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KYBERNETIKA — VOLUME 26 (1990), NUMBER 5

OPTIMIZATION OF UNIMODAL MONOTONE
PSEUDOBOOLEAN FUNCTIONS

A. N. ANTAMOSHKIN, V. N. SARAEV, E. S. SEMENKIN

In this paper unimodal strictly monotone pseudoboolean functions and unimodal monotone
pseudoboolean functions having constancy sets are investigated. Employing the obtained pro-
perties of pseudoboolean functions, regular algorithms for optimization are constructed. Estimates
of efficiency of the suggested algorithms are also obtained.

1. INTRODUCTION

«

The classical problem of pseudoboolean optimization can be formulated as
follows (cf. [1]):

M(X)—»min,
where
w: By > R, By ={X|x;€B,, j=1,...n, #,=1{01},

or, after “‘embedding” the problem in R":

#(X) - min ,
Xe2
where

2 ={XeR'|x;=0v 1}, »X)eR'.
First shall present necessary definitions.

Definition 1.1. We shall call points X!, X% e 9 k-neighbouring if they differ only
in the values of k coordinates (k = 1, ..., n). 1-neighbouring points will be called
simply neighbouring.

Definition 1.2. The set 0,(X) (k = 1,...,n) of points that are k-neighbouring
to the point X € 2 will be called the kth level of the point X (0o(X) = X). The point
X e 2 is introduced as k-neighbouring to the set # < 2 if Z N @k(X) £0 AV =
=0,...,k—1: B0 0(X)=0. The set O(%B) = 2 of all points of & which are
k-neighbouring to the set 2 will be called the kth level of set &, 0,(%#) = 2.
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Remark 1.1. It is obvious that for any k = 1, .. n card 0(X) = Cf. Here (and
in the sequel) C; is the number of combinations from n on k.

The function »: 2 — R! will be called a pseudoboolean function.

Definition 1.3. A point X*e€ 2 for which »{X*)<x(X) VXe0,(X*) will be called
a local minimum of the pseudoboolean function x.

Definition 1.4. A pseudoboolean function which has only one local minimum
on 2 will be called unimodal. .

Lemma L.1. If X*e 0(X) < 9, k = 1,...,n, then O,(X*) consists of k points '
of the set 0, 4(X)and (n — k) points of set 0y ;(X).

Proof. From Definition 1.1 it follows that the points X* and X have k different
components:

X =1—-x i=1,..,k. (1.1)

Ji i .
Let Ye 0,(X*), i.e. (by Definition 1.1) Y is a neighbouring point for X* and it
differs from X* in the Ith component: ie. y; = X, ..., v,y = X{_, y, =1 — x},
Visr = Xotsenyp=x Il %j,i=1,..,k then x{ =x,and y, =1 — x| =
=1-— x;, i.e. ¥ and X have (k + 1) different components and by Definition
1.1 Ye0,_(X). From (L.1) and X = R" follows that there exists (n — k) such
points. If | = j, i =1,..,k,thenx¥ =1 — x;andy,; = 1 — xf =1~ 1 4+ x; = x,
and the points ¥ and X have (k — 1) different components, i.e. by Definition 1.1
Ye 0,_,(X). From (1.1) it follows that there will be k such points. |

Corollary 1.1. For any k = 1,...,n there are no neighbouring points among
the points Xfe0(X)= 2,j=1,....CL.

l

Corollary 1.2. For any point ¥ € 0,(X*) and different from X*in the jth (j = 1, ...,n)
coordinate it holds

B x; if Ye0,(X") n 0, y(X),
TiTU = x; if Ye0,(X% A 0,,4(X) (1.2)
implying that X*e 0,(X) = 2 . ‘

2. OPTIMIZATION OF STRICTLY MONOTONE PSEUDOBOOLEAN
FUNCTIONS

Definition 2.1. A unimodal pseudoboolean function » will be called strictly mono-
tone on & if

A XN < w(X) VXL e 0, (X¥) A VX*e 0(X¥), k=1,..,n. (2.1

Taking into account Definition 2.1 and employing Lemma 1.1 we can construct
an algorithm for optimization of unimodal functions strictly monotone on 2.
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The algorithm requires calculation of the optimized function in (n + 1)-th points
of & for exact location of the minimum point X* regardless the initial point X°.

