d are arbitrary constants. As before, it can be shown
(cf. (26)) that f is indeed given by (9) and (10).

Now, if x # 1jn, then writing 6; = (1 — nx) (n — nx)™" in (43), we get
(49) A(Px- P2s-ees Pn) [Zf(‘b) - ‘51] = A(‘ha qzs .- qn) [Zf(l’x) - 61] .

=1 i=1

1t Y f(q;) = 6, for all Q eIy, then f(p), using Result 1, is given by (10). If there
=1 n
exists a Q* eI’y such that Y f(q7) # &,, then we get from (49)
i=1

(50) A(Pn D2y Pu) = 52[.:23"(171) - ‘51] >
where 8, is a constant. From (50), (14) and (12) we obtain
(1) 3 [(0a) = (F0) + [1 = 9] 3:)f(ay) + 31 = mp] ] = 0.

As before, by fixing p, the equation (51) can be reduced to (5) and hence

(52)  slpa) = (#(p) + [1 — np] 6:) f(q) + 6,8.[1 ~ mp] g = D{p) ! — nq].
Interchanging p and g in (52), we get

(53) [t = np][9:1(q) — 8:629 = D(9)] = [1 = nq] [6.f(p) = 81020 — D(P)] -
Keeping ¢ fixed, i.e. letting ¢ = go(=1/n) in (53), we get

CON D{p) = &, f(p) ~ 6:8,p ~ K[1 = np] .
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where K is a constant. From (54) and (52), we get
(55) f(pa) = f(p) f(a) + 8:[t — np](f(q) — b4q) +
+ 8,[1 — nq] (f(p) — 61p) — K[1 — np] [1 — nq].
Writing f(pqr) as f(pq . r) and f(pr . q) and using (55), we have (after substitutions
ofp=1n=r)
(6) (1 — 1/n) f(q) = c3q + ¢4

for some constants c; and c,. Note 1 — 1/n = 0.If §, # 0, then f is of the form (10).
If 5, = 0, then, we get from (55)

(57) S(pa) = f(p) f(g) = —K[1 — np] [1 - nq]
which is of the form (26). Thus f'is of the form (9) and (10). This completes the proof

of the lemma.

Let f: 10, 1[ — R be a measurable function and satisfy the functional equation (4)
for A # 0, Pely, Q el with m, n (fixed) =3. Defining

(59) g(v) =p +4/(p),

and putting (58) into (4), we obtain a functional equation of the form (8). Hence,
using Lemma 2 and (58), we get

(59) f(p)=(i§—l—)p+j§,

(%) o) = E2,

where § is an arbitrary constant while the constants a, b satisfy the equation
(6]) (ct + mnb) = (a + nb) (a + mb) .
Thus we have proved the following theorem.

Theorem. Suppose that f: ]0, 1[ — R (reals) is measurable and satisfies the func-
tional equation (4) for a fixed pair m = 3, n = 3 for a constant A # 0 and for all
(p1, P2s - Py €LY, (44, 425 > 4,) € Ty Then the function f is given by (59) or
(60) with (61).
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