Algorithm 1.

1. The point X° € 9 is chosen arbitrarily.
2. By sequential replacing values of the components of the point X° with the opposite
ones, we find all points X} € 0,(X°),j = 1, ..., n.
The values ®(X°) and x(X]) for any j = 1, ..., n arc calculated.
4. The coordinates of the point X* are found by the following rule (j = 1, ..., n}:
o = { x9if w(X]) > #(X°),

P = X0 w(X)) < (X0 (2.2)

w

Actually if %(X]) > %(X°) then according to Lemma 1.1 and Definition 2.1 the
point X} lies in 0y (X*) where k is equal to the number of the points X}(j = 1, ..., n)
for which »(X}) < »(X°) and by (1.2) x} = x7; if %(X;) < %(X°) then, X; € 0,_,(X*)
and by (1.2) x7 = 1 — xj.

3. OPTIMIZATION OF MONOTONE PSEUDOBOOLEAN FUNCTIONS
HAVING CONSTANCY SETS
Definition 3.1. The set of points #/(X°, X') = {X°, X', .., X, .., X'} =« 2 will
be called the curve between the points X° and X'if for all i = 1, ..., I, the point X*
is neighbouring for the point X',

Definition 3.2. The set &/ = @ is called the connected set if for any X°, X'e @
there exists a curve #7(X°, X') < .

Definition 3.3. The connected set of points I = &, card I = 2, such that
#(X)=C (C= const)for any Xe Il is called the constancy set of the function % on Z.

Remark 3.1. It is obvious that the number of the levels of a constancy set I ¢ 2
of the function % onto @ is equal to N where (and in the sequel)

n
N = max min Y |x; =y
Yed\lIlc Xellc j=1

il -
Definition 3.4. A unimodal function ® will be called monotone on & if
w X S w(X)VX T e 0,4 (X¥) A VX e O(X*), k=1,...,n, (3.1)

or equivalently
max (X" ') < min x(X*) Vk=1,...n. (3.2)

Xk~ le@ - 1(X*) XkeOr(X*)

Remark 3.2. From Definition 3.4 follows that a function monotone on 2 may
have constancy sets.
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Defirition 3.5. The constancy set II.. of a pseudoboolean function % such that
‘for any X' e (91(Hc*)3 #(X"') > C* will be called the extended local minimum of the
function «.

Remark 3.3. By analogy it is not difficult to define pseudoboolean functions
which are unimodal, unimodal strictly monotone and unimodal monotone with
respect to the extended minimum.

Definition 3.6. We shall call the first points of the set II. the points of the set
{X[} = 0(X*)~ O, where Il is a constancy set of a unimodal pseudoboolean
function % if OX*)" e+ 0 A Vk=1,..,]1 —1: O(X*)nIIc = 0.

Definition 3.7. We shall call the last points of the constancy set Il the points
of the set {X;} = 0,(X*) n I where Il is a constancy set of a unimodaj pseudo-
boolean function % if O (X*)N I+ O A Vk=L+1,....n: O(X*)nH; = 9.

Remark 3.4. Itis obviousthat 0 £ 1 < L < n. If I = 0 and L = n then the function
% is constant on Z.

Lemma 3.1. If I is a constancy set of a unimodal monotone on £ function x
then forany X;e 0(X*)(I <t < L,j=1,...,C}) Xjell,.
Proof. From (3.2) we have

max ®(Xj) < min %(X)) £ max x(X}) < min %(X7). (3.3)
X;Te01(X*) X;t€0.(X*) X;5€0,(X*) X;Le0L (X%

Since 0,(X*) N ¢ + 0 and O,(X*) n ¢ + 0 (I and Lare the level issues of the first
and last points of the set I1¢) .
max #{X]) = min %(X]) = C. (3.4)

X;1e01(X*) XjLeopxs)
According to (3.4) from (3.3) we have
min ®(X;) = max %(X}) = C,

X;te0(X*) X;te0:(X*)

e (X, I<t<L, j=1,....C} c Oc. ‘ | O
Corollary 3.1. For any I = 9 of a unimodal function »

L—1
o ={Xj}u(U o{X*) v X7

t=I+

Remark 3.5. If I and I, are constancy sets of a unimodal function monotone
on & then it is obvious that C; < C, if L, £ I, where L, is the level issue of the
last points of II¢, and I, is the level issue of the first points of I,.

Definition 3.8. A constancy set of a pseudoboolean function ®» — I, will be called
isolated if forany g = 2, ..., Q:

He,n0,(c,)=0. (3.5)

Here Q is the number of constancy sets of the function x.
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Definition 3.9. A constancy set of a pseudoboolean function x — II will be called
weakly adjacent if for some g (¢ = 2, ..., Q) the condition (3.5) is broken but

I, +L, AL +1,, (3.6)
where I,, I, are the issues of the first and L,, L, are the issues of the last levels of the

sets I, and I, respectively. If for set II¢, both condition (3.5) and condition (3.6)
are broken then the constancy set I, will be called strongly adjacent.

Lemma 3.2. Lzt II;, be an isolated or weakly adjacent constancy set of a unimodal
function » monotone on 2, X% 0,(M,) N O,(X*). Then
X% >uX}), i=1,..k,
WX <%wX)), i=k+1,..,n,
if k= L, and
wWX®) =2 X)), i=1,...k,
wWX%) <wX;), i=k+1,..n,
if kK < I, where I, and L, are the level issues of the first and the last points of the set
He, {X}, i=1,.. .k} =0,(X)n0_(X*), {X}, i=k+1,...,n} =0,(X°0
N O, (X*).

Proof. Put k 2 L;. From Lemma 1.1 and the condition X°e 0,(X*) it follows
that the set @,(X°) consists of k points of the (k — 1)-th level of X*: X/ € 0,{X°) n
NO._(X*), i=1,...,k, and (n — k) points of the (k + 1)-th level of X*: X/ e
€0,(X%) N Oy ((X*),i=k+1,...,n.

Then from monotonicity of % and the condition X°¢ I (X°e 0,(I1,)), where
Il is not a strongly adjacent set, according to the conditions of Lemma 3.2 we have

WX > X)) Vi=1,.. k. (3.9)

o)
If I, is an isolated constancy set then by Definition 3.7 X°el IIc, and from

monotonicity of % it follows a=2

X% > u(X)) Vi=k+1,..,n. ' (3.10)
If the constancy set Il is weakly adjacent with certain constancy set IT¢(C, < C,)
then it is possible that X°e Il¢,. In this case if I, contains more than one level
of X*forapartoralli =k + 1,..., n:

X(X°) = u(x}) (3.11)
(if I, contains one level only we have (3.10)). Gathering (3.9)—(3.11) we come to

(3.7).

The relation (3.6) for the case k < I, can be proved similarly. O k

(3.7)

I

(3.3)

Remark 3.6. The in equalities (3.9) hold for a part of i = k — I,...,n in case
O, = (X3} 0 {X5 A (X} =+ 0,(X%), {X}*} # 0,(X*). Definition 3.2 allows
existence of similar constancy sets for monotone functions.
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Remark 3.7. If we assume, under the conditions of Lemma 3.2, that Il is strongly

adjacent constancy set then instead of (3.7) and (3.8) we get

wX) =z uX)), i=1,..,k,
wWXY) S wuX]), i=k+1,..,n.

Jil 2

(3.12)

The obtained results enable us to formulate the following algorithm for minimiza-

tion of unimodal functions which are monotone on 2 and have constancy sets.

|88

6.

Algorithm 2.

. The point X% € 2 is chosen arbitrarily.
. By sequential replacing the component values of the point X° with opposite ones

we find all points X; € 0((X°),j =1, ..., n.

. %(X°) and %(X}),j = 1, ..., n, are calculated. If

#(X°) + u(X})foranyj = I,...,n, : (3.13)
then we define the coordinates of the extremal point X* by rule (2.1) if
F=0e{l,..on [ %X =%X)} +0A 7 +{1,...n (3.14)

then go to 4, otherwise we suppose that = 1 and go to 5.

I {1} =F UF' where F' = {jell,...,n} | (X°) < %(X})} then

. x? for je#F',
N —x; for je#F,

if {1,...,n} =F UF" where " = {je{l,....,n}

#(X°) > %(X;)} then

if{l,..,n] =F UF' UF" AF' %0, F" % 0 then by the rule

7 il w(X)) > #(X°)

. — J J ’ r

i {1 — X0 0 w(X)) < w(X°), (3.15)
j =1, ..., nthe point X** is defined and by the rule

% x§ i w(X}) = »(X°),
YT -0 i #(X]) < %(X°),

2 (3.16)
J
j =1,...,n, the point X** is defined. We calculate x(X"*) and #{( X2*). n(X*) =

= min {x(X"*), »(X**)}.

. For any j=1,...,C, all points XV e0(X}), i =1,...,n, are defined. We

suppose ¢ = t + 1 and select the set of points X € 0,(X°), j = 1,..., C, (in which
values of the function have not been calculated yet). We calculate %(X%), j =
=1,...,Cland go to 6.

If %(X}) = w(X°) for any j = 1, ..., C, then go to 5, otherwise go to 7.
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7. Let X; be the first point in sequence of points of the set 0(X°): X|, ..., X¢ .
for which %(X} ) # %(X°). In this case we suppose X° = X} and define all points
X, € 0,(X°) and values of the function in them, ie. »{X;), j = 1,..., n. Next
we verify the conditions (3.13) and (3.14). If (3.13) is correct then we define the
coordinates of the point by rule (2.1) if condition (3.14) is correct the coordinates
of the point X* are defined by rule (3.15) (if %(X°) < C) or by rule (3.16) (if
#X°) > C).

Remark 3.8. If condition (3.10) holds for an arbitrarily chosen point X° then
Algorithm 2 coincides with Algorithm 1. In this sense Algorithm 2 is an extension
of Algorithm 1.

Remark 3.9. It is obvious that under optimizing of unimodal monotone pseudo-
boolean functions having strongly adjacent constancy sets the considered algorithm
can produce an error in location of X* (in case when (3.12) holds). A simple modifica-
tion of the algorithm enables us to reduce the error — in Step 4, if {I,...,n} =
=FUF' VF" " AF £0, F" %0, it is necessary to suppose that X° = X},
where j is an index from the set#’ UZ", and then relations (3.15) and (3.16) will be
correct for the point X°. Similar situation also arises in the case when (3.12) holds
in going from a constancy set (cf. Step 5, 7). Strict theoretical proof of the statement
“then relations (3.15) and (3.16) will be correct for the point X°” requires rather bulky
calculations. Therefore, since the remark is of no fundamental importance, we shall
regard the statement to be obvious.

4. EFFECTIVENESS OF OPTIMIZATION

When real-life optimization problems are solved numerically the principal cost
of search of extremum is connected with computations of values of the minimized
functional in different points of 2 (see Antamoshkin [2, 3]). Therefore as a rule
(see e.g. Himmelblau [4]) effectiveness of the optimization algorithm is estimated
by the number of computations of the minimized function which are required for
locating an extremum of the function for any initial point.

As it was previously pointed out, in optimization of unimodal functions strictly
monotone on @ Algorithm 2 coincides with Algorithm 1 and hence requires (n + 1)
computations of the function for any initial point. The same estimate is also correct
for Algorithm 2 used for optimization of unimodal functions monotone on 2 if
for an initial point X° condition (3.13) is correct.

If for the point X° condition (3.14) is correct Algorithm 2 requires (n + 2) computa-
tions of the function (or 2n computations the modification given in Remark 3.9).

It remains to estimate effectiveness of the algorithm when ¢,(X°) = IIc. Two cases
are possible: 0,(X*) < IIc and 0,(X*) & II.. We snall consider them separately.

Theorem 4.1. Locating of the minimum point X* (some point of the extended
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minimum, i.e. X€ HC*) of a unimodal function » monotone on & for which the
condition
®(X") % %(X}'_l) VXJ'.’_1 €0,_4(X*), X"e0,[(X%), (4.1)
holds, from the initial point X° € 0,(X*) = II such that 0,(X°) < II¢ by Algorithm
2 requires T, computations of x.
M . .
T,=)C,+S+1, 4 (4.2)
i=0

M =min{L— k, k — I} (4.3)
(I and Lare the level issues of the first and the last points of the set IT¢),

_{1—1 if M=k —1I,

n—L if M=L-k. (44)

Proof. If {X]} = 0)(X*) and {X}} = 0,(X*) then by Corollary 3.1

L
. =y 0[X*)
t=1

besides from Condition (4.1) it follows L< n — 1; I = 1 — H¢ % H¢.. According
to Algorithm 2 the values of % are calculated in the points

X0l (WX°) =C), Xje0,(X°)cMl. (x(X})=C, j=1,....,n),
o XM O (X°%) e I (W(X)=C, j=1,...,C}),

J

M
where M is found by (4.3). Thus we shall carry out T} = ) C} calculations. Then
i=0
the value in some point X}*' € Oy, (X°) & I is calculated, i.e. »(X;' ")+ C.
T? = 1 more calculations have been done. Now, according to the algorithm, we
must do T} = S calculations of % for locating X*, where S is found by (4.4). Summing

up T{, T; and T? we have (4.2). | -

Corollary 4.1.

max T, =) Ci + S + 3
k i=0
where
J(L -2 if (L—1I) iseven,
o = <the integer part of the number
(L-12 if (L-1) isodd.
LA
T, =maxmax T, =) C, + 2, o (4.5)
I,L k i=0 . ’
where

g = (n—2)2 if (n—2) iseven,
~ |the integer part of the number (n — 2)/2 if n is odd.

439



Remark 4.1. In Theorem 4.1 the case when {X}} = 0)(X*)and {X}} = 0/(X*)
was considered. If {X}} = 0,(X*) and {X}} = 0(X*) then estimate (4.2) may be
reduced.

Theorem 4.2. Locating of the minimum point X* (some points of the extended
minimum, i.e. X e IIc.) of a unimodal function » monotone on &, which satisfies
the condition

O, (X*) U 0(X*) < I, . {4.6)

from the initial point X°e O,(X*) < II; such that 0,(X°) < I, by Algorithm 2
requires T, computations of x.

k=1
T,=YC +1 (4.7)
i=0
where I is the level issue of the first points of the set I.

Proof. Supposing {X]} = 0,(X*) and taking into account that for a constancy
set which is defined by Condition (4.6) {X} = 0, according to Corollary 3.1 we

n
have I = |J 0(X*) where I = 1, otherwise % is constant on %. According to
t=1

Algorithm 2 the values of % are calculated in the points X° < I (x/X°) = C),
X;e0,(X%) e, (W(Xj)=C, j=1,...,n), v

o XETTe0 (X% e e (w(XE Y =C, j=1,..,CT).

J
k=1
Totally, there have been done T, = Y C] calculations. Then the value of % in some

i=0
point X} " e Oy, (X°) & M, ie. (X}~'*") % C, are calculated. There have
been performed T; = 1 calculations more. Now, according to the algorithm for
locating of X*, we must perform T; = I — 1 calculations of (X} """ € 0,_;, (X°)
N O;_4(X*)). Summing up Ty, T; and T; we have (4.7). O

Corollary 4.2. If X°ec I, then Algorithm 2 for justifying this fact requires no
L
more than Ty = Y C! + n — Lcalculations of %, where Lis a level issue of the last

i=0
points of the set ..

Corollary 4.3.

n—J
max T, = Y CL +1,
k i=0
. (4.8)
maxmax T, =Y C, + 1 = 2"
I k i=0

Remark 4.2. The case when {X!} = ¢,(X*) have been considered. If {X]} =
c O,(X*) then estimate (4.7) may be reduced.
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As it follows from estimate (4.8), Algorithm 2 degenerates into the total sorting
under optimization of a unimodal function % having a constancy set of the form

o. = U 0,(X*) ‘ (4.9)
t=1
from the point X°e 0,(X*). But the event X°e 0,(X*) is low probable. The next
theorem gives a more objective estimate of effectiveness of the algorithm.

Theorem 4.3. Locating the minimum point of a unimodal pseudoboolean function
having a constancy set of the form (4.9) by Algorithm 2 requires on the average T,
calculations of %

ro= L+ ey e s ) (410

Proof. According to the algorithm the point X is chosen arbitrarily, hence it may
be assumed that VXe 2 P{X° = X| = 1/2". Whence taking into account that
card 0,(X*) = Ci, k = 1, ..., n we have

P{X°c 0,(X*)} = Cij2r. (4.11)
For a constancy set of form (4.9) estimate (4.7) will assume the form
k—1
T,=YC +1. (4.12)
i=0

From (4.11), (4.12) and the fact that for X°e X* U ¢,(X*) Algorithm 2 requires
(n + 1) calculations of %, we have for the mathematical expectation of the number
of calculations of x required for locating X*

1 n k k—1
T4=£—+~1(n+])+zﬁ(ZC'+1) ‘
] n k—1 .
= [(n+ 1) + Y C(YX G, + 1)]. O
2" k=2 i=0

Remark 4.2. Performing the summation in (4.10), for the estimator of T, we have

cr 2
b= 2Ty g_ (4.13)

from which it is possible to obtain the asymptotic estimator

T, ~ 2" 1 (1 -

ﬁ)m.

Remark 4.3. Estimator (4.7) (also estimators (4.10), (4.13) respectively) is an
accessible estimator of the algorithm “from the top”.
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5. CONCLUSION

It follows from estimators (4.5) and (4.13) that optimizing any unimodal monotone
pseudoboolean function by Algorithm 2 on the average requires no more than 2n com-
putations of the function for the exact locating of the extremum from any initial
point (after the modification considered in Remark 3.8 the algorithm will require
(2n + 1) computations), i.e. in comparison with the total sorting in which 2" com-
putations of the function are necessary, Algorithm 2 on the average requires a number
of computations of the minimized function in two (or more) times less.

The review of the existing methods of pseudoboolean optimization is given by
the present authors in [5]. Comparison of effectiveness of these methods (by the
estimators given in [2, 3]) and effectiveness of the proposed algorithms shows the
advantage of the approach suggested in this paper.

(Received November 20, 1987.)

REFERENCES

[1] T. Saaty: Optimization in Integers and Related Extremal Problems. McGraw-Hill, New York
1970.

[2] A. Antamoshkin: On optimal algorithms of optimization of functionals with Boolean
variables. In: Trans. Ninth Prague Conference on Inform. Theory, Statist. Dec. Functions,
Random Processes. Academia, Prague 1983, pp. 137—141.

[3] A. Antamoshkin: Optimization of functionals with Boolean variables. Izd. Tomsk. un-ta,
Tomsk 1987.

[4] D. Himmelblau: Applied Nonlinear Programming. McGraw-Hill, New York 1972.

[5] A. Antamoshkin and V. Saraev: Functionals optimization with Boolean variables (review).
Optimal Decision Theory, Volume 7. Institute of Mathematics and Cybernetics of the Aca-
demy of Science of the Lithuanian SSR, Vilnius 1981, pp. 9—16.

Prof. Alexander Antamoshkin, Dr. Evgeniy Semenkin, Space Technology University, P. O. Box
486, 660014 Krasnojarsk. U.S.S.R.

Dr. Victor Saraev, Institute of Computer-based Control Systems (Kemerovo Branch), Nograd-
skaya 19, 650099 Kemerovo. U.S.S.R.

442



		webmaster@dml.cz
	2012-06-05T21:32:42+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




